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HIS Conference, sponsored jointly by the Sta- 

tistical Laboratory, University of California, 
Berkeley, and by the Van Vleck Observatory, Wesleyan 
Iniversity, Middletown, Connecticut, with financial 
pport of the National Science Foundation, was 
rganized for the purpose of discussing the evidence for 
nd against the hypothesis of instability of systems of 
ralaxies. The implications of this hypothesis, first pro- 
bosed in 1954 by V. A. Ambartsumian of the Burakan 
Ybservatory, Erevan, Armenian S.S.R., extend from 
lusters to groups and pairs of galaxies, to studies of 
he form, structure, and dynamics of individual galaxies, 
0 extragalactic radio sources, interactions of galaxies, 
und cosmology. 
As we see it, the Ambartsumian hypothesis con- 
ectures that at least some of the clusters and groupings 
bf galaxies are unstable, that they have positive total 
energy, that they are flying apart and cannot be ex- 
pected to last more than 10 to 1000 million years. It 
‘hus bears on the time scale of cosmology and on the 
evolution of galaxies. Ambartsumian has not attempted 
0 explain the source of excess energy—the enormous 
‘explosions’ that provided energy sufficient to fling 
galaxies of about 10“ g mass outward at velocities of 
about 100 kmysec. But it is clear that they may be 
dentified with the extragalactic radio sources. More- 
over, the assumed instability interferes with dynamical 
calculations of masses of galaxies from their motions in 
pairs, small groups and clusters, and eliminates the 
basis of much of the reasoning fundamental to modern 
astrophysics. 

The reason for the hypothesis in the first place was 
the discrepancy between masses of galaxies determined 
individually from internal rotations, and the much 
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larger average mass of a galaxy as determined by the 
virial theorem applied to the dispersion of velocities in 
clusters assumed to be stable. 

Ambartsumian seeks to explain this discrepancy by 
assuming excess energy; alternatively, it can be ex- 
plained by assuming the presence of extra mass that 
cannot be seen or detected by other means as yet—mass 
either in an intergalactic medium, or in numerous 
objects of low luminosity. However, this alternative 
implies that some 99% of the mass of the universe has 
remained so far invisible, and it is perhaps distasteful 
for astronomers and cosmologists to think that their 
theories are based on observations of less than 1% of 
the matter that is really there! 

The Ambartsumian hypothesis has a similar implica- 
tion: that very large amounts of energy have been re- 
leased in the past by processes as yet unobserved—-not 
as yet understood in terms of terrestrial physics. The 
strength of the hypothesis depends on the possibility of 
linking together, under one postulate, the interpretation 
of a variety of phenomena—a unification that may not 
be possible under alternative assumptions. If large 
explosions or energy releases account for the major 
clusters of galaxies, then smaller ones may account for 
smaller groups and pairs of galaxies, still smaller ones 
for spiral arms, jets, and filaments associated with indi- 
vidual galaxies, and the extragalactic radio sources are 
simply early stages in similar cataclysmic explosions. 

It must not be overlooked that there are separate 
alternative explanations in each of the above cases, 
most of them controversial in themselves: Spiral arms 
may be explainable in terms of resonances in dynamical 
orbits, or in terms of stream motions, or magnetic fields. 
Collisions of galaxies were first proposed as the cause of 
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extragalactic radio sources, and close passages may 
account for jets and filaments through tidal action. 
Clusters and groups of galaxies are generally supposed 
to have condensed in regions of higher-than-average 
density in the medium from which galaxies were formed. 

Although the Conference was not devoted to this 
aspect, Ambartsumian’s hypothesis also raises interest- 
ing problems in physics: The first is the mechanism 
whereby such tremendous amounts of energy can be 
released—energy equivalent roughly to the total anni- 
hilation of a globular cluster, or to the radiation from a 
million stars over their whole lifetimes. 

Secondly, how was the energy directed, particularly 
in the case of a double galaxy that must be flying apart 
along a single line under this hypothesis. How could so 
energetic an explosion be anything but isotropic? 

Thirdly, how was the energy imparted to each galaxy 
as a whole? The acceleration of a galaxy of stars by an 
external force other than gravity is difficult to explain, 
although primordial galaxies of highly ionized gas could 
be subjected to magnetohydrodynamic forces. 

So much for the setting in which the Conference took 
place. The undersigned three organizers were exposed 
to the various trends of thought for and against 
Ambartsumian’s hypothesis in the course of their own 
studies of clustering and of the statistical determination 
of masses of double galaxies. After a few participants 
agreed to meet in Santa Barbara just before the [AU 
General Assembly and Symposium 15 on Problems of 
Extragalactic Research, they recommended others, and 
the number of invited papers grew to the list of 17 given 
below. At this point it was decided to invite all those 
attending IAU Symposium 15 on Problems of Extra- 
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galactic Research and the final attendance of ti 
Conference included the 62 persons listed below. 

The papers presented at the conference vary in the] 
relation to the Ambartsumian hypothesis. There a} 
several in which new observational data are reportd 
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for the first time. Others are given partly to methij 
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dology and partly to analysis of previously publish 


data in which new regularities are seen. Finally, the} 


are several theoretical papers based on specific sets 
a priori assumptions from which conclusions are draw) 
concerning the stability of models representing syster it 
of galaxies. There is naturally a close connection wif) 
the IAU Symposium No. 15, which followed immed] 
ately, and in which there were several references to th | 
earlier Conference. Likewise, a number of points in t | 
discussion reported below refer to the later Symposiuni] 
proceedings of which:are to be published separately. | 

Conferences cannot be expected to solve the problem|) 


Bored, and it is not surprising that this Confer 


Ambartsumian’s hypothesis. On the other hand, cor 
ferences may be expected to help crystallize id 
through free Ce ot various points of view amoni 


so valuable. Appreciation is also due’ the Nationd 
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Instability Phenomena in Systems of Galaxies 


V. A. AMBARTSUMIAN 
Academy of Sciences, Erevan, U.S.S.R. 


O consider the problems of the dynamics of clusters 

and groups of galaxies it is essential to know their 

masses. The data available on the masses of galaxies 
are, unfortunately, poor. 

Observations of the orbital motions in double stars 
are used to determine stellar masses. A great number of 
already determined orbits of visual and spectral doubles 
forms a sound basis for our knowledge of stellar masses. 
In contrast to this, we are in no position to determine 
the orbits in double galaxies, and attempts to make 
statistical use of the differences of radial velocities in 
double galaxies meet with considerable difficulties in 
introducing this or that hypothesis on the nature of 
motion (elliptical or hyperbolic). That is the reason why 
we must determine the masses of galaxies from measure- 
ments of rotation and of the internal motions within a 
given galaxy. 

Unfortunately, the data obtained in this way accu- 
mulate very slowly. Thus the value commonly accepted 
at present of the mass of our Galaxy might very likely 
turn to be incorrect by a factor of the order of 2. The 
value of the mass of the Large Magellanic Cloud is very 
uncertain. Quite limited in scope is our knowledge of the 
masses of both giant and dwarf elliptical galaxies. 

Nonetheless, the data available have made it possible 
to draw the following valuable conclusions as to the 
values of the ratio f=M/L: 


(a) The ratio f=M/L decreases at least 10 times 
when passing from the elliptical galaxies of high 
luminosity to the spirals and further to the irregular 
galaxies. 

(b) The ratio / does not increase but, most probably, 
decreases when passing from supergiant” elliptical 
galaxies through giant ones to the dwarf systems like 
those in Fornax and Sculptor. 


Asa result, the ratio of the masses, say, of the super- 
giant and the dwarf galaxies, turns out to be larger than 
the ratio of their luminosities. 

Thus, for instance, the supergiant elliptical galaxy 
NGC 4889 in the Coma cluster surpasses by nearly one 
million times in luminosity the dwarf system discovered 
in Capricorn by Zwicky, and the ratio of the masses of 
systems is probably much larger. 

Quite different is the picture in the case of stars. The 
luminosity there increases in proportion to a rather high 
power of the mass. This accounts for the fact that 
although the luminosity of stars can vary by hundreds 
of millions of times, their masses vary at most by about 
a thousand times and most of the stars have masses 
differing from the average by not more than a few times. 

In consequence of this, the gravity field in any stellar 
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cluster is determined almost equally by bright as well 
as by faint members of the cluster. Such is not the case} 
however, with clusters and groups of galaxies. Here thy 
dwarf galaxies have almost no influence upon the struc} 
ture of the gravity field, which is determined chiefly by 
a small number of supergiants and partly by the gian| 
galaxies. { Bl 

Zwicky (1957 ) has rendered great service proving th 1) 
monotonic increase of the number of galaxies with! 
decrease of ae (the monotonic form of the) 


eee even in the case of a rand large me 
of low-luminosity galaxies, their influence upon the} 
structure of the field of gravitation inside and outside) 
the cluster must be negligible. Suffice it to say that 1 i 
the Local Group the total mass as well as the gravity) 
field are determined mainly by two members—M 31 andj 
our Galaxy. 
This circumstance makes it possible to achieve ‘ai 
certain simplification by solving’ a number of the 
problems regarding the dynamics of a cluster of galaxies) 
at first for the small number of its massive members. } 
It is known that we observe multiple galaxies in great 
numbers. The question of the type of configuration of | 
these systems can be raised as it has with multiple stars. | 
The division of all configurations into two types will 
best suit our aims: common configurations and configura- | 
tions of the trapezium type. The latter include multiple| 
systems in which at least three members can be found 
having mutual distances of the same order of magnitude. ' 
These configurations cannot be steady and they disinte-' 
grate within a period of the order of several revolutions 
in the system. “ 
The observations indicate that in real stellar systems, 
of the trapezium type one of the components belongs to 
O or B spectral types. Such stars are of recent formation 
and the number of revolutions they complete in the 
system is expected to be small. However, the observa- 
tions show that a few multiple stars of later spectral 
classes also possess trapezium-like configurations. Of 
course, the configurations we observe on the sky are 
projections of true space configurations. Therefore, even 
if there are no real trapezium configurations of later- 
type stars, when they are projected on the sky a small 
percentage (~8%) of apparent configurations of the 
trapezium type will appear. This is almost precisely the 
percentage of trapezium configurations observed in 
cases where the components of multiple stars do not 
belong to the O and B spectral types. In other words, 
there are no or almost no real configurations of the 
trapezium type among the late-type multiple stars. 
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| Quite reverse is the case with multiple galaxies. Out'of 
ie 132 multiple galaxies, as pointed out in one of our 
pers (Ambartsumian 1956) in Holmberg’s catalogue 
| the double and multiple galaxies (Holmberg 1937), 
/ have configurations which should, doubtless, be 
assed as trapezium type. Thus, systems of galaxies of 
ie trapezium type are markedly dominant, and most 
{ the multiple galaxies are of recent formation; i.e., 
jeir components could have made, from the moment 
[ the formation of the system, but a few revolutions. 

| However, two remarks are to be made in this connec- 
on: (1) The periods of revolution in the multiple and 
ouble galaxies should be of the order of 10° years. 
‘herefore, the multiple systems we have observed could 
ossibly be of the age of 5X10° years or more. In the 
ense of instability of multiple systems, the galaxies are 
irobably young, although their age can be in some cases 
hree or four times more than 5X10° years. (2) The 
nstability of trapezium configurations has not yet been 
‘iven a clear-cut mathematical treatment. However, 
yroceeding from simple considerations it should be 
vident that the above-mentioned time of dissolution 
several periods of revolution) holds true only for cases 
vhere the masses of all three components on which the 
rapezium configuration is based are of the same order 
Mf magnitude; otherwise the system can exist consider- 
bly longer. Furthermore, the components must be of 
omparable ]uminosity. A substantial number of the 
bserved multiple galaxies in fact meets this require- 
nent. In particular, in such systems as Stephan’s 
Juintet and Seyfert’s Sextet the differences in stellar 
nagnitudes are comparatively small. By contrast, 
rapezium configurations where one of the components 
s much brighter than the others (for example, the 
ystem M31, M32, and NGC 205) are, presumably, 
nuch more stable. 

On the other hand, there cases where a cluster of 
falaxies contains a considerable number of members, 
hree or four of which are noticeably brighter than the 
est (and therefore contain the greater part of the mass) 
nd together form a trapezium configuration. Consider- 
ng only the interaction of these brighter galaxies, it can 
ye asserted that such systems should be unstable. For 
xample, the four galaxies NGC 3681, 3684, 3686, and 
691 form a typical multiple system of the trapezium 
ype; at least a dozen other much fainter galaxies are 
ncluded in this system, but the system is evidently 
instable. The galaxies NGC 7383-7390 form part of a 
mall cluster containing six bright members and more 
han a dozen faint components. The bright members 
‘onstitute a trapezium-type system. Finally, the three 
ralaxies, NGC 3613, 3619, and 3625, form a small group 
‘ontaining at least eight fainter objects. In this case 
here are fainter objects of considerable angular 
liameters and low surface luminosity. Again we have 
in unstable group, although this group is not, appar- 
ntly, a cluster of its own, but forms a condensation in 
he Ursa Major Cloud. 
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The arguments put forth in our previous papers speak 
in favor of the joint formation of the members of each 
cluster or physical group of galaxies. We refrain from 
repeating these arguments, but because we still en- 
counter published assertions as to the possibility of 
forming groups and clusters of galaxies from independ- 
ent members of the general metagalactic field, a new 
argument will be advanced. This is based on the exist- 
ence of systems of a few very bright galaxies and a 
larger number of faint ones. In principle, it is possible 
to understand the dynamical formation of one physical 
pair by the accidental encounter of three galaxies. 
Generally speaking, this pair in the course of time can 
capture other galaxies too. However, the exchange of 
large amounts of energy must take place between the 
interacting galaxies, and to achieve this end the inter- 
acting galaxies must have masses of about the same 
order. Let us assume that a multiple system of three or 
more massive galaxies has come into being in this 
manner (although this can be proved to be highly 
improbable); no galaxy of an essentially small mass 
(say by two orders less) can then ever be captured by 
such a group, because the exchange of kinetic energies 
in the case of large mass ratio is always negligibly small. 
Thus, the mechanism of capture meets with new 
difficulties in any attempt to account for the existence 
of galaxies of small mass in groups and clusters. This 
difficulty applies to all three of the above examples of 
multiple systems of bright galaxies with an additional 
number of fainter members, and also to the case of a 
pair of bright galaxies NGC 521, 533, which has a 
number of very faint companions. 

The great difference in distribution of bright and 
faint members is most apparent in the large spherical 
clusters of galaxies. The bright members are densely 
concentrated, while the faint ones occur relatively more 
frequently on the periphery. This phenomenon was 
given special consideration by Zwicky, who showed that 
the Coma cluster is of very large dimensions if we judge 
from the distribution of galaxies of low luminosity. 
However, the case is completely different with irregular 
clusters. According to Reaves (1956), faint galaxies of 
low surface luminosity in the Virgo cluster reveal 
approximately the same distribution and, consequently, 
same degree of concentration as bright galaxies. 

Such a picture occurs also in the case of the objects of 
low surface brightness and small density gradient in the 
well-known cluster in Fornax. As Hodge points out 
(1959), the search for similar objects in regions neigh- 
boring the cluster has led to negative results. Finally,in 
the above-mentioned case of NGC 3613, 3619, and 3625, 
galaxies of low surface brightness and low luminosity 
do not spread far beyond the bounds determined by the 
group of bright galaxies. 

These examples bear testimony to the fact that equi- 
partition of energies between the bright and the faint 
members of the irregular clusters is out of the question, 
and that phenomena of instability are expressed in 
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irregular clusters much more sharply than in the 
spherical ones. 

The existence of a great number of trapezium con- 
figurations signifies that many of the multiple galaxies 
are unstable formations. If this is the case, we have no 
right to assume @ priori that the multiple galaxies 
should be negative-energy systems. In the case of simple 
double stars (we exclude O and B stars) it could be 
asserted without any knowledge of their orbits that, for 
the most part, they have negative total energies. In fact, 
if the majority of the multiple stars had positive total 
energy then the time of disintegration would be only a 
few tens of thousands of years, and within suchra period 
most of the multiple stars would be replaced by stars of 
a new generation. In other words, positive total energy 
would lead to an erroneous conclusion about the rate 
at which stars are formed in the Galaxy. 

Yet in the case of multiple galaxies the assumption of 
positive total energy for most of them does noi lead to 
similar erroneous deduction. The age of the component 
galaxies derived in this way is but a few times less than 
that accepted for our Galaxy. Therefore we infer that 
the sign of the energy of the multiple galaxies, groups 
and clusters of galaxies should be determined in each 
case, relying upon observational data. 

The reasons put forth above support the view that 
the a prieri assumption of positive total energy in a 
number of systems of galaxies cannot be regarded as 
more audacious than, say, the assumption that almost 
all such systems possess negative energy. Nevertheless, 
let us consider the facts: The data show that, if negative 
total energy is assumed for a number of multiple 
systems, it has to be admitted that the ratio f=M/L 
must be about one order of magnitude larger than 
follows from other data. Thus it is pointed out in the 
following paper by Kalloghjan that the multiple system 
comprising NGC 68, 69, 71, 72 and one anonymous 
galaxy, if it has negative total energy, would lead to a 
value of j greater than 300. For the double galaxy 
NGC 7385-7386, he finds f greater than 600. 

The sign of the total energy of Stephan’s Quintet has 
been determined by us and by G. and E. M. Burbidge 
(1959) in detail, resulting in positive total energy. Later, 
Limber and Mathews (1960) indicated that, under 
certain assumptions, when the mass of the components 
is supposed to be very high, the Quintet can have a 
negative total energy. 

The sign of the total energy in a number of clusters of 
galaxies is elucidated in several recent investigations in 
detail. A number of difficulties are caused by uncer- 
tainty in the exact value of f for giant elliptical galaxies. 
This value is believed to lie in the range 30< f</70. 
However, greater values (f~100), although rare, are 
not excluded, particularly for the brightest supergiants 
(M~ — 21.5). No straightforward data exist that would 
enable us to estimate the value of f for these brightest 
supergiants. It is natural, therefore, to believe that the 
sign of the total energy is determined with greater 
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~ of this cluster we have to ascribe the value of fz of 


reliability in those clusters and systems in which thei 
are no supergiant elliptical galaxies. The case will ] 
even better for systems with no giant elliptical galaxit 
either, and that is why the positive total energy of the 
nearby system of galaxies in Sculptor, as established by 
de Vaucouleurs (1959) is of paramount importance. 
Of no lesser value is the result obtained by van de 
Bergh (1960) in respect to the cluster of galaxies i 
Canis Venatici, although studies toward determinin 
the borders and identifying the members of this clust 
should continue. ‘ 
The Hercules cluster, investigated by G. and E. ¥ 
Burbidge (1959), contains but a small percentage » 


bright elliptical galaxies. To admit negative total ene 


order of 300, which seems to be improbable. The con: 
trast becomes still sharper in the case of the cluster ir 
Virgo. Assuming the stability of this system we shoule 
have to acknowledge that fz>1000, as shown by 
de Vaucouleurs (1960). 
It might be conjectured that perhaps the Come 
cluster could have negative total energy if the moderr 
distance scale of Sandage could be further changed b 
further diminution of the redshift constant. On the oth 
hand, many members of this cluster are ellipti 
galaxies of moderate luminosity. The value f cannot be 
very high for them, so that a particularly high valu 
of 7 must be ascribed to the remaining supergian 
galaxies if the cluster has negative total energy. } 
Naturally, the sharp discrepancy between th 
summed luminosities of the clusters of galaxies and the 
masses found by applying the virial theorem has com 
pelled some authors to favor the hypothesis of supple. 
mentary masses in the clusters which do not form part © 
member galaxies, i.e.,, intergalactic matter. Yet the datz 
available on the upper limit of opacity in the clusters 0 
galaxies, as well as the data on the 21-cm radiation, are 
not favorable. : 
There remains the assumption of a comparatively rick 
intergalactic stellar population in the clusters. Such é 
possibility has been contemplated in detail by dé 
Vaucouleurs with reference to the Coma cluster. Ths 
result is negative if we refrain from an improbably large 
value of f for this intergalactic stellar population. Thi 
result apparently refers to other clusters as well. 
Thus there is only one natural assumption left relating 
to the clusters cited above—they have positive ‘ot 
energies. It should be stressed that no @ priori argu 
ments can be advanced against this assumption. 
A study of the structure of the irregular clusters 0 
galaxies leads one to the conclusion that often they are 
made up of several superimposed groupings. Ar 
interesting example of such a grouping was pointed ou! 
by Markarian a few years ago: the chain of bright 
galaxies in the Virgo cluster containing NGC 4374 
4406, 4438 and others. This wonderful arc of eight 
bright galaxies is presumed to represent a physica 
grouping within the Virgo cluster. On the other hand 
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acts about the radial velocities of the members of this 
jroup undoubtedly establish its positive total energy. 
Recently I looked through the abstract of van den 
Bergh’s latest paper, in which the assumption of ir- 
‘egular clusters being made up of separate subsystems 
ind subclusters is made in the most general form. It is 
lifficult to overestimate the importance of this phenom- 
‘non in comprehending the evolution of clusters of 
yalaxies. In this case we apparently have consecutive 
formation of relatively independent subsystems (sub- 
clusters), the superposition of which brings about 
rregular clusters. It is probable that many of these 
subsystems have a positive total internal energy. 

Of considerable interest are the results of determina- 
tion of the average value of f-from the differences of 
radial velocities in double galaxies as obtained by Page 
(1961), who obtained for spiral and irregular galaxies 
{= 4; for ellipticals and lenticulars f=94. These values 
ire derived on the assumption that in double galaxies 
the motion takes place in circular orbits. That the value 
of f for spiral and irregular galaxies is even less than the 
one derived from rotations of single galaxies means that 
ull or almost all of the observable narrow pairs of such 
yalaxies constitute negative-energy systems. Let us 
compare this with the unusually large values of f ob- 
tained on the basis of the virial theorem for clusters 
composed of spiral and irregular galaxies. Such a 
>omparison leads to two inevitable conclusions: 

(a) All explanations allowing for the negative total 
energy of clusters and groups made up of spirals and 
rregular galaxies become still more highly improbable, 
since the arguments adduced in similar cases are likewise 
pplicable to the double galaxies. 

(b) There are almost no systems with positive energy 
vmong the isolated double galaxies, for such systems 
“an represent a marrow pair only for a very short dura- 
ion of time (of the order of 10* years). 

Tf this is so, then the double elliptical systems are also 
10 be regarded as systems possessing, for the most part, 
negative energies, and Page’s value f=94 can be taken 
is close to the real value. This brings us nearer to the 
sonclusion according to which the Coma cluster can 
lave negative total energy. 

It is interesting to note that when we pass from double 
zalaxies to multiple configurations of the trapezium 
type the differences of the velocities of the components 
yecome much greater. Assuming negative total energies 
of these configurations leads to the too large values of fr. 

Speaking of instability in systems of galaxies, we 
should also touch upon the radio galaxies which, as a 
rule, occur in clusters of galaxies. Apparently the radio 
salaxies are always among the few brightest members 
af the corresponding clusters. The best example is 
furnished by the source Perseus A (NGC 1275), which 
is the brightest member of the cluster in Perseus. 

In the radio galaxy NGC 4486, a jet is being ejected 
rom the central nucleus with separate condensations, 
the luminosities of which resemble those of dwarf 
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galaxies. Apparently these condensations contain an 
enormous amount of relativistic electrons. However, it 
is difficult to refute the suggestion that these condensa- 
tions include also a substantial amount of common 
matter in addition to the relativistic plasma. In partic- 
ular they are likely to contain, especially, sources of 
relativistic electrons. 

A strong argument in support of this view is provided 
by the two galaxies (NGC 3651 and IC 1182) out of the 
nuclei of which jets are ejected containing blue con- 
densations. These galaxies with blue jets are also among 
the brightest members in the corresponding clusters. 
Finally, there are cases when blue components occur 1n 
the vicinity of other giant elliptical galaxies, which 
evidently represent a later stage in the evolution of the 
above blue condensations. 

In all probability, the condensations in NGC 4486 
represent an earlier stage of evolution of the same 
objects. In such cases the intensity of radio emission of 
the blue condensations and the blue companions is 
believed to have already weakened. 

From this point of view it is interesting to note that, 
as revealed in Burakan, a blue object of photographic 
magnitude 18™5 is situated very close to the remote 
radio galaxy in Hydra. The color index of this object is 
about —0™5. It is starlike on our plates (as expected at 
such a distance, assuming that its diameter is less than 
2000 parsecs.) If it can be shown that this object is in 
fact a physical companion of Hydra A, then a close 
connection is indicated between the two types of erup- 
tive activities of the nuclei of supergiant galaxies: the 
ejection of plasma condensations and that of blue 
condensations. One way or another, all the data indicate 
that this activity is of great import in the origin of 
galaxies. 

Thus we conclude that there exist clusters which are 
in a particularly active phase of evolution when new 
galaxies originate within them. The existence of a radio 
galaxy is an indicator of this phase. It is possible that 
even in such a phase the radio emission erupts only now 
and then, and with varying intensity at that. 

In the radio galaxy Perseus A it is well known that 
large relative velocities are observed, up to 3000 km/sec. 
Such velocities exceed the velocity of escape from the 
cluster and thus speak for themselves of instability. 

It seems, therefore, that a study of the radio galaxies 
as systems from the nuclei of which large masses are 
ejected or which are in the process of division must 
throw a new light upon the phenomena of instability in 
the clusters of galaxies. 
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DISCUSSION 


LEMAITRE asked whether “positive total energy” 
necessarily means that clusters are flying apart, or 
whether it might include the case (covered in his paper 
below) of a continuous exchange of galaxies between 
clusters and the field. AMBARTSUMIAN answered that 
positive total energy is a matter of observation, and 
could include both possibilities. However, if the galaxies 
in a cluster had a common origin, as most astronomers 
agree, then the concept of exchange is ruled out, and 
clusters with positive total energy must simply be ex- 
panding, or losing members to the general field. PAGE 
added that it would seem improbable that field galaxies 
could gather into a cluster with positive energy, but 
LreMAITRE argued that such a concept of probability is 
based on preconceived notions of the processes and 
earlier states of the galaxies. 

Povepa referred to the Local Group of galaxies, where 
the center of mass may be taken as that of M31 and the 
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Galaxy (neglecting the masses of other members). Si| 
of the eight members for which radial velocities ar| 
available, omitting the close companions of M31 and th 
Magellanic Clouds, are found to be approaching th) 
center of mass. Only NGC 598 and 6822 are recedin; 
at 14 and 110 km/sec, respectively. The stability of thi 
Local Group is wovered more completely by LimBer ii 
another paper, below. SB 

In answer to Just, who pointed out that “expansioi 
of a cluster” could mean merely that its dimension} 
increase relative to the sizes of galaxies in if 
AMBARTSUMIAN said that the dimensions of an expan d 
ing cluster are generally increasing faster than ‘thd 
Hubble expansion, V=HD. He also emphasized tha 
he does not propose that ali clusters and groups 0 
galaxies are unstable. 

HeckMANN referred to numerical studies of vo» 
HOERNER showing that a system of mass points car 
eject members even though it has negative total energy) 
and PaGE made the point that, unlike the quasi-stable 
groups of negative total energy, the groups and cluster 
of postulated positive total energy require further 
explanation of the source of the positive energy: 
AMBARTSUMIAN replied that he wished first to establish 
the existence of cases of positive total energy, and te 
investigate the circumstances where this occurs, before 
seeking a physical explanation of the original source. _ 
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I. INTRODUCTION 


(QXCEPT for early work by Lundmark (1926, 1927, 
1928) and an extensive investigation by Holmberg, 
1937), who provided a catalogue of multiple galaxies, 
/ittle work had been done in this field before about 1950. 
(m 1952 Page published data from spectra of a number 
of double systems. This and later work is discussed by 
im elsewhere in this volume;. we shall refer only to 
systems containing more than two galaxies in this paper. 
More recently some important work on multiple sys- 
tems has been carried out by Zwicky; this has been 
5ummarized in a number of places, particularly Zwicky 
(1956, 1959). In addition, recession velocities for a 
number of members of groups have been obtained by 
Humason and Mayall and are published in the funda- 
mental list by Humason, Mayall, and Sandage (1956). 

New impetus was given to such investigations by 
Ambartsumian (1957, 1958), who pointed out that 
multiple galaxies with separations of the same order of 
magnitude between the members would, like multiple 
stars of the Orion Trapezium type, be unstable con- 
figurations, even if the total energy of the system was 
negative. The time scale for instability in such con- 
figurations would be of the order of a few revolutions of 
the system, where one revolution is ~10° years. 
Ambartsumian further drew attention to the evidence 
for some multiple systems, such as the M81 group and 
Stephan’s Quintet, having positive total energy, in 
which case the time for disintegration would be shorter 
and would be given by the time taken for the fast- 
moving members to traverse the dimensions of the 
system. Thus such multiples would be in a state of rapid 
evolution. 

_Since Ambartsumian’s~ suggestion, Vorontsov- 
Velyaminov has published his Atlas of multiple galaxies 
(1960), obtained from his investigation of the Palomar 
Sky Atlas, which is a valuable source of information and 
from which we have chosen a number of systems for 
investigation with a view to testing Ambartsumian’s 
hypothesis. 

The observations that can be made in this field are 
necessarily limited. Information that one would like to 
have for any given group consists of: 

(a) good photographs with a large reflector or a large 
Schmidt telescope from which the galaxies can be 
classified, their separations measured, and any luminous 
bridges or other connections between them or extensions 
from them detected; 

(b) spectra of each member of the group from which 
radial velocities can be measured and spectral types 
ascertained ; 

(c) measures of colors and magnitudes of all members; 
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(d) study of the surrounding field to determine 
whether the group forms an isolated physical system 
and whether there are possible outlying members. 

For most of the groups which we shall discuss, some 
data is available under (a), (b), and (d). In a number 
of groups we lack information in category (c). In Table I 
we list the groups that we shall discuss. These include 
some groups investigated by us, together with groups 
studied by other workers. Weak clusters and the Virgo 
cluster are discussed by others at this Symposium, con- 
sequently, apart from the Hercules and Coma clusters, 
we shall consider only small groups. 


Il. APPLICATION OF THE VIRIAL THEOREM 


In the literature discussing the properties of these 
groups, some attempts have been made to test their 
short-term stability by applying the virial theorem (it 
being always remembered that the configurations will 
not be stable on a time scale longer than a few revolu- 
tions of the systems even if the virial theorem is 
satisfied). The virial theorem states that for the system 
to be stationary 

2E+=0, (1) 


where / and © are time averages of the kinetic and 
potential energies, respectively. 

In applying this theorem, the observations necessarily 
restrict us to the instantaneous values of / and Q. Also, 
only one component of the velocity of each galaxy can 
be measured, and this gives only one component of the 
kinetic energy after the velocity of the center of mass 
of the group has been determined by making some 
assumptions about the mean velocity of the group as a 
whole. Moreover, only the separations of the members 
projected on to the plane of the sky can be measured. 


Taste I, List of groups discussed. 


a (1950) 6 (1950) 
Local Group SOs rie 
NGC 55 QO» 12™5 —39° 30’ 
NGC 383 1 04.6 +32 09 
VV 116 9 36.3 —4 37 
M81 (NGC 3031) OSES +69 18 
NGC 3561 11 08.5 +28 58 
VV 172 Lie 20.02 +71 05 
VV 150 11 29.8 +53 12 
Wild’s system 11 44.6 —3 34 
IC 3481 1275023 +11 40 
NGC 6027 15) 57.0 +20 54 
Hercules 16 02.9 +17 54 
Zwicky (Anon) 16 48.0 +45 35 
NGC 6769 19 13.9 —60 35 
Stephan’s group 72) Aw a +33 42 
NGC 7619 23 17.8 +7 56 
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Since in small groups one is dealing with 3-12 members, 
it is clear that we cannot hope to obtain estimates of the 
kinetic and potential energies which are not subject to 
considerable uncertainties. 

There is the additional difficulty that in all but very 
few cases we cannot make any independent estimates of 
the masses of any of the galaxies in the group by, for 
example, measuring the rotations. In fact, this has been 
done in only two cases. Thus the method of analyzing 
groups has been either to assume that the virial theorem 
is satisfied and to use it to calculate the average masses 
of the galaxies, or to put in average values for the 
galactic masses based on other data and then to calcu- 
late the potential and kinetic energies and test whether 
Eq. (1) is satisfied. 

Clearly no very definite conclusions can be drawn 
without reasonably good average values for the masses 
of galaxies being available. Individual masses have been 
determined now for some 20-30 galaxies with varying 
degrees of precision. The majority of these are spirals 
and irregulars, but there are data for a few of the 
brightest ellipticals and one or two SO galaxies. ‘The 
results indicate that the majority of spirals and ir- 
regulars have masses between 10" and 4X10" M 0, and 
that the much smaller sample of elliptical and SO 
galaxies, excluding the dwarfs like M32 and the Fornax 
system, range from 10” to 5X10" Mo. The most 
massive galaxies known at present are M31 among the 
spirals, which has a mass of the order 4X10" M 0, and 
M87 among the ellipticals, which has a mass of the order 
10" Mo. The corresponding mass-to-light ratios range 
from about 1 to 20 for spirals and irregulars and about 
10 to 50 for ellipticals. A complete list of these values 
has been given by one of us (Burbidge 1961). 

Statistical analysis of double galaxies has also given 
information on average masses (Page 1952, 1959, 1960). 
Comparison of these results with data for single galaxies 
is discussed by Page elsewhere in this volume. However, 
we may just mention that the results given by Page 
(1960) for the masses of ellipticals and SO galaxies 
(4X10" Mo) and spirals together with irregulars 
(5X10 Mo) tend towards the upper limits of the 
values from individual determinations. Average mass- 
to-light values published there are very different from 
the values obtained from individual galaxies in the 
sense that these ratios for the elliptical and SO galaxies 
are far higher, and the values for the spiral together with 
the irregular galaxies are far lower. 

With these data on mass determinations in mind we 
shall discuss in Sec. III each of the groups listed in 
Table I separately. Throughout this paper, when the 
recession velocity has been used to estimate distance, 
H=715 km/sec per Mpc has been taken. All velocities 
that we give will be corrected for rotation of our Galaxy 
by the same formula as that used by Humason, Mayall, 
and Sandage (1956). 
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Ill. DESCRIPTION AND DISCUSSION OF GROUPS 


We consider these not in the order of right ascensior} 
as listed in Table I, but in two divisions, first the com:| 
pact small groups and groups whose members are 
connected with luminous bridges etc., and second) 
certain looser groups with more members. In the first] 
division we arrange the objects roughly in decreasing} 
order of the amount of information available. 


A. Compact Groups and Groups ; 
with Interconnected Members 


1.-Stephan’s Quintet i 


Ambartsumian (1958) pointed out that the velocity| 
dispersion of the four members of this quintet whichi, 
were measured by Hurmason (Humason et al. 1956) was) 
large enough to suggest strongly that the system was f 
unstable, in particular that NGC 7318b was escaping), 
from ie group. The four velocities for NGC 7317), 


tie 
7318a . and 7319 are given in Table II with the Bie 


the remaining members, an assumption which helps vl 
minimize the masses necessary for stability, the virial], 
theorem was found by Burbidge and Burbidge (1959a)} 
to be satistied only by the very oe masses and maa 


and it was taken into account by malapiae the ce | 
energy by 5/4. We concluded that the virial theorem} 
was not satisfied. 

Another analysis of the same data was carried out by | 
Limber and Mathews (1960). By making special, } 
assumptions, and by taking into account (and probably | 
overestimating) the galactic absorption, they concluded | 
that the virial theorem could be satisfied with the} 
masses and mass-to-light ratios also given in Table II. } 
Though the latter are somewhat reduced, the masses | 
are still very large. ‘| 

Recently two spectra of the fifth member, NGC 7320, | 
have been obtained and they give the remiarkeiay low | 
recession velocity of +1073 km/sec (Burbidge and | 
Burbidge 1961a; a photograph is published in that | 
paper). This is a startling result and we must conclude | 
that either (i) NGC 7320 is a foreground galaxy, or | 
(ii) NGC 7320 is literally exploding away from the other 
members. 

We estimate that the chance of (i) peas true is less: 
than 1 in 1500. Case (ii) is a conclusion that falls outside | 
conventional ideas on the dynamics of clusters and | 
groups. | 

The tilt of the Ha emission lines was measurable in | 
NGC 7320 and from it we can estimate the mass to bé- 
roughly 10" M o if it is of the distance of the rest of the — 
group and 1.7X10" Mo if it is a foreground galaxy at 
a distance corresponding to a redshift of +1073 km/sec. 


TaBLE II. Stephan’s Quintet. 


ii 
| For stability 
| Velocity B Land M 
| NGC (km/sec) mp M/Mo M/L M/Mo M/L 
102X 102 
7317 +7014 15.3 2.8 300 iL) (ay) 
7318a +6916 14.8 4.5 300 eh oy? 
 7318b +5916 14.9 0.3 21 0.5 20 
7319 +6935 13.7 0.8 21 M5220 
From 
rotation: 
7320 +1073 102. 
: 0.2-1.0 


In the latter case the radius out as far as measures of the 
Ha line extend would be only 1.6 kpc, and the galaxy 
would be very dwarfish with a very high mean density. 
Ti NGC 7320 is a foreground galaxy, the position re- 
garding stability of the group remains as discussed 
above, with four members and not five (Stephan’s 
Quartet). It appears to us that the masses necessary for 
stability are much too large and such a total mass is not 
likely to be provided by the intergalactic matter within 
the group. 


2. IC 3481, Anon, and IC 3483 


This triple system has been discussed by Zwicky 
(1956) and photographs are published there. Velocities 
of the three galaxies are given in Humason et al. (1956) ; 
fiey are,’ respectively, --7011, -+7229, and +33 
km/sec. Zwicky’s photographic magnitudes for IC 3481, 
Anon, and IC 3483 are, respectively, +15.0, +16.0, 
and +15.6. A luminous bridge connects IC 3481 and the 
smaller, fainter, anonymous galaxy, and another long 
luminous structure extends from the latter towards 
IC 3483; whether it actually joins onto IC 3483, or 
whether it is one of the long extensions sometimes seen 
to terminate apparently in free space, is the important 
question here. The very large difference between the 
velocities of IC 3483 and of the other two galaxies leads, 
as in Stephan’s group, to the situation that either 
IC 3483 is a foreground galaxy or it is exploding away 
from the other two. The probability of its being a fore- 
ground galaxy is greater than in the case of Stephan’s 
group since it is in the region of the Virgo cluster. 
However, if it belongs to the Virgo cluster it is a dwarf 
galaxy of. low absolute magnitude. 


3. VV 116 Group 


This quintet was discovered by Vorontsov- 
Velyaminov (1960) and it has been investigated by us 
(Burbidge and Burbidge 1959b, 1961b; photographs 
are published in both references). It is a compact group 
of two ellipticals and three spirals, and a narrow fairly 
bright filament that runs between the fainter of the two 
of the spirals. This filament might alternatively be a faint 
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sixth member of the group. Magnitudes are not avail- 
able for these galaxies, but we have named them A-E 
in order of decreasing apparent brightness on our plates. 
Velocities for four of the five members have been 
obtained, and they are: A (elliptical), +6356+40 
km/sec; B (elliptical), +-6576+40 km/sec; C (spiral), 
+6631+30 km/sec; D (spiral), +6230+30 km/sec. 
Spiral C has very strong emission lines; spiral D has 
less strong emission. For D it was possible to obtain an 
estimate of the rotation from the tilted Ha emission line. 

By assuming that the masses of the ellipticals were 
10X those of the spirals, and by allowing for the un- 
measured galaxy E by multiplying the kinetic energy 
by 5/4, we found that the virial theorem could be satis- 
fied by masses of 5.5X10" Mo for the ellipticals and 
5.5X10" Mo for the spirals, i.e., a total mass of 
1.310” Mo. Here we can make a direct comparison 
with the mass of D independently estimated from its 
rotation; the value thus obtained is 3.310" M 0. This 
value is in sufficiently good agreement with the average 
value of 5.510! M © obtained from the virial theorem 
for us to conclude that the system is stable, although 
ultimately, of course, it will suffer the rearrangement of 
kinetic energy that occurs in trapezium-like systems 
resulting in disruption of the compact configuration. 

Two final comments must be made: (i) if galaxy E is 
found to have a high relative velocity, then the group 
may still prove to be unstable. (ii) The reason why it 
appears to be stable on the evidence of the velocities. 
given above is that the galaxies are very close together— 
their average three-dimensional separation is only about. 
37 kpc. The outer regions of at least four of them appear 
to be interconnected. 


4. Wild’s Triple System 


This remarkable group of three irregular barred 
spirals with luminous connecting bridges was discovered 
by Wild (1953), and the photograph is published by 
Zwicky (1956). It has been discussed by Zwicky and 
Humason (1961), who give velocities, magnitudes, and 
discuss the total mass and mass-to-light ratio. The 
velocities are +5108, +5008, and +5396 km/sec. 
Rotations of all three galaxies were detected, and 
periods of rotation were given by Zwicky and Humason. 
If measures of the extent of the tilted spectrum lines 
could also be made, the masses could be estimated 
individually, but this has not yet been done. The 
apparent photographic magnitudes are, in the order 
given above, +14.5, +14.1, and +15.0. By application 
of the virial theorem, the total mass is found to be very 
approximately 3X10" Mo and the average mass-to- 
light ratio for the three galaxies is of the order of 100. 
If the luminosity of the intergalactic bridges, which 
were also measured by Zwicky and Humason, are in- 
cluded, the total average mass-to-light ratio is 70. 

Although the application of the virial theorem be- 
comes much more uncertain when there are only three 
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members and one has to derive true separations and 
space velocities by putting in factors which only apply 
statistically when one has a large number of galaxies, it 
is clear that the average masses and the mean mass-to- 
light ratios are much higher than would be reasonable. 
Unless about 90% of the mass of the system is in the 
form of dark unseen material, we conclude that this 
group is not stable but is rapidly disintegrating. 


5. Anon Triple (16 48"0, +45° 35’) 


Zwicky (1939) published a photograph of this system, 
and it was studied by Zwicky and Humason (1961), who 
found velocities and types of +9418 km/sec (SO), 
+9405 km/sec (Sa) and +9449 km/sec (SO or SBO). 
This remarkably small line-of-sight velocity dispersion 
means that the virial theorem can be satisfied (to within 
the uncertainties due to projection) by quite small 
masses. The total mass is only 9X10" Mo and the 
corresponding mass-to-light ratio is about 2. Thus in 
this case there is reason to believe that the group is 
stable without the addition of intergalactic matter. The 
mass of the Sa galaxy could be independently estimated 
from the rotation that Zwicky and Humason detected. 
kt G6 NGC 676967 OOFTT 
ane system has been photographed at the Radcliffe 
Observatory and reproduced in the Cape Atlas of 
Nebulae (plate 21). Radial velocities have been ob- 
tained for all three members by Evans and Wayman 
(1958). They are NGC 6769 (Sb), +3480 km/sec; 
NGC 6770 (SBb), +3580 km/sec; NGC 6771 (Sa or 
SO), +4070 km/sec. The virial theorem gives a total 
mass of approximately 4X10” M 0, which is larger than 
the probable sum of the masses of the three galaxies by 
a factor of about 30. Individual masses could probably 
be obtained for these galaxiés by measuring their 
rotations. ye E 

e 7. NGC 6027 Sextet : 

This group of galaxies in Serpens was discovered by 
Seyfert (1951). Three members are spirals, the two 
brightest are SO or Sa, and one is a peculiar diffuse 
irregular galaxy. The velocities of the two brightest 
members were measured by both Humason and Mayall 
(Humason et al. 1956); they are well determined and 
are +4568 and +4160 km/sec. Magnitudes were 
measured by Seyfert; they range from 14.7 to 16.9. No 
analysis can be carried out until more measures of 
velocity are available. We note that the difference of 
about 400 km/sec between the two measures is of the 
same order as the extreme range of velocities measured 
in VV 116. The distance of the system is about 58x 105 
pe, and the largest dimension of the group is only about 
27 kpe (not corrected for projection) so that the 
galaxies are very small. 
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8. VV 150 Group 


This is a compact isolated group discovered by| 
Vorontsov-Velyaminoy, close to NGC 3718, which is a} 
foreground galaxy. We have obtained spectra for two} 
of the galaxies; these give velocities of +7900 km/sec} 
and +6700 km/sec. The distance is thus approximately } 
10° pc, so that the diameter of the group is about 60 kpe. | 
The brightest member, a distorted elongated spiral,} 
shows in its spectrum the broad emission features 
H, [N11] \d6583, 6548, [Ort] \A5007, 4959, and [Or]} 
6300. If the broadening is due to the Doppler effect, | 
produced by random velocities of gas in the galaxy, the} 
width of Ha gives a value of about 800 km/sec in the | 
nucleus. Thus this is @ galaxy in the rare category de-| 
scribed by Seyfert (1943) of which only about 12} 
examples have been discovered. A third member of the} 
VV 150 group, whose continuous spectrum was recorded } 
but in which no spectral features were seen, has a light} 
distribution indicating a very blue color. No colors or| 
magnitudes have been measured. | 


9. VV 172 Group 


This remarkable chain of five galaxies, discovered by} 
Vorontson-Velyaminov, has been photographed} 
(Burbidge and Burbidge 1959b) and spectra of two of} 
its members have now been obtained, but velocities} 
have not yet been measured. The geometrical configura-| 
tions strongly suggests that the system is not stable. 


B. Loose Groups Containing More Members 
1. Local Group 


Membership and velocities in the local group of 
galaxies have been discussed by Humason and 
Wahlquist (1955). Clearly the bulk of the mass of the! 
group is contributed by NGC 224 and our Galaxy. 
Humason and Wahlquist pointed out that in using the | 
virial theorem the numerical values are very sensitive 
to the value of the velocity of the center of the galaxy | 
relative to the local group, which depends on the 
velocity of rotation of the sun relative to the center. | 
Kahn and Woltjer (1959) used a value of 216 km/sec 
for the circular velocity of the sun and concluded that 
unless the volume of the group was filled with inter- | 
galactic matter to provide the large part of the total. 
mass, the group would be unstable. Godfredson (1961) | 
reanalyzed the same data and showed that for a circular, 
velocity of 260 km/sec at the sun, the local group could | 
be stable without intergalactic matter being present. | 
Thus the result is inconclusive. 


2. NGC 3031 Group 


The four bright galaxies in this group are NGC 2976, 
3031, 3034, and 3077, and there are fainter members” 
also. Holmberg (1952) discussed a way of obtaining the. 
mass of NGC 3031 from motions of its satellites; this is 


in reasonable agreement with the value of about 
1.510" 440 obtained from its rotation. A mass of 
jabout 1.5X10" Mo is estimated for the mass of 
NGC 3034 from its rotation. Ambartsumian (1958) 
: 


argued that the system as a whole could not be stable 
because of the large velocity (338 km/sec) of NGC 3034 
|relative to the rest of the group. 


| 3) NGC 55 Group 


| De Vaucouleurs (1959) has argued that NGC 45,.55, 
247, 253, 300, and 7793 form a physical group about 
‘8X10? pc in diameter. The group is only about 2.5 10° 
pe distant and the galaxies are all spirals. The argument 
for their forming a physical group is based on their 
‘distribution among the other bright galaxies in the 
‘southern hemisphere. From the radial velocities, 
‘de Vaucouleurs showed that the virial theorem would 
not be satisfied unless the average masses of the 
|galaxies were in excess of 10” M 0, with a mass-to-light 
ratio greater than 500. Thus if the galaxies form a 
physical group, it must be expanding, unless there is a 
large concentration of intergalactic matter. 


4. NGC 7619 Group 


This is a group of five galaxies which form part of the 
‘Pegasus cluster (Hubble and Humason 1931; Edson 
and Zwicky 1941); they are the brightest members of it. 
The group has been studied by Hodge (1961). The types 
and velocities are NGC 7611 (SO), +3579 km/sec; 
NGC 7617 (SO), +5068 km/sec; NGC 7619 (K3), 
+3953 km/sec; NGC 7623 (E4), +3659 km/sec; and 
NGC 7626 (E1), +3553 km/sec. The group has an 
approximate diameter of 3.5 10° pc and the separations 
between the galaxies are on the average greater than 
220 kpc. Consequently, Hodge finds that the virial 
theorem is satisfied only for galactic masses in the range 
10"°-10" Mo and mass-to-light ratios of the order of 
300. There is some difficulty in estimating the total 
population of the cluster. containing the brightest 
galaxies listed by Hodge. Probably the estimate by 
Zwicky (1959, p. 63) of about 60 members is the best. 
If the five that have been measured form a good sample 
of the whole, and if the cluster has little central concen- 
tration, as seems to be the case, then we may conclude 
that probably the whole group is unstable, unless a 
considerable amount of dark material is present. 


5. NGC 383 Group 


NGC 375, 379, 380, 382, 383, 384, 385, 386, and 388 
are a group of nine galaxies for which velocities are given 
by Humason ef al. (1956). They form part of what 
Hubble and Humason (1931) called the Pisces group, 
which, they suggested, consisted of about 25 elliptical 
galaxies. They are the brightest members. Zwicky 
(1937) has suggested that the group is contained in a 
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large and elongated cluster extending over 15 square 
degrees or more. The nine galaxies listed above have 
rather a large velocity dispersion, and application of the 
virial theorem gives galactic masses in the range 
10"-108 Mo and mass-to-light ratios of about 260 
(Burbidge and Burbidge 1961c). Thus if these nine 
galaxies, together with the other 16, form a separate 
physical group, as was suggested by Hubble and 
Humason, then the group is probably unstable unless 
there is much dark material present. 


6. Hercules Cluster 


This is a loose irregular cluster containing about 75 
bright members and a large number of faint galaxies. Of 
the bright members, about 70% are spirals and _ ir- 
regulars and, there are a number of multiples. From a 
sample of 15 measured radial velocities, the total 
kinetic energy of luminous matter was estimated and 
the potential energy was obtained from measures of the 
separations of the 75 bright objects. Application of the 
virial theorem then showed that it could be only satisfied 
for an average galactic mass of about 10” M@ © (Burbidge 
and Burbidge 1959d). This fact, together with the 
irregular shape, lack of concentration, and proportion 
of irregular and peculiar spirals, led us to conclude that 
the cluster was probably unstable on a time scale of 
~2X10° years. Of course, the presence of a large 
amount of uncondensed material in a cluster like this 
cannot be ruled out; luminous intergalactic matter in 
the form of the curious structure IC 1182-84 was 
discovered in this cluster by Ambartsumian and 
Schachbazian (1957). Finally, this area of the sky has 
a number of concentrations of galaxies and it is possible 
that Hercules cluster discussed here may be part of a 
large aggregate. 


7. Cluster around NGC 3561 


An interesting multiple galaxy at 11" 8"™1, +29° 2’, 
that was discussed by Zwicky and Humason (1960), 
lies in a cluster that contains a remarkable number of 
mutually interacting galaxies and peculiar systems. The 
redshift is about +8700 km/sec. This multiple has not 
been included among the objects in the first part of this 
section because of its apparent membership of this 
cluster. The cluster is extremely interesting and should 
be investigated further; the types of object in it re- 
semble the types found in the Hercules cluster. 


IV. DISCUSSION AND CONCLUSIONS 


These results, showing the apparent instability of 
many groups of galaxies, are not easy to understand. 
We must accept first that not all groups and clusters 
exhibit the same dynamical behavior. Then, it must be 
noted that for each group there are the following 
uncertainties : 
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(a) We have no arguments independent of the posi- 
tion and recession velocity of a galaxy to establish with 
complete certainty that it is a member of a given group. 

(b) If a system appears to be unstable, we can still 
invoke the presence of unseen matter to stabilize it. For 
some clusters it is also possible, although in general not 
very probable, that we may confuse two systems lying 
one behind the other and analyze them as a single 
physical group. In the case of the Virgo cluster it is being 
argued by some that this indeed consists of a number of 
separate physical groups of galaxies. 

(c) It is possible that the galactic masses determined 
for comparatively nearby systems are not applicable to 
the galaxies in groups and clusters at greater distances. 
This is hardly acceptable, however, if one continues to 
accept the cosmological principle. 


It appears that arguments concerned with the un- 
certainty in measurement of radial velocity and in the 
assumptions made in applying the virial theorem are 
somewhat downgraded by the number of systems for 
which data are now available. At least some investiga- 
tion has now been made for four categories: g 


(i) Small groups such as Stephan’s Quintet, VV 116, 
and some triples. 

(ii) Comparatively weak clusters, such as the group 
around NGC 383 (Pisces group), up to richer clusters 
like the Hercules cluster. 

(iii) The rich, irregular, and noncondensed Virgo 
cluster. 

(iv) Highly condensed symmetrical clusters like the 
Coma and Corona Borealis clusters. 


Among the small groups, some may be stable, while 
the visible members of others do not satisfy the virial 
theorem. In the latter, the discrepancy is so large as to 
make it highly improbable that enough dark matter 

can be present to stabilize them, for the total volume of 
such groups is small and the ae of uncondensed 
matter would have to be comparable to the density of 
interstellar material in a spiral galaxy. With such a 
density, the whole volume of the group might then be 
expected to be filled with condensations of stars. If 
systems such as this are indeed unstable, then the time 
scale for disruption lies in the range 10-10 years. 

There is no doubt that most astronomers have felt 
this short time scale to be the greatest difficulty in the 
way of accepting the conclusion that some groups and 
clusters may be unstable. This objection is based on the 
widely accepted idea that in evolutionary cosmologies 
all galaxies must have ages comparable to the age of the 
universe. Because of the trend of the results discussed 
in this paper, this viewpoint needs to be critically 
examined. 

No age determinations are available for any galaxy 
other than our own, where a minimum age near 2 10" 
years is the present value from the ages of globular 
clusters. If all galaxies have to be at least as old as 
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~H™", where H is the Hubble constant, then probabl 
the only way to explain the occurrence of expandin}, 


systems is by supposing that they are the result 


multiple collisions between field galaxies. As was show) 
by Holmberg (1937) and Zwicky (1939), this demas 
very long time scales >H~. Such time scales are ur) 
acceptable in any of the cosmological models usual | 
discussed (cf. Bondi 1952), including Lemaitre’s, wher}, 
expansion sets in as soon as condensation into galaxie) 
begins, and the steady-state model, where the averag} 
age of galaxies is ~ (3H). 
Even if one leaves the cosmological question ope 
such very large ages for galaxies are not supported | b ‘ 
the observational erica The spectral characteristic) 
and colors of galaxies so far observed indicate that thi 
time scale for evolution of the stars which form the bull} 
of the mass of a galaxy is not greater than abou}, 
5X10" years, unless star formation has gone on con}) 
tinuously without much diminution. If it had, the largé 
numbers of white dwarfs would lead to high mass-to! 
light ratios and the velocity dispersion of stars in the 
centers of elliptical galaxies so far measured do nof 
support this. It is also unlikely that the time whick 
elapses between the separation of a protogalaxy fro 
the intergalactic medium and the formation of the first 
stars is exceedingly long (>H™). This time is deter 
mined by the decay rates of quantities such as the pri-} 
meval magnetic field or turbulence, both of which may | 
inhibit star formation. Thus we conclude that the for-| 
mation of groups and clusters by capture 1s very] 
improbable. 
Let us accept therefore, that groups of galaxies formed 
as such out of the intergalactic medium, and that ex-} 
panding groups do indeed have short time scales, and | 
let us examine the evidence for galactic ages from the | 
opposite viewpoint: Can the members of such groups; 
have evolutionary ages as small as the expansion ages? | 
Apparently all types or combinations of types of: 
galaxy can occur in small groups—irregulars, spirals, | 
or, as in VV 172, ellipticals. The rate at which a galaxy 
crores should depend predominantly on the mass 
function or luminosity function of the stellar population. — 
There is observational evidence that some galaxies are 
young in evolutionary terms, e.g., some of the systems » 
in the atlas of Vorontsov-Velyaminov such as the 
irregular agglomerate of Hi regions in NGC 2444-5 | 
(Burbidge and Burbidge 1959c) or single irregulars such - 
as NGC 4449 (Burbidge 1961). That these are young is 
based on two arguments—their irregularity and the 
high proportion of high-luminosity stars and uncon- 
densed gas in the form of Hm regions. Some of these 
may be as young as 10° years or less. (It must be re- 
membered, however, that what are apparently very old 
stars are present in the Magellanic Clouds. Such stars ~ 
might also be present in these systems, in which case 
we would have to conclude that at least part of the 
material condensed long ago.) Presumably a rather long 
time, ~5X10® years, is required for such objects to 
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ach a regular configuration (the flattening depending 
n the angular momentum). It seems to us, therefore, 
ot unreasonable that the spiral and irregular galaxies 
1 some groups may have evolutionary ages which are 
ompatible with the time scales for local expansion. 
’an this also be true for the ellipticals? 

_ Some indication of the stellar population of an ellipt- 
te can_be obtained from its integrated spectrum or 
_olors, if these are measured on some more detailed 
ystem than the U,B,V system and correlated with 
pectra for a good sample of galaxies. No such informa- 
ion is available in, for example, the galaxies in VV 172. 
(n practice, any faint galaxy which has a comparatively 
yright amorphous nucleus without dust will be classified 
as an elliptical. For example, NGC 7317 and NGC 7318a 
‘n Stephan’s Quintet were classified in this way though 
the structure of the material around them and the 
onnections to the other galaxies make this somewhat 
ee tionable. Ellipticals are thought to contain little 
vas, so that star formation is rather complete. It is 
unlikely on general grounds that all galaxies have the 
same stellar luminosity function. Thus, although there 
| a common belief that all ellipticals contain old disk 
population and population II stars in an advanced 
state of evolution, the only observational test of age 
appears to be the following. 

Tf a galaxy of yellow or reddish color and late spectral 
type contains main-sequence stars up to about solar 
‘type but none of the more massive stars, together with 
a population of K- and M-type giants, then it must be 
old, since a star of about a solar mass takes ~15X 10° 
years to evolve into a giant. If, on the other hand, there 
is no spectral evidence for giants of small mass, then 
such a galaxy might contain only main-sequence stars 
together with stars that are still contracting onto the 
main sequence, and be no older than a few hundred 
million years. This would require that the formation of 
whatever heavy elements are detected in the spectra can 
be accounted for by a very rapid rate of star formation 
and turnover of material from stars to gas in the very 
early history of the galaxy, and that the mass function 
for the formation of stars is now such that very few 
massive stars are produced (e.g., conditions might be 
right for rapid fragmentation of any condensation). 

The contribution of giants to the luminosity of a 
stellar population with a reddish integrated color and 
late-type integrated spectrum is indicated by the rela- 
tive strength of C.V and has been discussed by Morgan 
and Mayall (1957). The existence of a large dwarf 
population may be indicated by the spectra of some 
galaxies that have very strong Var D lines, as shown by 
Spinrad (1961). If giants are present, then it is impor- 
tant to determine from the integrated spectrum the 
upper extent of the main sequence, since giants that 
have evolved from A-type stars and those from further 
down the main sequence have similar properties. 
Galaxies with populations of giants and main-sequence 
Stars not earlier than late F or early G must have ages 
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at least ~H~!, so that the presence of these in groups 
that are unstable on a short time scale would be hard to 
explain. According to present evidence, the nuclei of 
M81 and M31, and M32, together with some ellipticals 
in the Virgo cluster, satisfy such criteria. This suggests 
that the local group, the M81 group, and the Virgo 
cluster should not be unstable on a short time scale. 
M81 and its satellites appear to form a stable system, 
but M82 appears to be escaping from the group as a 
whole. The stability of the local group is indeterminate. 
In the case of the Virgo cluster, a number of conflicting 
opinions have been expressed. Possibly the cluster is 
evolving dynamically but is not unstable, or else it may 
consist of a number of physically separate subclusters, 
as suggested by Morgan and de Vaucouleurs, so that 
the stability of each group should be investigated 
separately. 

For the small groups that apparently do not satisfy 
the virial theorem, the existence of stellar populations 
indicating ages far in excess of the expansion ages is not 
established. To get spectra of sufficient dispersion in 
distant groups would be difficult, but detailed color 
measures should be easier to obtain, and if these could 
be correlated for the nearer galaxies with spectral 
criteria such as CV strength, Vat strength, and indi- 
cators of the brightest main-sequence stars, they might 
enable lower limits to be set on the ages. Until this is 
done, we conclude that the expansion phenomenon 
cannot be ruled out on the basis of the short time scale, 
whatever type of galaxy is contained in the group. 

Before going on to discuss categories (ii), (ili), and 
(iv), it should be mentioned that if explosive expansion 
is found to occur in small groups (cf. the question raised 
in the case of NGC 7320 in Stephan’s Quintet and 
IC 3483 in Zwicky’s triple system), this would be very 
difficult to explain according to current concepts and all 
the time-scale problems would be greatly enhanced. 
Only Ambartsumian (1958) has made any attempt at 
discussion of this problem. A fundamental problem is 
that of the origin of the energy which would have had 
to be present. 

The discussion of groups in class (i) applies equally 
to those in (i1) so we shall add only one or two further 
points. Class (ii) contains groups for which errors in 
carrying out the analysis are most likely to occur 
because of the difficulty in deciding which are field and 
which are cluster galaxies. The Hercules cluster is a 
particularly interesting example because it contains a 
high proportion of galaxies which may reasonably be 
considered to have evolutionary ages compatible with 
the expansion age. The geometrical configuration 
suggests that the group is unstable. The cluster may be 
physically associated with a complex of subclusters in 
its neighborhood, and large-scale investigation of the 
whole area should be made. 

The Virgo cluster [category (iii) ] is discussed by 
others at this conference. We therefore turn finally to 
the rich, centrally condensed clusters (iv). The method 
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of the virial theorem has been applied to the Coma 
cluster by a number of authors (e.g., Zwicky 1956; 
Oort 1958; Burbidge and Burbidge 1959d). The radial 
velocities of about 50 members have been measured 
(Humason et al. 1956; Mayall 1960). For the cluster to 
be stable the average masses of the bright galaxies must 
be ~10” M o. If the average masses of the elliptical and 
SO galaxies are about 4X10" M 0, as suggested by Page, 
then the discrepancy is only by a factor of order 2. If the 
masses are rather lower, as is suggested by the masses 
obtained for a few individual ellipticals, the discrepancy 
may be rather worse (nearer to 10). Since the sym- 
metrical distribution of the galaxies suggests that this 
cluster may be stable, dark material in the form of 
intergalactic matter or evolved galaxies, or large 
numbers of dwarf galaxies, may comprise from 50 to 
90% of the mass. We run into considerable difficulties 
associated with the time scales in clusters of this type, 
but in the opposite direction to that encountered in the 
apparently expanding groups. 

The problem has been stated by Zwicky (1939, 1960). 
He finds that clusters like the Coma cluster have a 
radial distribution of bright galaxies corresponding to 
the density distribution in an isothermal gravitational 
gas sphere. He believes that the velocity dispersion of 
galaxies of equal brightness is constant throughout the 
cluster, that bright and faint members are partly 
segregated, with the bright ones concentrated to the 
center, and that such clusters at all distances, and hence 
clusters with quite a spread in ages, are remarkably 
alike. Is sufficient time available for this state to have 
been achieved? The relaxation time for such a cluster 
can be calculated from the formulas given by Chan- 
drasekhar (1942). The relaxation time depends critically 
on the parameters which are assumed for a cluster of 
the type of the Coma cluster. It appears that this 
relaxation time lies in the range 5X10"'-10* years. In 
making this estimate, the galaxies have been treated 
like stars, in that inelastic collisions are not considered. 
Despite the uncertainties and the effect of inelastic 
collisions, it seems that time scales for the achievement 
of the stationary state of affairs described by Zwicky 
must be very long, >H7!. This isso even without going 
so far as to say that such a cluster must have been 
formed by capture of individual. galaxies on a very long 
time scale. 

The observational basis of Zwicky’s belief that 
clusters of this type have reached a stationary state 
must be discussed. Zwicky has established that the 
density distribution in the Perseus and Coma clusters 
correspond to Emden spheres. However, the uniformity 
of velocity dispersion needs further testing, as only for 
the Coma cluster have a moderate number (50) of 
radial velocities been published. Only five are published 
for the Perseus cluster and only eight for the Corona 
Borealis cluster. Even 50 velocities is not many for 
establishing the constancy of the velocity dispersion 
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throughout the cluster. There is clearly some segrega} 
tion between the brighter and fainter members of th} 
nearer clusters of this type, but it is not clear wha 
proportion of the fainter galaxies are backgroun# 
objects. That clusters at all distances are remarkabljj 
alike appears to be at variance with Abell’s conclusioy 
(1961) that the linear extents of different clusters vary 
far less than their total populations. . 

Thus we conclude that the argument for a very long 
time scale is far from conclusive on the general scale 
but for nearby clusters the formation and evolution té 
their present form is not easy to explain and may 
demand time scales >A. 

The-problems which are encountered in discusai_l 
the forms and stability of clusters and groups are pre 
dominantly those of the time scales involved. If, as ha: 
been suggested by Abell (1961), all galaxies are member 
of clusters, then the investigations that have been ma 
along the lines described here are only a beginning. For 
example, many of the weak clusters may well form part 
of larger physical aggregates whose membership is very 
difficult to determine. Even here the comparativel 
large velocity dispersions encountered and the lack oi 
central concentration indicate that the argument of the 
virial theorem may lead to the same type of result. It 
may well be that the large extended aggregates are 
dynamically stable because there is a sufficient concen- 
tration of intergalactic matter with density maxima in 
such regions. On the other hand, we cannot rule out, 
on the basis of the evidence at hand at present, that 
local expansion is occurring in many regions. In most 
cosmological investigations it has been assumed that 
the clusters of galaxies partake of the general expansion 
but do not expand themselves. 

It is of interest, finally, to mention one cosmological 
model which may allow of what we interpret to be local 
shears and expansions. This is based on the solution of 
Einstein’s field equations discovered by Gédel [ (1949); 
see also Chandrasekhar and Wright (1961) |. Gédel’s 
universe, which is rotating, differs from the Friedmann: 
Lemaitre solutions of relativistic cosmology and the 
steady-state solution in that it does not allow the 
possibility of defining a universal time. [The concept 
of universal time is contained in Weyl’s postulate 
(Robertson 1933), which is an assumption based on the 
observed fact that there exists in any region of space- 
time a mean motion that represents the actual motions 
to within relatively small and unsystematic deviations. | 
The concept of universal time is by now deeply im- 
bedded in our thinking on cosmological questions. 
However, Gédel’s models should be investigated further. 
In such a universe, ages derived in our Galaxy would 
necessarily have no relation to H~!. The cases given by 
Gédel (1949) are rotating universes which are static and 
spatially homogeneous and have a cosmical constant 
<0. Such solutions are not applicable to the real uni- 
verse which is expanding. However, in a later paper 


| 
Gédel 1950) he has stated that solutions exist that 
itisly the condition of homogeneity in space, with 
pace finite, and density not constant, i.e., models that 
llow expansion. 
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DISCUSSION 


VAN DEN BeErGH noted that the radial velocity of 
NGC 7320 is close to that of the nearby supergiant 
spiral NGC 7331, which is known to have at least one 
other companion. Therefore, NGC 7320 may well be a 
member of the NGC 7331 group (or a larger cluster, as 
preferred by DE VAUCOULEURS) rather than of Stephan’s 
Quintet. Mrs. BurBIDGE remarked that it would still 
have an abnormally large mean density if it is a fore- 
ground object at a distance corresponding to its velocity. 
PoveDA countered that if it is considered to be at the 
distance of Stephan’s Quintet, NGC 7320 has M/L less 
than 1, whereas if it is treated as a foreground object 
M/L=4.5, which is more in agreement with the M/L 
ratio to be expected from its morphological type, Sc. 
Further discussion revealed that the magnitude had not 
been measured accurately enough for these figures to 
be reliable, but that the lack of tidal distortion in 
NGC 7320 argues strongly for its being far from 
the rest of Stephan’s Quintet. 

VoRONTSOV-VELYAMINOV felt that this reason is in- 
sufficient because many close pairs and groups, un- 
doubtedly close in space, show no “tidal” distortion. As 
explained in his paper below, he believes that when 
distortions occur, they are due to some nongravitational 
influence—not to tidal action—because the observed 
distortions are not related to separations, masses or 
luminosities. 

G. BuRBIDGE noted that if NGC 7320 is a foreground 
object, the mass discrepancy from applying the virial 
theorem still remains in ““Stephan’s Quartel.”” SPINRAD 
mentioned an empirical relation he has discovered be- 
tween absolute magnitude and strength of the D lines 
in the spectra of galaxies, which might be used to 
distinguish foreground and background objects. How- 
ever, the spectra of NGC 7320 obtained to date show 
no absorption lines. 

LivBer agreed with the BurBipcEs that it did appear 
improbable a priori that NGC 7320 was a foreground 
object, but he argued that it seemed at least as improb- 
able that this object was a physical member of the group 
since, according to the measured velocity difference, 
NGC 7320 can have had its presently observed excess 
velocity as a member of the group for only a few million 
years—an interval that is certainly very much less than 
the ages of the members of the group. This very short 
characteristic time scale—within which this one galaxy 
had to be accelerated to a velocity of about 5500 km/sec 
with respect to the rest of the quintet—s also only a few 
percent of the period of galactic rotation that would 
follow for this object from the BURBIDGES’ observations 
if it is at the distance of the other members. Thus, if it is 
a member of the quintet, one might well expect 
NGC 7320 to show marked distortions in form. Further, 
under these conditions it appears questionable whether 
any attempt to derive the mass of NGC 7320 on the 
assumption of circular internal motions is meaningful. 


550 In, We 


Tn answer to McCrea, Mrs. Burprncr described her 
method of computing the gravitational potential energy 
of a group from projected separations assuming random 
orientations, and admitted that it is more uncertain for 
a small group than for a large cluster. G. BURBIDGE 
added that the mass discrepancy from applying the 
virial theorem still. remains, in several cases, when 
projection factors are all taken in the most favorable 
extremes. 

NEYMAN noted a bias and infinite variance in this 
method of estimating the potential energy due to chance 
lineups, with one galaxy directly behind another or 
nearly so. He described a better estimate obtained by 
simply measuring the projected positions of all galaxies 
in the cluster, and stressed that assumptions of sym- 
metry and of some statistical law of space separations 
of the galaxies in a group or cluster must be made in 
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either case. More serious is the selection of galaxies fo! 
velocity measurement. Since the luminosity is correlateq 
with the mass of a galaxy, velocities have been system] 
atically measured for the more massive galaxies of eacl| 
type, and this may strongly influence conclusions fron} 
a statistical law like the virial theorem. } 

McCrea asked how the virial theorem is applied 
when there are subsystems such as close binaries withi 
a cluster. Luweer replied that, if the total energy iq 
negative—if the whole system is stable—twice the timed 
average of the total kinetic energy is equal to the time 
average of the potential energy, whether there are a 
systems or not. [Bi 

SCHUECKING~ commented on the possible use ‘ol 
Gédel’s rotating cosmological model, pointing out tha‘ 
it can only change the time scale for objects very fa 


from the observer, at least 10° light years. " 


| 
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[A MBARTSUMIAN’S conception is this (1958): 

(1) Components of multiple galaxies and of 
‘lusters were formed together. Only an insignificant 
minority of them could have been formed by capture 
n triple encounters. 

(2) The configurations of groups are predominantly 
of the unstable type. The measured velocities in some 
rroups and clusters seem to give evidence of the dis- 
ntegration of these systems. 

(3) Some radio galaxies are systems where the 
livision of the nuclei is taking place, but the separation 
of galaxies is not yet complete. 

(4) The appendages of NGC 4486 and 3561 are con- 
sidered as ejections of smaller masses transforming into 
‘louds of blue stars and possibly containing the sources 
f nonthermal blue emission. 

(5) Connecting filaments arise during the process of 
ission of a galaxy, and spiral arms are formed by the 
‘ame process (cf. systems of the M51 type.) 

(6) Galaxies and their arms form at the expense of 
matter contained in the nuclei, which are of high 
lensity because the genesis of galaxies cannot occur at 
he expense of the stellar population of the nuclei. 
lobular clusters are expelled from the galactic nuclei. 

(7) Stars and diffuse matter both originate from extra 
lense matter. 


| 


It is evident that the Ambartsumian hypothesis is 
nuch broader than the hypothesis of mechanical in- 
tability of groups of galaxies. Its essential features 
we that nuclei are superdense formations of great 
tivity, that they can divide giving rise to multiple 
‘alaxies, and that they expel matter which is trans- 
ormed into spiral arms, globular clusters, and diffuse 
natter. 

‘The common origin of galaxies in physical doubles 
nd multiples now seems to be unquestionable. This was 
ufficiently proved by Ambartsumian and others. In 
articular, the interacting pairs of galaxies, whose 
hysical partnership is unquestioned, are so frequent 
hat they could not be produced by chance encounters. 
“he theory of capture was thoroughly discussed in the 
J.S.S.R. relative to Schmidt’s cosmogonic theory. It 
vas shown that a very specific encounter of three bodies 
$s necessary in order to make the capture possible. It 
ollows that the probability of capture among isolated 
eld galaxies (where multiple systems are so frequent) 
s also much less probable than believed heretofore. 

The difference of velocities in physical pairs is on the 
verage much smaller than the mean peculiar velocity 
f galaxies—also a strong argument in favor of the 
ommon origin of the components. 
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| On the Possibility of Explosive Formation of Galaxy Patterns 


B. VorontTSsov-VELYAMINOV 
Sternberg Institute, Moscow, U.S.S.R. 


The instability of clusters and of groups—of their 
positive energy—is not definite. The majority of con- 
tributions tend to confirm instability, as far as data on 
radial velocities go. However, the calculations involve 
various assumptions which are debatable. For instance, 
Limber and Mathews (1960) object to the instability 
of Stephan’s Quintet, which is the most representative 
of groups of the trapezium type, and which is now 
commonly considered as being unstable. Though no 
definite data exist on the presence or absence of large 
intergalactic masses, it seems that the disintegration 
of many groups is probable. 

The disintegration of large clusters seems less evident. 
The membership of galaxies ascribed to a cluster is 
always doubtful. The dimensions of a cluster are always 
much smaller than its distance. A background galaxy 
distant from the center, say five times the radius of the 
cluster along the line of vision, cannot be distinguished 
from its members. 

The systems of trapezium type are regarded as un- 
stable by Ambartsumian and by the Burbidges, who 
consider their configuration. The same conclusion was 
reached by the Burbidges (1961) concerning the chains 
of galaxies that I discovered recently. Among these 
groups we find elliptical galaxies, which are believed to 
be very old formations. The very long connecting fila- 
ments between elliptical galaxies, and very long tails, 
as I have shown (1957), indicate short existence, and 
hence instability. These formations must be of very 
recent origin. Ambartsumian concludes that, in the case 
of rapid disintegration of recently formed filaments, the 
components of the groups must be young. He believes 
the elliptical galaxies in such systems to be young as 
well. We must choose between two alternatives: (1) all 
interacting galaxies and probably the ellipticals in 
trapezium systems are young; (2) all such configura- 
tions are stable in spite of the mechanical considera- 
tions. The latter conclusion appeals to the law of 
gravitation, which is postulated as the sole law govern- 
ing the interaction of galaxies. 

I am convinced that although the law of gravitation 
between galaxies is valid, some other mutual influences 
are at play. In particular, I share the idea of 
Ambartsumian that the nuclei of galaxies present some 
properties yet quite unknown to us. It must be admitted 
that some nuclei are capable of dividing into two or 
more. Probably the enormous energy necessary to repel 
the expelled part of the nucleus with large velocity can 
be generated in some way. But it is very difficult to 
imagine the mechanism of formation and separation of 
galaxies. If a stellar system is formed continuously at 
the expense of the matter contained in the nucleus, the 
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latter must be very dense. I do not know whether ob- 
servations allow such large densities for nuclei so far 
observed. Apparently the densities so far found are 
compatible with the stellar densities. It may be ex- 
pected that if there exist systems whose separation is 
not yet complete (some radio galaxies according to 
Ambartsumian), their nuclei must be younger— 
probably larger or more active than those in systems 
whose separation is complete. This can be checked by 
observation. 

It is quite possible that the appendage projected 
near the nucleus of the radio galaxy NGC 4486 is really 
a jet. This has not been proved, though it is always 
mentioned as a jet. There is some possibility that it is 
a kind of a spiral arm seen in projection. The nature of 
the ‘‘jet’” is still very obscure. I was the first to stress 
the common nature and probably the similar origin 
of connecting filaments and of spiral arms. If 
Ambartsumian is right in ascribing the connecting 
filaments to the separation of two parts of dividing 
galaxies, then the spiral arms are formed also at the 
expense of the matter expelled from the nucleus. 

However, it is difficult to accept the formation of 
spiral arms by the process of ejection of dense matter 
from the nucleus. The motion of a projectile from the 
nucleus is expected to be rectilinear. No spiral tra- 
jectory seems possible. Moreover, in order to form a 
thin, continuous, spiral arm, the expelled dense body 
must continuously leave matter along its path. It is 
dificult also to explain the preponderance of cases 
where two spiral arms start from the opposite sides of 
the nuclear region. 

It also seems that it is not the disk system that de- 
velops at the expense of matter of the spiral arms—as 
a consequence of their disintegration. I have studied 
thousands of spiral galaxies on the Palomar Sky Atlas 
and it seems that, on the contrary, it is the spiral system 
that develops inside the disk. Very often the arms are 
independent of the nucleus and of the bar, For instance, 
we observe the following facts: 


(1) The arms start often at the rim of the disk and 
not from the nucleus. 

(2) The outer arms start often in the disk far from 
the inner spiral regions and are not connected to the 
inner spirals. 

(3) The ring structures, quite similar to the spirals, 
are detached from the nucleus, as are the arcs in the 
“early type” galaxies. 

(4) In many cases the spiral arms start not from the 
nucleus or from the ends of a bar, but from a ring, at a 
great distance from the nucleus. 


On the other hand there are facts which can be con- 
sidered as confirming the Ambartsumian’s idea that 
the spiral arms form from the matter expelled from the 
nucleus. 


It is true that in some cases the major axes of the 
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inner and of the outer structures are in different direc} 
tions. This can be interpreted as the result of ejections} 
of matter in two different planes. It can also be caused] 
by unsymmetrical structures in a common plane, but} 
with different orientation of axes of symmetry in this} 
plane. But there are systems, the irregular M82 for 
instance, where streams of matter seem to be at righ 
angles to the main plane of symmetry. The existence| 
of several arms of different strength is also in favor of 
accidental differences of ejection. Small, thin, dust 

lanes emerging directly from the minute inner nucle! 
of M31 also favor Ambartsumian’s hypothesis, though! 
the bright stellar arms have no connection with these 
inner dark spirals. : 

Personally, I prefer the conception that double ane 
multiple galaxies are of common but independent} 
origin. They originate in the immediate vicinity of eagh 
other. Some galaxies possess some power of repelling 
certain stars or other matter belonging to the neighbor- 
ing galaxy. This leads to mutual recession of the galaxies 
despite their mutual gravitation. The matter which is 
more subject to the repulsion forms a tail. Owing to the 
great viscosity that must be postulated, this tail 
persists in the same way as the spiral arms do. At 
smaller distances, or when a galaxy possesses a greater 
power of hindering the formation of the spiral structure 
inside its companion, this spiral structure cannot 
develop properly. In other cases, or when the receding 
galaxies become sufficiently far apart, the spiral struc 
ture develops normally. In some cases of separation of 
already developed galaxies a connecting filament forms 
between them. Owing to its great viscosity it persists 
for a very long time and is not disrupted by tidal effects 
and by the rotation of galaxies. Probably an exchange 
of matter along these filaments is possible. wi 

One must remember that the metagalaxy can be con- 
sidered as a medium to some degree, and that the 
galaxies and their appendages are condensations in this 
medium rather than isolated bodies. Physical experi- 
ence has had nothing to compare with the low density 
and peculiar structure of the metagalaxy as a medium. 
Probably many enigmatic phenomena in the realm of 
galaxies are related to this fact in somewhat the same 
way as the dualistic nature of light and of electrons 
presents the well-known apparent contradictions. 

In studying interacting galaxies I have discovered 
many phenomena that point-to a great viscosity of large 
stellar systems and to a kind of partial repulsion of 
matter. It is possible that this observable repulsion has 
something in common with the repulsion of galaxies 
themselves—repulsion in doubles and in groups postu- 
lated by Ambartsumian and to some degree confirmed 
by the observations. 

The other great contribution made by Ambartsumian 
is that he draws attention to the important role of the 
nuclei and to the possibility of their exceptional proper- 
ties. After he stated this, many new facts were added 
that support the idea of exceptional properties of the 


puclei: the discovery of the large spins of the nuclei, of 
\he discontinuity of rotation in their vicinity, and of the 
‘high density. The discovery of gases in the nuclei of our 
|Galaxy and of M31, and their flow outward with high 
jvelocity that is so difficult to explain, adds to the 
picture. Still more enigmatic is the case of Seyfert’s 
jgalaxies with very broad emissions in their spectra. 
‘They may be considered as supporting the idea of out- 
flow of matter from a superdense nucleus. 

| Some time ago we started a study of galactic nuclei 
at the Sternberg Institute. For the remote galaxies, the 
innermost nuclei (as observed in M31) are inaccessible. 
We can observe only the great inner bulge, but it is 
possible that the structure of the inner regions with no 
spiral structure is related to the structure of the inner- 
most nuclei. In fact, though at present I can give no 
exact data, I can state that there is a great variety of 
nuclear structures among the galaxies ascribed to the 
same Hubble type. For instance, among the Sb spirals 
some have a central lens, others have small stellarlike 
nuclei. Some nuclei in Sb spirals are rather faint, some 
very bright. Besides smooth central lenses there are 
nuclei with very sharp edges, and so on. 

Probably the size and the structure of these central 
regions reflects the evolutionary status of the galaxy. 
The study of the nuclei in binary systems might be of 
greatest importance. 

Finally I draw attention once more to many facts 
which show that among galaxies the influence on the 
other systems is not confined to gravitation alone. I 
appeal to the enormous difference in dimensions 
between the galaxies and the solar system, where the 
law of gravitation is sufficient to explain its behavior. 
Double galaxies may have properties different from the 
properties of two systems of similar masses and dimen- 
sions. (We know that a molecule formed of two atoms 
possesses quite new properties.) I doubt that astrono- 
mers treating phenomena in an infinite universe only by 
means of gravitation will be able to understand the 
endless variety of the true Jaws of nature. 
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DISCUSSION 


DE VAUCOULEURS noted that forms suggestive of 
repulsive forces are evident in the barred spiral 
NGC 6872 with a close companion IC 4970, photo- 
graphs of which appear in Mem. Commonwealth Obs. 
III, No. 13, Fig. 26, and in the Cape Atlas. 

FisH suggested that instability may account for 
spiral arms starting from the disk rather than from the 
nucleus of a galaxy, and mentioned the case of 
NGC 5055. In this Sb galaxy the luminosity measured 
in three colors is symmetrical along the major axis 
beyond 30” from the nucleus, but asymmetrical within 
30”, where the velocity curve of Burbidge, Burbidge, 
and Prendergast (Astrophys. J. 131, 282, 1960) indi- 
cates solid-body rotation. These observations suggest 
that solid-body rotation of a compressible fluid may be 
unstable—a matter worthy of theoretical study. 

Mrs. PisumtsH recalled the tendency of recession of 
OB associations as related to the outward streaming of 
neutral hydrogen from the center of our galaxy, and the 
probable origin of the 3-kpc arm as an ejection from a 
limited region of the nucleus. In a recent article (Bol. 
Obs. Tonantzintla y Tacubaya No. 21, 1961) she attempts 
to explain the symmetrical emergence of spiral arms as 
a consequence of a poloidal magnetic field at the 
nucleus with dipole axis perpendicular to the axis of 
rotation. 

B. Lrnpsrap allowed that strange appearances in 
spiral structure may easily suggest forces of repulsion, 
but warned against assuming such nongravitational 
forces until resonance phenomena have been carefully 
investigated. VORONTSOV-VELYAMINOV concurred. 

In answer to G. BURBIDGE, VORONTSOV-VELYAMINOV 
agreed that magnetic forces could not account for the 
thin filaments and tails he has observed, he feels that 
there must be some other influence at work to form 
these structures, and emphasized that they must have 
high viscosity to be maintained for any length of time. 
WoLTJER pointed out that strong magnetic fields could 
not provide such viscosity, even if the filaments were 
formed of a conducting plasma; such fields would 
rather cause the filaments to expand. VOoRONTSOv- 
VELYAMINOV added that the filaments are in any case 
now formed of stars. 
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On the Dynamical Instability of Several Groups of Galaxies 


A, KALLOGHJAN 
Burakan Observatory, Erevan, U.S.S.R. 


MBARTSUMIAN’S idea (1958) of the dynamical 
instability of several groups and clusters of 
galaxies has been supported by studies by the Burbidges 
(1959, 1959) and de Vaucouleurs (1959). The high value 
of the mass-luminosity ratio (f=97) for the elliptical 
components of double galaxies, recently obtained by 
Page (1960), leads to the conclusion that some of such 
systems may also have positive energy. Limber’s and 
Mathews’ (1960) objections against the dynamical in- 
stability of Stephan’s Quintet seem to us to be some- 
what artificial, but at any rate they may concern only 
the Quintet. 

In the present report four groups of galaxies are 
examined. On the basis of present data about the radial 
velocities of the members of these systems they must 
have positive total energies. The radial velocities used 
have been taken from Humason, Mayall, and Sandage 
(1956). 


NGC 68, 69, 71, 72, AND ANONS 


These five galaxies form a dense group at the distance 
of 7X10" pc, if the value of Hubble’s constant is 75 
km/sec per Mpc. If the system has negative total 
energy, then the virial theorem may be applied. The 
following values for the projection factors are assumed : 
p=1.57 for the separations of the galaxies, K=v3 for 
the conversion of radial velocities to space velocities: 
Pettit’s values of apparent magnitudes have been used 
(1954). The luminosities relative to the sun have been 
calculated using the photographic absolute magnitude 
of the sun given by Stebbins and Kron (1957) and 
taking into account the galactic absorption by the 
equation Ay,=0.25 csc 6. Under these conditions, when 
the virial theorem is applied, we obtain for the mass- 
luminosity ratio f=385, which is too high even for 
elliptical galaxies and, especially, for one of the members 
of the group which is of SBa type. 


GROUP CONTAINING NGC 80 AND 83 


NGC 80 and 83 are very bright compared with other 
members of the group. Their radial velocities differ from 
each other by more than 1000 km/sec. Since no radial 
velocity is known for the other members of the group, 
we have calculated the values of gravitational potential 
at the positions of NGC 80 and 83. The kinetic energy 
of each galaxy has been obtained from the radial 
velocities relative to their common center of mass 
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(500 km/sec). The apparent magnitudes of remaining 
galaxies have been estimated on the charts of Palomar’s’ 

atlas. All the brightnesses have been purposely over- 

estimated. 

The mass-luminosity ratio for spiral galaxies has bee 

taken, to be the half that of the ellipticals. On the 

assumption that the total energy of NGC 80 and 83 i is 

negative, and applying the same values of the projection 

factors as in the preceding case, the lower limit to the 

mass-luminosity ratio for the elliptical galaxies is found 

to be fz=330, in the case of NGC 80, and fz=270 in 

the case of NGC 83. 


DOUBLE SYSTEM NGC 7385-7386 


These two galaxies are much brighter than the 
neighboring ones. So we have neglected the masses of 
the other galaxies of the group and considered 
NGC 7385 and 7386 as a double system in order to 
calculate the lower limit of the sum of the masses. The 
projection factors p=1.5, K=v2 were assumed, and we 
obtain m,+m2>4.8X 108m. (Using fz=60, this same 
sum is equal to 4.2X10”" mo.) That is, we obtain 
fn=685. 


CHAIN OF GALAXIES AT a4959= 124™6, dy959= +32°8’ 


This chain of elliptical and SO-type galaxies resembles 
that in the Virgo cluster and is composed of nine 
members. Radial velocities of all nine are known. All 
other galaxies in the region are very faint and probably 
do not belong to the same system. Application of the 
virial theorem, using p=1.5 and K=Vv3, leads to the 
value for the mass-luminosity ratio, fz= = 260. 

Unless we accept mass-luminosity ratios of several 
hundred in the ellipticals, we conclude that, even with 
all the uncertainties in the projection factors and in 
reasonable densities of intergalactic matter, the above 
considered systems have positive total energies; 1.e., 
they are unstable. 
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ALAXIES with NGC numbers 4374 (M84), 4406 
(M86), 4435, 4438, 4458, 4461, 4473, and 4477, all 
in Virgo cluster, form a slightly bent chain extending over 
about 13° (see Fig. 1). These galaxies are located in a 
ring bounded by circles centered at a=12 22™9, 
6=+14° 28’, with radii of 74’ and 80’, respectively. The 
chain-occupies only one-seventh of this ring, with an 
area of about one square degree. The question arises 
whether the formation of this chain in the Virgo cluster 
is the result of chance projection of galaxies. 

In order to clarify this question, consider a circular 
region, say R, about the chain, with radius of 7°, repre- 
senting the densest part of the Virgo cluster. According 
to the Shapley-Ames catalogue, this region contains 88 
galaxies brighter than 13 mag. Table I gives the dis- 


TaBte I. Distribution of galaxies in the region R 
according to types. 


Type sO oa Sb) Sc S 
Number 31 8 9 8 20 2 7 3 88 


tribution of these galaxies according to types. As 
indicated in Table II, almost all the galaxies forming 
the chain are of types E or SO, the exception being 
NGC 4438, which is of type Sap. For this reason, in 
contemplating the question posed, it may be appropriate 
to consider 39 galaxies belong to types E and SO. 
However, in order to be cautious, we are adding to this 
number the galaxies of types Sa and one-third of galaxies 
which are not assigned to any type. As a result, the 
number of galaxies in the region R which could par- 
ticipate in the formation of the chain becomes 52. 

The contemplated chain could be placed in a square 
of one radius on the side. The ring which formed about 
the chain admits the presence in the square of three 
galaxies because through any three points it is always 
possible to draw a circle. For this reason, in order to 
calculate the probability of a chance formation of the 
chain, it is necessary to multiply the possible number 


TABLE Il. Eight galaxies forming the chain in the Virgo cluster. 


NGC 1950 81950 Type Mpg Vt V, k 

4374 12522™6 +13°10’ SO 10.2 +880 +54 0.91 
4406 23.7 13 E3 10.1 -—452 -—1278 1.00 
4435 Phe vra | 21 SBO 11.8 +796 —30 0.21 
4438 PesSeg) 17 Sap 11.0 -—105 -—931 0.36 
4458 26.4 31 EO 13.0%, +309 —517 0.07 
4461 26.5 28 sO 12.0 +1813 +987 0.17 
4473 21.3 42 E5 11.3 +2173 +1347 0.33 
4477 Zhes. }: 55 SBO 11.8 +1195 +369 0.21 
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Physical Chain of Galaxies in the Virgo Cluster and Its Dynamic Instability 


B. E. MARKARIAN 
Burakan Observatory, Erevan, U.S.S.R. 


of chance formation of triplets (located in area of 1 
square degree) by the probability that some other five 
galaxies will be located, by chance, in the same domain. 
The probability of a chance formation of such triplet 
of galaxies out of .V galaxies available in a domain of 
area of S square degrees is 


P= NCy_2(1/S)*. (1) 


The number of such groups will be obtained by multi- 
plying P; by S, that is, M=SP,. Further, the prob- 
ability that, by chance, there will be five more galaxies 
located in the domain of any such group, the domain 
of area equal to one-seventh’ square degree, will be 


P2=Cy_s°(1/7S)%(1—1/7S)**. (2) 


For this reason the probability of chance formation of 
the chain is determined by 


P=MP,P». (3) 


The order of magnitude of this probability is 6X10~°. 

It is obvious that this small probability practically 
excludes the possibility that the chain of galaxies con- 
sidered was formed by chance. 

In this way I arrived at the conclusion that the chain 
of galaxies in the Virgo cluster is not a chance grouping 
but a real physical system. If this is true, in which 
there will hardly be any doubt, then this system must 
be a linear system. If this conclusion corresponds to 
reality, then the chain must be an exceptionally young 
system. The reason is that, in spite of considerable dis- 
persion of radial velocities of particular members, the 
observed deviations from the linear structure are 
exceedingly small. 

The corrected radial velocities of components of the 
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chain given in the 6th column of Table I are taken from 
Humason ef al. (1956). They vary over a substantial 
range from —452 to 2173 km/sec, and the radial 
velocities with respect to the center of gravity of the 
system vary from —1278 to 1347 km/sec (see column 
7 of Table II). The dispersion of the radial velocities 
is 902 km/sec. 

Calculations show that, with this dispersion, the 
linear structure of a system would be totally destroyed 
during 10° years. 

It is clear that a chain, as such, cannot be a stable 
system to any reasonable degree, quite irrespective of 
the sign of its total energy. Independently from this 
circumstance, the sign of the total energy of systems is 
of considerable interest for many reasons. Therefore, 
we attempted to determine this sign from the data given 
in Table IT. 

Assume that the total energy is equal to 0, that is, 


T+U=0, (4) 


where T and U represent, respectively, the kinetic and 
the potential energy of the system. Assuming that the 
components of this system and their space velocities 
are randomly distributed, we may put V7&3V,2 and 
, where the V,; are the radial velocities of the 
aes and p;; the projections of the linear dis- 
tances between the components on the plane per- 
pendicular to the line of sight. Then we shall have 
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As already noticed, the galaxies forming the chain 
belong to the types E and SO, with the exception of one 
which is of type Sap. For this reason, the mass-lumi- 
nosity ratio may be assumed constant. Then the relative 
values of the masses may be obtained from the lumi- 
nosities of the galaxies. 

On the assumption that the distance .of the Virgo 
cluster is 15 Mpc (on the new distance scale) and using 
the apparent magnitudes of Table II [ these are averages 
of the data of Holmberg (1958) and Pettit (1954) ], the 
luminosities of the galaxies were determined and then 
their masses. The latter are expressed in terms of the 
mass of the brightest galaxy of the system, namely 
NGC 4406. Denoting the latter mass by Mt and sub- 
stituting in (5) Mi=—k; M and Mi;=k; M, we obtain 


be kk\- 
m= > EVE ) | (6) 
4G é t,7 Pj 


The values of the quantities V,; and k; are given in 
the two last columns of Table II and the values of the 
pi; were obtained using the above estimate of the 
distance of the Virgo cluster and the angular separations 
of the members of the chain. These were measured on 
a photograph taken with the 21-inch Schmidt telescope 
of the Burakan observatory. 
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Using formula (6) the mass of NGC 4406 was calcu- | 
lated to be 4X10" Mo. In turn, this figure determi 
the luminosity ratio of the galaxy, equal to 10%. 

The values of the mass and of the mass-luminos: 
ratio so obtained appear inordinately large: Th 
exceed the known maximal values of these quantitie 
by 13 to 2 orders of magnitude. It is true that th 
values obtained depend to a certain extent on the 
adopted Hubble constant and on the projection factor 
used in the calculation of the space velocity from the# 
radial velocity. However, if we replace the adopt 
values by 100 km/sec per megaparsec and by : 
respectively, then the values obtained for the mass ani 
for the mass-luminosity ratio will be diminished only | m ¥ 
the ratio of two to one. a 

It may be appropriate to mention that, if galaxy 
NGC 473, with the greatest relative radial velocity | 
of the system, is excluded from the calculations, on the 
assumption that it is not a- physical metahen of the. 
chain, this does not alter the general situation. 

While the assumption that the total energy of the 
system is equal to zero leads to very unusual conclu- 
sions, the alternative assumption that the total energy 
is negative would lead to even greater estimates of the 
mass and of the mass-luminosity ratio. As a result, we ] 
arrive at an inescapable conclusion that the total energy 
of the system must be positive. 

The indicated chain of galaxies may be taken as A 
outstanding example confirming the Ambartsumian 
hypothesis (1958) that among multiple galaxies and 
among groups of galaxies there are unstable systems — 
having positive energy. 
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DISCUSSION 


Scorr asked whether a search had been made for 
chains in other parts of the Virgo cluster or elsewhere. — 
MarKarIAN replied that he had found no others in the 
Virgo cluster, but that there are several other examples | 
of chains in Vorontsov-Velyaminov’s catalogue, although — 
there is doubt that some of them are dynamical systems. | 
Of course, projection can lose some of the chainlike | 
character. Scott then asked whether one should not 
compute the probability of at least one chance chain © 
in the larger area (with many more galaxies involved 
and thus a much larger value of V). On the other hand, 
DE VAUCOULEURS pointed out that the 3° core of the 
Virgo cluster, where this chain is located, is much more ~ 
densely See with E and SO galaxies than the 
larger area of 7° square over which Markarian took, in 
effect, an average density to compute the probability of 
a chance chain. MARKARIAN answered that any smaller 
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‘area leaves out some of the denser parts of the cluster. 
‘As a result, if one narrows the area S containing the 
chain, the increase in the probability in question will 
be negligible. 

Scott went on to say that in her study with Shane 
and Swanson (Astrophys. J. 119, 91, 1954) a synthetic 
6°X6° field was constructed by distributing clusters at 
random and galaxies within each cluster according to 
a trivariate normal distribution as in the model of 


| spatial distribution derived from Lick plates (Neyman, 


Scott, and Shane, Astrophys. J. 117, 92, 1953). Many 
curious configurations, including straight and circular 
chains of galaxies of nearly the same magnitude, were 
found on this plot, the arrangement of almost all of 
these galaxies being due to fortuitous lining up of 
clusters one behind the other. This is empirical evidence 
of the strong effect of projection, and casts doubt on 
any conclusion that such configurations are physical 


‘systems. 


MARKARIAN replied that the chain considered by him 
is entirely composed of bright galaxies. Because the 
Scott-Shane-Swanson experiment referred essentially to 
faint galaxies, the conclusions drawn from this experi- 


' ment cannot be applied to the chain he studied. Scorr 


answered that this is not the case—each galaxy in each 


_ cluster was treated individually and its exact position 


and magnitude determined synthetically. We can fix 
our attention on bright galaxies or on nearby galaxies 
or on what we please. The reader can visualize the 
superimposing five plots typified by Figs. 2(a) and 2(b) 
in the publication. This distance is reduced to 20 
million parsecs by ignoring the smallest dots, etc. In 
any one plot there are already some chance configura- 
tions; with five their number is multiplied. 

NEYMAN admitted an intuitive feeling that the 8 
galaxies in Fig. 1, possibly combined with a few others, 
are the debris of some larger structure akin to a spiral 
arm. Nevertheless, he found the probability argument 
used to support the asserted physical connection among 
the eight galaxies not very-convincing. The argument is 
as follows: We observe a configuration of objects on a 
photograph; arbitrarily, we select a feature of this con- 
figuration, and then compute the probability that such 
a feature will be created by chance. We find that this 
probability is small and conclude that the particular 


_ configuration is not due to chance. 


Of course, this kind of reasoning is very common 
and has been used for ages; he does not mean to single 
out Dr. Markarian. In fact, the weakness of the reason- 
ing was noticed some 50 years ago when it was the 
subject of a discussion between Joseph Bertrand and 
Emile Borel. They agreed that in general the conclusion 
is unfounded for at least one reason: Whatever the 
observed configuration of objects, it is always possible 
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to invent a characteristic of this configuration such 
that the probability of obtaining it by chance will be 
as small as desired. In other words, among points dis- 
tributed by chance on a plane one inevitably obtains 
configurations some features of which are extremely 
improbable. Thus, probability of a particular observed 
feature does not constitute convincing ground for 
denying the chance mechanism underlying the dis- 
tribution of points. 

Bertrand’s pessimistic conclusion was that no prob- 
ability argument could be useful in testing hypotheses. 
Borel disagreed; according to his intuition, probability 
theory could be used for testing hypotheses provided 
that certain precautions are observed. Two of these 
precautions are (1) that the test criterion be chosen 
before observations are started and (2) that the test 
criterion be a function of the observable variables “‘en 
quelque sorte remarquable.’’. Borel did not indicate the 
exact meaning of this phrase, but in the late 1920’s it 
served as a starting point for the modern theory of 
testing statistical hypotheses. 

The phrase “‘fonction en quelque sorte remarquable” 
can be given a very precise meaning. Heuristically it is 
that function of the observable random variables for 
which: (i) the probability of rejecting the hypothesis 
tested (say H) when it is true be small and (ii) that 
the probability be greater of rejecting the hypothesis 
tested when it is false. In order to determine a test 
criterion of this sort it is necessary to know the hy- 
potheses, /t1, te, ---, that may be true when Z is false. 
In other words, it is necessary to know all the ways 
in which H might be false. 

With reference to the present case, H is that the 52 
galaxies are distributed over the area S with “statistical 
uniformity,” that is, with a probability density which 
is constant over S, each galaxy being independent from 
the others. The hypotheses /, iz, --- (alternatives to 
H) are covered by the statement “the eight galaxies 
constitute a physical system.” At first sight this appears 
meaningful, but not under closer examination. To be 
entirely meaningful, the description of the alternative(s) 
must be sufficient to calculate the probability of any 
preassigned configuration of galaxies considered. If we 
merely say that eight of them form a physical system, 
this is not enough for the calculation of probabilities. 

MarRKARIAN agreed that, by itself, small probability 
of the chance occurrence of a given chain of galaxies 
cannot be regarded as a proof that it is a physical 
system. However, many other groups of galaxies (pairs, 
clusters) are being treated as physical systems without 
adequate proof. In the present case, the small prob- 
ability of the chain being formed by chance speaks 
strongly in favor of the hypothesis that the chain is a 
physical system. 
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NGC 6166 and the Cluster Abell 2199 
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HE quadruple galaxy NGC 6166, shown in Fig. 1, 
differs by its extreme compactness from other 
multiple systems that have been investigated recently. 
The three fainter components appear projected onto the 
brightest component. NGC6166 is the brightest 
member of the cluster Abell 2199 (Abell 1958). Its 
faintest component conceivably could be a faint member 
of the cluster projected onto the system, but it is highly 
improbable that either the third or the second brightest 
component is not a physical member of the system. 
NGC 6166 is much brighter than any of the other 
members of the cluster. It seemed desirable to establish 
its membership in the cluster by comparing its radial 
velocity with that of the cluster. The radial velocities of 
19 cluster members were observed and will be used for 
a discussion of the stability of the cluster. 
Radial velocities were obtained at the prime focus 
of the 200-inch telescope with a dispersion of 400 A/mm. 


Only one plate of each galaxy was taken, the velocities 
may therefore have a mean error of 50 to 100 km/sec, 
but the velocity differences are so large that the possible 
errors are irrelevant. 

Photometric data were obtained with the 36-inch 
telescope at the Pine Bluff Observatory in cooperation 
with C. R. O’Dell. To obtain magnitudes of the indi- 
dividual components—of NGC 6166, the object was 
scanned in right ascension with a slit 0/1 wide and 1’ 
long. The brightest component was assumed to be 
symmetrical and the contribution of the fainter com- 
ponents was obtained by subtracting the reflected in- 
tensities of the preceding side from the intensities of the 
following side. Disregarding the faintest component, 
the magnitudes of the second and third components 
were derived by assuming them to be symmetrical. The 
procedure is illustrated in Fig. 2. Three scans in B only 
were obtained; unfavorable observing conditions pro- 


Fic. 1. NGC 6166. 200- 
inch telescope, Eastman 103 
aO; 1 mm=27- 
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hibited scans in V and determination of individual 
|B—V colors. The fourth component is embedded in 
nebulosity from which it cannot easily be separated; 
only a crude estimate for its magnitude can be given. 

The data for NGC 6166 and its components are given 
in Table I. Column 3 lists the observed B magnitudes. 
| To judge from the appearance of the object on the 
48-inch Schmidt plates and from the photoelectric scans 
' mentioned below, the 2/5 aperture gives the magnitude 
j to the standard isophote 25 mag./sq sec of arc. Ob- 
| served B—V colors are in column 4. Magnitudes Bo, 
corrected for obscuration in our own galaxy and for the 
redshift, are in column 5. The obscuration was assumed 
| to be 0.25 csc 6, where 0 is the galactic latitude. The 
| correction for redshift is 0.14 mag. (Humason, Mayall, 
and Sandage 1956). Column 6 gives radial velocities 
| corrected for solar motion. For the whole object, the 
_ velocity of the center of gravity is given, obtained under 
‘the assumption that all components have the same 

mass-luminosity ratio. If the Hubble constant is 100 h 
_ km/sec per Mpc, the distance is 90.8 /-! Mpc, and the 

distance modulus m—M=34.79—5 logh. Absolute B 
"magnitudes are given in column 7. 


TABLE I. Observational data for NGC 6166. 


vo 
km/sec Mp-—S logh 


Object Aperture B B-V Bo 
NGC 6166 a 13/275 +0.85 13.24 
PUSS) 13.30 +0.83 12.79 +9082 —22.01 
Comp. A 13.6 sae tia we +9480 —21.68 
B tee 15.0 14.5 +7960 —20.3 
ic =e 16.5 16.0 +10 050 —18.8 
D see 18: OES tee —17.3 


The brightest component of NGC 6166 is a very 
remarkable system. Its luminosity is very high, ex- 
ceeding by 0.4 mag. that of NGC 4889, the brightest 
member of the Coma cluster. It is very large; the 
diameter of the major axis to the isophote 25 mag./sq 
sec of arc is about 2'5 or 68 000 4 psc. On the south 
side of the central mass structure appears to be present ; 
this has been confirmed by E. M. Burbidge. The struc- 
ture is most likely caused by absorbing clouds. It is not 
quite impossible, however, that optically superposed 
very faint members of the cluster contribute to the 
structure. The degree of central condensation is re- 
markably low. The bright nuclear region typical for 
galaxies of types E and SO is absent. Only a very faint 
semistellar nucleus has been found by E. M. Burbidge; 
it is blue and appears most distinctly in the ultraviolet. 
The spectrum of the galaxy is quite normal; a moder- 
ately strong emission line of [O11] \3727 is present in 
the center of the galaxy only. It seems probable that 
the emission is restricted to the semistellar nucleus. It 
may contribute much to the light of the nucleus and 
may be the reason for its blue color. It is too faint, 
however, to affect the color of the object as a whole. 
NGC 6166 provides the identification for a radio 
source (Minkowski 1958). The source 3C338 (Edge ef al. 
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Fic. 2. Analysis of the photoelectric scan of NGC 6166. 


1959) has an intrinsic strength comparable to that of 
such sources as NGC 1316 (Fornax A) and NGC 4486 
(Virgo A). The suggestion that the radio emission 
might be connected with the fact that the object is 
quadruple has lost much of its original attraction since 
it can be shown (Minkowski 1961a, 1961b) that most 
radio sources identified with double galaxies of normal 
appearance are sources not because the galaxies inter- 
act, but because one of them is a galaxy with strong 
radio emission. In the case of NGC 6166, where the 
brightest component is an unusual object and actually 
somewhat similar to NGC 1316 by the presence of ab- 
sorbing clouds and possibly similar to NGC 4486 by the 
presence of \3727 in emission restricted to the nucleus, 
it seems very probable that the brightest component is 
the radio source and that the presence of the fainter 
components is irrelevant. 

To test the stability of NGC 6166, the virial theorem 
must be used. The minimum mass needed to make the 
system stable is obtained from the condition 


2T=—- (1) 
if we take for the kinetic energy T its minimum value 
T> Di Mur? (2) 


(Mt total mass of the system, u; relative mass, and v,; 
radial velocity of the ith galaxy), and for the potential 
energy, its maximum value 

Milt 

o<- > G—— (3) 


pairs Y ij 


(G gravitational constant, r’;; projected linear separa- 
tion of the 7th and jth galaxies). The sums are over all 
galaxies and over all pairs of galaxies, respectively. The 
relative masses were obtained from the luminosities in 
Table I with the assumption that all four components 
have the same mass-luminosity ratio. Since the radial 
velocity and therefore the kinetic energy of the faintest 
component is unknown, the total kinetic energy was 


assumed to be 4 times that of the sum of the three 
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TasLe II. Separations of the members of NGC 6166. 


Projected separation Projected separation 


of centers of centers 
Pair Sec obvare =pc Pair sec of arc pc 
1-2 1225 5500 2-3 8.0 3500 
1-3 8.5 3700 2-4 Gin 1400 
1-4 13.4 5900 3-4 6.7 2900 


brighter components. With the projected separations 
in Table II, the minimum mass of the system becomes 
3.8102 hk solar masses, and the minimum mass- 
luminosity ratio 42 h. 

We may also test by using the average projection 
factors for spherical symmetry (Limber and Matthews 
1960), with 

Dili==3 Sos Muir, (4) 


2 GNC um; 
Paes (5) 
1 pairs V3 


We then obtain for the mass of the system the value 
1.4X10" A solar masses and the mass-luminosity 
ratio 149 h, 

The mass-luminosity ratio needed to make the system 
stable is high, but consistent with the mass-luminosity 
ratio 94 h with a dispersion of 38 # found by Page (1960) 
for double galaxies of types E and SO. No definite con- 
clusion seems possible. If the double galaxies in Page’s 
sample are stable, NGC 6166 also may be stable. A 
high mass-luminosity ratio for NGC 6166 with its very 
high luminosity would be quite likely if the mass- 
luminosity ratio increases with luminosity as Poveda 
(unpublished) has suggested. On the other hand, it is 
obviously not possible to exclude the possibility that 
NGC 6166 is dynamically unstable. 

Cluster Abell 2199, whose brightest member is 
NGC 6166, is, according to unpublished counts by 
Abell, similar to the Coma cluster in richness, but has 
less central condensation. It is not the type of cluster 
that one might select for a study of its stability. There 
is reason to doubt that it is an isolated cluster since 
cluster Abell 2197, which is in the same distance class, 
is only 81’ N of Abell 2199. Radial velocities of cluster 
members were observed primarily to test whether 
NGC 6166 is really a member of the cluster. 


TABLE III. Radial velocities in the cluster Abell 2199. 


Dist. from NGC 6166 Dist. from NGC 6166 


in min. of arc v0 in min. of arc v0 
No a 6 km/sec No. a km /sec 
1 —2.9 hee +9070 11 +1:.2 poles: +8780 
2 =) aioe +9690 12 +1.4 —5.4 +7790 
3 —1.4 Se} +10 400 12 +1.4 —1.4 +8460 
4 —0.9 Oral +10 090 14 +1.5 +3:.5 +8300 
5 —0.5 —1.0 +8610 15 +1.5 +6.3 +9220 
6 +0.1 —2..0 +7850 16 +1.8 +5.9 +8210 
7 +1.1 —4.7 +9360 17 +2.2 +3.9 +8410 
8 +1.1 —4.0 +10 270 18 =+2'/8 +0.5 +8939 
9 +1.1 =2,,.2 +8510 19 +5.5 —3.4 +8840 
10 +1.2 —7.0 +10 740 
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Fic. 3. Radial velocity of galaxies in the cluster Abell 2199 
against the distance from NGC 6166 in right ascension. 


Abell 2199 are given in Table III. They are plotted i in| 
Figs. 3 and 4 against the distance from NGC 6166 in’ 
right ascension and in declination, respectively. There i 
is no dependence of the radial velocities on declination, | 
but a systematic decrease of the radial velocities with | 
increasing right ascension shows in Fig. 3. This corre- | 
lation is essentially the result of the presence of four } 
galaxies—Nos. 3, 4, 8, and 10 in Table I1[—with radial } 
Subade larger than +10 000 km/sec; all four are in | 
the southern part of the cluster. It seems justified to | 
question whether these galaxies really belong to the | 
cluster. If they are members of the cluster, the average | 
velocity for the cluster is +-9028 km/sec with a sample | 
variance of 864 km/sec; if they are not members, the | 
average velocity is +8736 km/sec with a sample 
variance of 541 km/sec. In any case, the velocity of the 
cluster agrees well with the center of gravity velocity — 
+9082 km/sec of NGC 6166. There is no reason to 
doubt that NGC 6166 is a member of the cluster, 
If the four galaxies with velocities above +-10 000. 
km/sec are members of the cluster, the cluster seems to 
rotate around an axis approximately in the E—W~ 
direction. A least-squares solution, assuming a linear 
dependence of the velocity on right ascension, i.e., solid 
body rotation, gives an increase of the radial velocity 
of 137 km/sec per minute of arc, or 51 km/sec per 
10 000 pe. Such a rotation is not necessarily unaccep- 
table. The Keplerian mass 


M=vrr/G (6) 


(v radial velocity at the distance 7 from the center) to a 
distance of 5’ from the center is 1.510" h solar masses, 

a not unacceptable value since the mass of NGC 6166 
found from the virial theorem is 1.410" solar — 
masses. If solid-body rotation would extend to larger 
distances, the Keplerain mass would become too large 
to be consistent with the mass of the galaxies in the 
cluster. It would be of some interest to extend the ob- 
servations to the outer parts of the cluster. 
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Fic. 4. Radial velocity of galaxies in the cluster Abell 2199 
against the distance from NGC 6166 in declination. 


| The available data are too limited to justify applica- 

_ tion of the virial theorem to investigate the stability of 

the cluster. But, since the cluster is somewhat similar 

_to the Coma cluster, a direct comparison with the Coma 
cluster is informative. The sample variance of the radial 

: velocities in the Coma cluster is 932 km/sec, if four 

galaxies are omitted which are probably optically super- 

“posed (Lovasich, Mayall, Neyman, and Scott 1960). 

This value is larger than the value 583 km/sec derived 
by Oort (1958) from the assumption of stability. It is 

‘not necessary to discuss here the problem of whether or 

_not the Coma cluster is stable. 

_ If the four galaxies with high velocities are members 
of the cluster Abell 2199, the sample variance of the 
radial velocities is 841 km/sec. This is quite comparable 

to the value for the Coma cluster. Thus, if the Coma 
cluster is stable, cluster Abell 2199 is probably stable; 
if the Coma cluster is not stable, cluster Abell 2199 also 
is unstable. 

If, on the other hand, the four galaxies with high 
velocities are not members of the cluster, the sample 
variance of the radial velocities is 542 km/sec. This 
value agrees well with the value expected by Oort for 
the Coma cluster if it is stable. Thus, if the four galaxies 
with high velocities are not members, the cluster Abell 
2199 may well be stable. 

- To which extent the difficulties encountered in the 
discussion of the cluster might arise because the cluster 
is not isolated cannot be decided. A much larger number 
of observations, including also the cluster Abell 2197, 
obviously would be desirable, but it cannot be pre- 
dicted whether or not the result would justify the large 
amount of observing time required. 
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DISCUSSION 


ABELL pointed out that cluster A 2199 isin a region 
of many uncatalogued small clusters and groups (in 
addition to A 2197 mentioned by Minkowski) that may 
be at the same distance. The four galaxies with high 
velocities discussed by Minkowski may not be members 
of A 2199. 

Dr VAUCOULEURS commented on the color index of 
NGC 6166 which, after correction for galactic absorp- 
tion, is about +0.7, or 0™3 bluer than normal for a 
giant elliptical galaxy. It was agreed that this could not 
be due to 43727 emission, and DE VAUCOULEURS sug- 
gested that it might be an indication of continuous 
synchrotron radiation related to the radio emission. 

Hartan SmitH asked whether the three galaxies 
associated with NGC 6166 could be nuclear condensa- 
tions within a common galactic halo, but MiNKowskI 
felt that this was ruled out by the velocity dispersion 
within the group. In answer to AMBARTSUMIAN, 
MINKOWSKI said that the semistellar nucleus of 
NGC 6166 is small and too faint to see at the prime 
focus of the 200-inch telescope, but that it showed 
clearly on ultraviolet photographs, possibly an indica- 
tion that it radiates mostly in \3727, 
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BBee esas the positions of most radio 
sources are not known with high accuracy. It is 
therefore often difficult to identify a source of radio 
radiation with a particular extragalactic nebula. For 
a given positional accuracy the problem of identification 
becomes progressively more difficult as identifications 
are pushed to fainter limits. This suggests that it might 
be profitable to approach the identification problem 
from a statistical point of view. The process of statisti- 
cal “identification” of radio sources might proceed in 
three stages: 


(1) Statistical association of radio sources with large 
regions (superclusters) in which the density of galaxies 
is higher than average. 

(2) Statistical association of radio sources with 
clusters of galaxies. 

(3) Statistical association of radio sources with indi- 
vidual galaxies. 


Statistical associations with superclusters might be 
expected to yield information on the fraction of all 
radio sources of a given brightness which are associated 
with galaxies at a certain distance. Statistical associa- 
tions with clusters of galaxies might yield information 
on the frequency with which sources of radio radiation 
occur in clusters of different type and different richness. 
Such information might contribute to our understand- 
ing of the processes which give rise to radio radiation. 
Finally, the statistics of identifications with individual 
galaxies may yield information on the nature and 
duration of strong radio emission. 


SURFACE DENSITY OF GALAXIES AT THE POSITIONS 
OF RADIO SOURCES ‘ 


The surface density of galaxies brighter than the 
18th magnitude (Shane and Wirtanen 1954; Shane, 
Wirtanen, and Steinlin 1959) has been determined at 
the positions of radio sources (Mills, Slee, and Hill 
1958, 1960) in the zone —22° <6<+10°. To minimize 


TasLe I. The observed (O) and expected (E) frequency with 
which bright radio sources occur in regions with different surface 
densities of galaxies. 


o O E O—E 

0-19 0 0.0 0.0 
20-39 12 18.7 =—6.7 
40-59 31 53.5 —2.5 
60-79 27 31.0 —4.0 
80-99 13 10.0 +3.0 
100-119 i 2.6 +4.4 
120-139 5 0.6 +4.4 
140—% 2 0.6 +1.4 
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the effects of galactic obscuration and contamination 
of the sample by galactic sources, the investigation was 
restricted to the regions with galactic latitude | 61! >40° 

Table I shows the observed and expected frequency + 
with which radio sources, with a flux S>2010~ | 
wm” (cps)! at 3.5 m, were observed to occur in regions _ 
with different ares densities of galaxies. The ex- | 
pected frequency distribution was obtained from the - 
surface densities of galaxies at 596 points which were 
chosen at random. 

Comparison of the observed and expected frequency 
distributions in Table I shows that there is an excess of — 
bright radio sources in regions with a high surface den- — 
sity of galaxies and a deficiency of bright sources In 
regions with a low density of galaxies. A x* test shows 
that the differences between the observed and expected 
distributions are significant at the 5% level. For faint 
sources with 10X10-*<S<20X10-%° w m™ (cps) 
at 3.5 m, no significant difference is found between the 
observed and the expected frequency distributions. 
Probably this indicates that most faint radio sources are’ 
located in regions which are so distant that they do not 
contain an aipprectbie number of galaxies brighter than 
the 18th mag. 7, 

The data to the bright radio sources with S >20X 
10-°° w m~ (cps)! may be represented by a model in. 
which half the sources are associated with regions con- 
taining galaxies brighter than the 18th mag. and half 
the sources are so distant that their positions are not 
correlated with the density of galaxies brighter than the’ 
18th mag. It should, however, be emphasized that this 
is by no means the only model which would fit the data 
of Table I. Any model in which a significant fraction — 
of the bright radio sources are associated with regions — 
containing galaxies brighter than the 18th mag. would — 
fit the data. For the adopted model, a satisfactory ity 
to the data (see Fig. 1) is obtained i 

P(a)~er®, () 


/ 


in which P(c) is the probability that a bright radio 
source is associated with a region in which the surface 
density of galaxies is ¢. Equation (1) indicates that the — 
frequency of radio sources is strongly dependent on the — 
space density of galaxies. However it should be empha- — 
sized that Eq. (1) cannot be interpreted in any simple — 
way because the observed surface density of galaxies 
is the result of the superposition of galaxies at different — 
distances. Also the contribution of a region containing — 
a high space density of galaxies, to the observed surface — 
density, will depend on the distance of that region. 
Finally, the surface density, due to clustering at a given © 
distance, will depend on the size of the grid in which — 
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he counts are made (one square degree in the present 
ase). 

The fact that a significant fraction of all bright radio 
ources appear to be associated with relatively nearby 
egions of space indicates that considerable caution 
hould be exercised in interpreting the count-brightness 
elation for radio sources. The slope of the count- 
wrightness relation will depend, to a certain extent, on 
he density of galaxies in the vicinity of our Galaxy. 
The effects of very large scale clustering (van den 
3ergh 1961a) will therefore be superimposed on effects 
vhich are determined by cosmological factors. 


RADIO SOURCES AND CLUSTERS OF GALAXIES 


Recently Mills (1960) has investigated the coinci- 
lences between the positions of radio sources in the 
sydney survey of the zone —20 <d<+10° and rich 
lusters of galaxies in Abell’s (1958) catalogue. Mills 
ound 55 coincidences between radio sources and 
lusters of galaxies, whereas only 16 chance coincidences 
vould be expected from his material. A similar analysis 
‘an be made of the sources in the Cambridge 3C cata- 
ogue (Edge ef al. 1959). The positions of 282 3C sources 
with |b'| >25° were compared with the positions of 
lusters in Abell’s catalogue. Those cases in which the 
3C position of a radio source was located within 20 
minutes of arc of the center of a cluster were regarded 
is coincidences. The number of chance coincidences to 
»e expected from the comparison of the two catalogues 
was estimated from the coincidences between clusters 
ind radio sources with 20™ added to their right ascen- 
ion. Twenty-seven coincidences between clusters and 
‘adio sources were found, whereas the expected number 
yf chance coincidences was found to be only nine. These 
statistics support Mills’ conclusion that the majority 
yf the coincidences between clusters and radio sources 
we probably real. Additional support for this conclusion 
s provided by the observation that the mean radio 
yrightness of sources which are associated with nearby 
lusters is significantly higher than the mean radio 
rightness of sources which appear to be associated 
vith distant clusters. 

Among the 34 bright radio sources with a flux 
5>25% 10-7 w m~ (cps) at 159 Mc, which are 
ocated at galactic latitude |b'| >25°, 8 coincidences 
vith clusters in Abell’s catalogue, were found. Of these 
34 sources, at least one, 3C48, appears to be galactic 
‘ather than extragalactic (Sandage et al. 1960). Some 
ire, no doubt, located in very distant clusters which 
ire not visible on the Sky Survey plates. The bright 
source 3C295 is an example of such a case (Minkowski 
1960). Also the bright source 3C274= M87, is located 
n the nearby Virgo cluster, which is not included in 
A\bell’s catalogue of distant clusters. The fraction of all 
sright radio sources with |6!| > 25°, which are located 
n rich clusters is therefore at least 10/33=0.30. It has 
een estimated (van den Bergh 1961b) that the fraction 
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Fig. 1. Probability P(c), on an arbitrary scale, that a bright 
radio source occurs in a region containing o galaxies per square 
degree, for a model in which half of the observed bright radio 
sources are associated with regions containing galaxies brighter 
than the 18th mag. 


of all galaxies which are located in rich clusters is smaller 
than 0.10. A similar estimate has been obtained by 
Minkowski (1961). It therefore appears that galaxies 
in clusters are more likely to be radio sources than are 
field galaxies. A similar conclusion appears to be indi- 
cated by the strong dependence of the occurrence of 
radio sources on the surface density of galaxies, which 
is indicated by Eq. (1). 

The fact that cluster galaxies have a higher proba- 
bility of being radio sources than do field galaxies may 
be accounted for in at least two ways. 


(1) It may be assumed that elliptical galaxies, which 
occur frequently in clusters, but are relatively rare in 
the general field, are more frequently associated with 
strong sources of radio radiation than are spiral galaxies. 
The evidence of nearby identified radio sources appears 
to be consistent with this assumption. 

(2) It may be assumed that a large fraction of all 
strong radio sources are due to the collisions of galaxies. 
Such collisions would be expected to occur most fre- 
quently in clusters of galaxies. 


It appears possible to distinguish between these two 
possibilities by considering the frequency with which 
radio sources occur in clusters of different richness. If a 
significant fraction of all radio sources are due to col- 
lisions, then one would expect the frequency with which 
radio sources occur in clusters to be strongly dependent 
on the total cluster population and density. The fre- 
quency with which collisions occur in clusters will be 
proportional to nov, in which m is the number of cluster 
galaxies, o the surface density of galaxies in a cluster, 
and v the velocity dispersion of the cluster galaxies. If 
the cluster radius is independent of m and if the cluster 
mass is directly proportional to m, then the frequency 
of collisions is proportional to n*. It appears rather 
probable that very rich clusters of galaxies may have a 
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somewhat larger radius than do poorer clusters. The 
actual collision frequency may therefore depend on a 
power of » which is slightly less than 3. Lacking de- 
tailed knowledge of the dependence of the cluster radius 
on the cluster density and cluster mass, it might be 
assumed that the actual collision frequency is propor- 
tional to n?. 

From the 3C catalogue, the catalogue of Mills, Slee, 
and Hill (1960) and Mills (1960) data are available on 
51 coincidences between radio sources with |b1| >25° 


TABLE II. Frequency of coincidences with clusters 
of different richness. 


r N C,;(obs) A; Ge 
1 50-79 39 Ath PES 
2 80-129 9 326 5.4 
34+4+5 130-x 3 0.7 aS 


and clusters of galaxies in Abell’s “‘statistically homo- 
geneous sample.” From the statistics, approximately 
16 of these 51 coincidences are expected to be due to 
chance. Table II shows how these coincidences are dis- 
tributed over clusters of different richness. In the table, 
r is Abell’s richness class, V the number of galaxies 
within two magnitudes of the third brightest cluster 
member, C,(obs) the number of coincidences with 
clusters of richness 7, A, the expected number of chance 
coincidences, and C, the true number of coincidences 
between radio sources and clusters of richness 7. A, has 
been obtained from the total expected number of chance 
coincidences, under the assumption that the number of 
chance coincidences with clusters of richness 7 is directly 
proportional to the number of clusters of richness 7 in 
Abell’s homogeneous sample. 

In Table III the true frequency distribution C, from 
Table Il is compared with the calculated frequency 


Taste III. Comparison of the true frequency distribution of 
coincidences C, with the calculated frequency of coincidences 
C-(calc) for the case in which the frequency of collisions is inde- 
pendent of the total cluster population. 


r N G ~ C,(calc) 

1 50—79 27.3 25.4 

2 80—129 5.4 8.0 
34445 130—x 723 1.6 


distribution of coincidences C (calc) which was obtained 
under the assumption that the probability that a radio 
source occurs in a cluster is independent of the total 
cluster population. The agreement is seen to be good. 
Due to the small number of coincidences which are 
available for discussion and the resulting uncertainty 
of the statistics, the case in which the frequency of radio 
sources in clusters is directly proportional to the number 
of cluster members cannot be excluded with certainty. 
A frequency of radio sources proportional to the square 
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Taste IV. Probable identifications of NGC galaxies 
with-radio sources. 


NGC m:— mpg Type Remarks ‘I 
474 -4.0 Elt Fuzzy nucleus surrounded | 
by segments of nebulous | 
ring. Interacting with 
NGC 470. im 
533 —3.6 ED: i 
545 —4.8 E3: NGC 545 appears fuzzy; 
547 EL: is the brightest member 7 
of a small cluster of E 
galaxies. ‘4 
584 —-1.9 E4 Brightest member of a f | 
small cluster containing © 
aa mostly E galaxies. ‘| 
1068 —1.4~ Sbp Seyfert galaxy; ina small © 
cluster. 
1218 -4.4 El Tsolated, not in a cluster. 
1215) ~—6.2,) Bip Brightest member of 
Perseus cluster. Dark 
patches and bright knots. | 
Similar to NGC 1316 and | 
NGC 5128? i\ 
1316 —4.9 E3p Dark patches and bright 
knots. Similar to NGC | 
: 1275 and NG€ 51282 
1399 -—1.6 EO 
1417 —2.3 SbL-I: Apparently normal super- 
giant Sb in a small loose — 
cluster. - 
221k i—O250 a Sbaw Apparently normal SBa. | 
Not in. cluster. hg 
4038 —0.7  Sctt Colliding supergiant spirals} 
4039 Stt in a small very open 2 a 
cluster. i 
4234 -—3.6 SB*IV Normal SB dwarf in Virgo: | 
cluster. Probably optical. | 
4261 -—4.4 E2 In Virgo cluster. 
4486 -—5.9 El Jet. In Virgo cluster. 
4782, —5.0 EO0(t?) Double E 
4783 E0(t?) ‘ 
5128 —4.0 E0p Dark patches and bright 
knots. Similarto NGC | 
; 1316 and NGC 1275? » 4 
5792 —2.5 Sb(n?)p Highly peculiar spiral with | 
overextended spiral arms — 
like those in the Seyfert 
galaxy NGC 4258. : 
6166 -—6.2 E3+E2: +E3:Multiple E. Brightest g 
member of a cluster. 
7177S =2.3' Sb? II Isolated Sb. Has peculiar 
outer arm. a 
7720 —6.2 E2:(+E0)? Brightest member of cluster 3 


containing E galaxies. 
Double or star 
superimposed. 


of the cluster population appears to be excluded by the 
data. It may therefore be concluded that collisions of | 


fraction of all radio sources. 


STATISTICS OF INDIVIDUAL IDENTIFICATIONS 


As has recently been re-emphasized by Minkowski 
(1961), selection effects seriously affect the sample _ 
of coincidences between radio sources and faint 
distant galaxies. It therefore appears prudent to limit 
discussion to coincidences between radio sources and 
relatively bright galaxies. Table IV contains a listing of 


)robable identifications with NGC objects for which 
tir—Mypg<0.0. The data in the table have been drawn 
|rom recent compilations by Bolton (1960), Dewhirst 
11959) and Mills, Slee, and Hill (1958, 1960). Whenever 
possible the galaxies in the table were classified on the 
_)lue prints of the Palomar Sky Survey. In a few cases 
he classification was based on reproductions of plates 
btained with large reflectors. 

| Of the 21 coincidences listed in Table IV, 14 are with 
lliptical galaxies, i.e., 67%. Of the northern Shapley- 
‘Ames galaxies only 22.9% are ellipticals (van den 
Bergh 1960). One may therefore conclude that elliptical 
zalaxies are more frequently associated with radio 
‘sources than are spiral galaxies..The fact that ellipticals 
are strongly concentrated in clusters probably accounts 
for the fact that such a large fraction of all bright radio 
‘sources are found to be associated with clusters. In- 
spection of Table IV shows that the values of m,— mpg 
“are systematically smaller for ellipticals than they are 
for spirals (see Table V). This suggests that, in the 
‘mean, ellipticals are intrinsically stronger sources of 
radio radiation than are spirals. Of the 14 coincidences 
with ellipticals at least three and possibly four are 
associated with double or multiple ellipticals. Among 


TABLE V. Frequency of m,—mp, for NGC galaxies. 


Mz— Mpg No. ellipticals No. spirals 
| —0.1 to —1.5 0 3 
=a lt Ona 5.0 2 3 
—3.1 —4.5 5 1 
| —4.6 -—6.0 4 0 
—Onle 755 3 0 


the more than 200 elliptical galaxies in the Shapley- 
Ames catalogue north of declination —27° there are 
only three or four similarly compact binary systems, 
with both components ellipticals. Although the numbers 
are small, and the statistics correspondingly uncertain, 
the data do appear to favor*the suggestion that binary 
or multiple ellipticals are more likely to be radio sources 
than are single ellipticals. The data in Table IV may 
indicate that binary elliptical galaxies are, in the mean, 
more powerful sources of radio radiation than are single 
ellipticals. However, the data are not sufficiently 
numerous to establish this conclusion. 

The frequency with which radio sources are associ- 
ated with-clusters of galaxies, which has been discussed 
in the previous section, indicates that most binary 
elliptical galaxies should probably not be regarded as 
colliding galaxies. If binary ellipticals do not represent 
objects which are colliding, then they are either stable 
binaries or expanding systems, as has been suggested 
by Ambartsumian (1956). It would, however, appear 
to be difficult to reconcile the expansion hypothesis with 
current ideas on stellar evolution. It is therefore ten- 
tatively concluded that close binary and multiple 
ellipticals are probably stable systems. 
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DISCUSSION 


Mus remarked that van den Bergh’s statistics 
based on the 3C catalogue are roughly the same as his 
earlier statistics based on the Sydney catalogue of radio 
sources. (The 3C catalogue includes sources of smaller 
angular size than the early Sydney survey made with a 
pencil beam.) This fact suggests that his identifications 
of the sources are properly with individual galaxies 
rather than with intergalactic material in clusters, and 
this is consistent with later observations of angular size 
made at Sydney. 

Dr VAUCOULEURS questioned the classification of 
NGC 1275, 1316 and 5128 as elliptical galaxies. He and 
Mrs. BurBIDGE emphasized that these and other pos- 
sible misidentifications may have spuriously increased 
the proportion of radio sources identified as ellipticals, 
particularly at large distances where anything without 
obvious spiral arms is classified E. Under closer exami- 
nation, many of these may be reclassified as young 
objects. 

Von HoeErNER criticized the assumption that colli- 
sions of galaxies (resulting in radio sources) should be 
proportional to a power of the density greater than one. 
One would expect that power to be about two if each 
collision resulted in a radio source; but if the inter- 
stellar matter in a galaxy plays an important role, only 
the first collision of a galaxy could produce a radio 
source, and we would expect a smaller frequency of 
radio sources in dense clusters because most of the 
galaxies there have already suffered collisions. 

BaLpwin objected to the statement that 50% of 
radio sources can be identified with optical galaxies 
brighter than 18 mag.; recent studies at Cambridge 
show that the proportion is nearer 10%. VAN DEN 
BERGH agreed that the proportion drops as one goes to 
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fainter radio sources, partly due, perhaps, to difficulties 
in interpreting the radio observations. His lower limit 
of flux density was 2510-?° w m~ (cps)71. 
MINKOWSKI, in a preview of his paper presented at 
IAU Symposium No. 15 (Proceedings, in press), said 
that the identified radio sources confirmed the associa- 
tion of such sources with clusters of galaxies. However, 
the evidence seems to indicate no statistical correlation 
between identified radio sources and double galaxies 
when account is taken of the preferential search for 
double galaxies in making the identifications. He sug- 
gested that van den Bergh’s contrary conclusion may 
be due to the fact that his data do not refer to a unit 
volume, and maintained that sound statistical data can 
be obtained only from lists of identified radio sources 
complete to definite limiting magnitudes (radio and 
photographic) in a specific area of the sky. Moreover, 
van den Bergh’s correlation between radio source and 
the first power of density of galaxies in clusters would 
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I. INTRODUCTION 


HE following methods may be used to determine 
the masses of galaxies: 


(a) Individual mass determinations of galaxies can 
be obtained from rotation curves. This method has been 
applied to a fairly large number of spiral galaxies. 

(b) Individual masses may be estimated from the 
velocity dispersion of stars in the nuclei of .elliptical 
nebulae. : 

(c) Masses of members of physical pairs of galaxies 
may be determined from a statistical analysis of the 
radial velocity differences of the components. 

(d) The virial theorem may be used to obtain the 
mean masses of cluster galaxies, if it is assumed that 
such clusters are in dynamical equilibrium. 


II. MASSES DERIVED FROM ROTATION 


A number of investigations of the rotation of indi- 
vidual spiral galaxies have been carried out in recent 
years, using both optical observations of Hm regions 
and 21-cm observations of neutral hydrogen. These 
investigations all yield mass-to-luminosity ratios in the 
range 1<M/L<30. (Throughout this paper a Hubble 
constant H=100 km/sec/Mpce is used and a galactic 
absorption Ay,=0.24 csc|b| is adopted. All quoted 
mass-to-luminosity ratios are for photographic light.) 
In view of the large observational uncertainties involved 
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be expected if radio sources occur at low probability in} 
single galaxies. | 

VAN DEN Brrcu added that Matthews’ new results) 
(IAU Symposium No. 15, in press) on the identification) 
of radio sources appear to confirm the conclusion that\) 
binary elliptical galaxies have a high probability of 
being associated with radio sources. } 

Kerr agreed that the question of whether radio 
sources are single or double galaxies is a complex one.) 
Although the statistics of identified sources do not! 
reveal a clear relation with double galaxies, it is true! 
that a high proportion of radio sources are double in’ 
themselves. A specially interesting case is Centaurys| 
A (NGC 5128) which appears to consist of a close pair! 
of radio sources in the middle of a much wider pair of. 
radio sources. 

AMBARTSUMIAN remarked that recent work at the}, 
Burakan Observatory supported van den Bergh’s 
conclusions. 
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in any individual mass determination, the true range \ 
of the mass-to-luminosity ratios may be somewhat | 
smaller than is indicated above. Possibly the data 
indicate“a tendency for high-luminosity Sb galaxies to | 
have larger mass-to-luminosity ratios than do low- | 
luminosity Sc galaxies. However the data appear to | 
leave little doubt as to the order of magnitude of the | 
mass-to-luminosity ratios in spiral galaxies. | 


III. MASS DETERMINATION FROM VELOCITY DISPERSION ~ 


Using the velocity dispersion method, Burbidge, 
Burbidge, and Fish (1961 a, b) have recently studied — 
the mass-to-luminosity ratio of the dwarf elliptical — 
galaxy M32. Even taking into account the inherent — 
observational difficulties associated with this method 
and the uncertainties in both the distance to and 
the reddening of M32, the mass-to- luminosity ratio 
falls in the same range as that which 1 is obtained from 
the rotation of spirals. . 


IV. MASSES OF BINARY GALAXIES 


A statistical approach to the mass determination of 
pairs of galaxies has recently been used by Page (1961) _ 
to determine the mass-to-luminosity ratios of 42 pairs. 
The mass-to-luminosity ratio which is obtained in this 
way is proportional to the square of the velocity dif- 
ference of the components of the pair. The inclusion in 


Taste I. Data on 23 pure pairs. 
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TABLE II. Mass-to-luminosity ratios for pure pairs. 


DDOtypeand _ 
| NGC My, class Veo AV Wx S 
2535. ~—20.1 S(B)ct I: 39837 1 3.44 1175 
2536 —19.2: Pec 
2693 —20.7 Ep 5082 167 0.83 0.9 
2694 —18.4 EO 
Mis 18.9: Sbt or Sct 3143 137 2.66 0.4 
Anon —18.4: Pec 
6 —17.9 E2 iO) Qi nO75 253 
By = =19:2 Sbnt 
3395 19.0 © Sct 16S0NEe22) LOLS. 1.3 
3396 —18.6  Pec(t) 
| 3454 —17.0 Sc(p) 10545 54) 2.17: 3.8 
| 3455  —17.3 Sb(nt) 
do 2312 —20.4: Sp 6086 318 1.27 0.8 
- 231b —20.1: Sct 
mesos =—17.2 Sbn TS 28 03294) 1.3 
Anon —15.6: Et or Pec 
4038 —19.8: Sctt PAD GRY Sap ney) 
4039 —19.6: Stt 
HI05. 19.8" “52 (SOSemSse 1-34 a 1-3 
4106. —19.4 Eit 
Bags 17-9) Ter TIL-IV: 605mm TSS) eeele 17 355 
4490 —19.4 Scn*t III: 
4782 —20.5: EO(t?) 4194 628 1.00 0.7 
4783 —20.7: EO(t?) 
5194 —20.2 Sc(t)I 586 100 3.76 4.4 
5195  —18.6  Pec(t) 
5257 —21.5: SbtI:orSctI: 6645 175 1.03 1.4 
S258) —2171- Sbt I; or Sct I: 
5426 —19.3 Sct 2218). 96. 2°19" 2-6 
5427 —20.0 Sc(t) I 
5480 —19.2 Sc**t I-II: 2010 305 40.54 3.1 
BAS] = tRi6e 2 
5506 —18.5: Scp 1987 311 1.19 3.9 
- 3507 —17.9: E5p 
Sis pair” |? 1601 185 0.54 2.8 
DSTO p10. ED 
b/d dso. S- IV: (5550640) 91.15 4.5 
$775 —19.2 SborSc 
5929 —18.4: Et Sine F179 2.64 0.5 
5930 —18.9: Sbnnt 
5953 -—18.8: Et 2166 30 3.76 0.8 
5954 —18.9: Sct 
6068 —20.2: ScI 4186+ 71 2.45 2.0 
Anon —19.4: S 
7714. —19.3: Sctt 2082 38-. 1.10 2.0 
7715 —18.4: St 


the sample of even a small number of optical pairs, or 
pairs moving in hyperbolic relative orbits, will therefore 
strongly affect the results. The fact that four out of the 


Type of pair No. of pairs M/L I/L (Page) 
E--E 3 50+20 94+-38 
E+S 6 26+23 48+28 

S+S and S+Irr 9 4.8+4.2 0.3340.35 


five pairs in Page’s sample, which have velocity dif- 
ferences larger than 500 km/sec, are located in the 
Virgo cluster suggests that his sample contains some 
pairs which do not form permanently bound systems. 
The danger of including such systems is, of course, 
largest in clusters. All Page’s pairs were therefore 
checked for possible cluster membership on the prints of 
the Palomar Sky Survey. All probable cluster members 
and members of multiple systems were eliminated from 
the sample. During this inspection of the Sky Survey 
prints it became apparent that a number of systems 
had been incorrectly classified. All galaxies were 
therefore reclassified on the DDO system. The data on 
the remaining 23 pure pairs are given in Table I. The 
table contains the NGC number, the absolute mag- 
nitude, the DDO type and whenever possible the 
luminosity class, the mean corrected redshift, the 
velocity difference of the components, the weight of the 
velocity difference (Wa=1.0 corresponds to an uncer- 
tainty of 90 km/sec in the velocity difference) and the 
apparent separation of the components. 

Using the equations given by Page (1961), least- 
squares solutions were made for the mass-to-luminosity 
ratios of elliptical, spiral and mixed pairs. The results 
of these computations are shown in Table II. The prin- 
cipal difference between the present results and those 
obtained by Page occurs for pairs in which both 
members of pairs are spirals. The present value IN/L 
=4.8+-4.2 appears to be quite consistent with the mass- 
to-luminosity ratios of spirals which are derived from 
the analysis of their rotation curves. 


V. MASSES OBTAINED FROM THE VIRIAL THEOREM 


It was first pointed out by Zwicky (1933) and Smith 
(1936) that the application of the virial theorem to 


Taste III. Mass-to-Luminosity ratios for clusters. 


Popu- 
Cluster lation M/L Reference 
Coma cluster E 900" van den Bergh (1960a) 
Virgo cluster E+S 600 van den Bergh (1960b) 
Canes Venatici cluster S$ 400 van den Bergh (1960a) 
South pole group S 500-900 de Vaucouleurs (1959) 


8 This value of 3 /L was obtained from a total cluster mass of 2.5 K1015 
IN © (van den Bergh 1960a) and a total cluster luminosity of 2.8 K10"2 LO 
This total cluster luminosity is based on the luminosity given by Schwarz- 
schild (1954) converted to H=100 km/sec/Mpc. An improved value of 
the total cluster luminosity may probably be obtained by fitting Abell's 
(1958) mean luminosity function of rich clusters to counts by Zwicky 
(1957) and Shane and Wirtanen (1954). After correction for galactic 
absorption and K effect this yields a total cluster luminosity of 6.9 X10" L © 
and hence a mass-to-light ratio of 360. 
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Fic. 1. Reproductions from the red prints of the Palomar Sky 
Survey of Stephan’s Quintet (VV 288) and the cluster VV 166. 
(Both prints have the same scale.) Copyright National Geo- 
graphic Society—Palomar Sky Survey. 


clusters of galaxies gives extremely high total cluster 
masses. If it is assumed that this mass is entirely con- 
centrated in galaxies then one obtains remarkably high 
mass-to-luminosity ratios. Some recent determinations 
of cluster mass-to-luminosity ratios are listed in Table 
III. Although the individual mass-to-luminosity ratios 
given in Table III are subject to considerable uncer- 
tainty, they do appear to show that the mass-to- 
luminosity ratios which are obtained for clusters are 


TABLE IV. Listing of supercompact clusters. 


Vorontsov-Velyaminoy Povu- 
cluster number a (1950) 6 (1950) lation Remarks 
VV 115 15557"0 +20°54’ E+S_ Seyfert’s 
cluster 
VV 116 09 36.4 —04 37 E+S 
VV 165 1448.7 +1917 E+S? 
VV 166 00 15.8 +29 48 E+S NGC 67-72 
VV 288 22 33.7 +33 42 E+S Stephan’s 
Quintet 
Anon 00 46.8 +23 06 E 


AN 
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Taste V. Comparison of clusters VV 166 and VV 288. 


Cluster V. M pg (total) Ss 
VV 166 +6785 km/sec —21.5: 1.110% cm 
VV 288 +6695 —22.3: _ 1.0102 


a S is the mean projected separation of the five nuclear constituents. 


at least an order of magnitude higher than those which 
are obtained for individual galaxies which are members 
of pairs. A number of hypotheses have been advanced 
to account for the very large masses which are obtained — 
by applying the virial theorem to clusters of galaxies. 
Zwicky (1933) has-proposed that very large amounts. 
of nonluminous intergalactic matter may exist im 
clusters. On the other hand, Ambartsumian (1958) has 
suggested that clusters of galaxies may be expanding 
so that the virial theorem is not applicable. 


VI.. SUPERCOMPACT CLUSTERS 


In view of the recent observations by Burbidge and 
Burbidge (Astrophys. J. 134, 244, 1961) that NGC 
7320 is not a physical member of Stephan’s Quintet, 
the present discussion of this system should be sub- 
stantially modified. 

Recently the Burbidges (1959) have pointed out. 
that supercompact clusters, such as Stephan’s Quintet, 
may provide a means of distinguishing between these 
two hypotheses. Typical supercompact clusters have 
volumes which are almost 10‘ times smaller than the 
volumes of normal clusters. It therefore appears 
unlikely that they could contain very large amounts of 
intergalactic gas. Also the dimensions of supercompact 
clusters are so small that such systems could only exist 
for a very short time if they possessed a positive total 
energy. 

‘The dynamics of Stephan’s Quintet has recently been 
discussed in detail by Burbidge and Burbidge (1959) 
and by Limber and Mathews (1960). These authors. 
agree that a rather high mass-to-luminosity ratio ‘is 
required if Stephan’s Quintet is to be regarded as a 
stationary, 1.e., nonexpanding, system. However con- 
siderable uncertainty is introduced by the fact that the 
kinetic energy of the system depends almost entirely on 
the relative motion of the components of the pair NGC 
7318 a/b. A considerable reduction in the mass-to- 
luminosity ratio of the system may be achieved if it is 
assumed that the velocity vectors of the components 
of this pair are parallel or almost parallel to the line 
of sight. It would therefore be of considerable interest 
to investigate the dynamics of other supercompact 
clusters. The supercompact clusters listed in Table IV 
were found during a systematic search of the Sky 
Survey prints and would appear to be the most suitable 
for such an analysis. Only for cluster VV 166 are the 
data sufficiently complete to allow a comparison with 
Stephan’s Quintet (VV 288). The supercompact clusters 
VV 166 and VV 288 are surprisingly similar, as can be 
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TABLE VI. Data on the individual members of clusters VV 166 and VV 288. 


NGC DDO type Mog Ve—Ve NGC DDO type M pe Veova 
68 Et —20.0 =776 7317 E4 —19.5 +308 
69 E? Bis)? + 77 7318a Stt —20.0 +2548 
70 S*t =19.7 ve 7318b S*tt —19.9 —790 
71 S? —19.8 + 31 7319 S(B)(n)tt =H +229 
72 S(B) —19.9 +416 7320 Sc* S702. ve 

Anon E? —18.7 +247 


* Mean of Lick and Mt. Wilson velocities. 


en from Fig. 1 and the data in Tables V and VI. Both 
e subclusters within rather poor clusters which contain 
mixed population of spirals and ellipticals. On the 
hole, the galaxies in VV 166 are of slightly earlier 
pe than those in VV 288. 

Limber and Mathews (1960) have shown that the 
netic and potential energies of a cluster of galaxies 
ay be expressed as 


ies Der MV ,2, (1) 


a (2) 
TW pairs Vij 

which V,, is the radial velocity of the jth component 

id r;; is the projected separation of components 7 and j. 

hey also showed that, for a quintet of mass points 

hich are in equilibrium, the relation 


2T~—Q (3) 


satisfied at any instant, to within an accuracy of 
out 10%. Equations (1), (2), and (3) were used to 
pute the mass-to-luminosity ratios for cluster VV 166 
id Stephan’s Quintet. For the sake of simplicity it 
as assumed that, within each cluster, all galaxies have 
ie same mass-to-luminosity ratio. The separations 
the components were measured on the prints of the 
ulomar Sky Survey. Equipartition of energy was 
sumed to obtain the kinetic energies of NGC 70 and 
GC 7320, for which no radial velocity measurements 
€ available. The computed energies and mass to 
minosity ratios are given in Table VII. 

Due to the uncertainties in the projection factors 
id the directions of the velocity vectors, no great 
curacy can be claimed for these results. However 
.e data for cluster VV 166 do appear to confirm the 
gh mass-to-luminosity ratio which has been found for 
ephan’s Quintet. 

Inspection of the photographs of both clusters reveals 
ie presence of a considerable amount of luminous 
tergalactic material (tidal arms). The inclusion of 


ABLE VII. Energy and mass-to-light ratios of two supercompact 
clusters. 


Cluster 2r 


VV 166 7.8X 108 M/L 
VV 288 8.8X 108 N/L 


—Q m/L 


2.2% 1057 (M/L)? 350 
9.31057 (n/L)? ~—«100 


this diffuse hght would tend to increase the total cluster 
luminosity and hence decrease the mass-to-luminosity 
ratio. Clearly additional photometric observations are 
highly desirable. Radial velocity measurements for 
NGC 70 and NGC 7320 would also add considerably 
to the reliability of the results. 

Two peculiarities of supercompact clusters are of 
some interest : 


(1) Most supercompact clusters in Table IV contain 
a mixed population of spirals and ellipticals, whereas 
ordinary dense clusters, such as the Coma cluster, 
contain a pure elliptical population in their dense 
nuclear regions. 

(2) Both clusters VV 166 and VV 288 contain more 
bright galaxies and fewer faint galaxies, than does the 
general luminosity function of galaxies. In this respect 
these superdense clusters of galaxies are similar to 
galactic star clusters which also exhibit a deficiency of 
faint members. 


It is not clear if supercompact clusters are in any 
way related to such objects as NGC 6166. In the radio 
source NGC 6166 the mean separation of the com- 
ponents is smaller than that in a typical supercompact 
cluster by one order of magnitude. Possibly this object 
should therefore be regarded as a supergiant elliptical 
galaxy with multiple nuclei, rather than as a super- 
compact cluster. None of the supercompact clusters in 
Table IV are associated with known radio sources. A 
systematic search of the prints of the Palomar Sky 
Survey turned up only six supercompact clusters. Such 
clusters must be extremely rare. It is estimated that 
less than a dozen such objects, with redshifts smaller 
than 10 000 km/sec, exist in the entire sky. 


VII. MASS-TO-LUMINOSITY RATIO 


The data on mass-to-luminosity ratios which have 
been discussed in previous sections are summarized in 


Table VIII. 


TasLe VIII. Summary of data on mass-to-luminosity ratios. 


Clusters of galaxies 400 <3/L<900 see Table LIT 
Supercompact clusters 100<3N/L<350 see Table VII 
Binaries in clusters M/L<«K230 van den Bergh 1960b 
Noncluster binaries m/L< 70 see Table II 

Single galaxies 1<M/L< 30 see Sec. II 
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All methods, except that based on the application of 
the virial theorem to clusters, agree in yielding 
m/L<100 for ellipticals and 31/L<«100 for spirals. 
No large systematic differences appear to be indicated 
between isolated individual galaxies and individual 
cluster galaxies. The conclusion that the large masses, 
which are found by the application of the virial theorem 
to clusters, are not associated with the individual cluster 
galaxies therefore appears inescapable. 

Three possible explanations for this discrepancy will 
now be discussed briefly : 


Hypothesis 1. Intergalactic forces are not predominantly 
gravitational over distances in excess of 10 kpc. The sepa- 
rations of the members of supercompact clusters are of 
the same order as those encountered in typical binary 
galaxies. Even if nongravitational forces are important, 
one would therefore expect to obtain similar mass-to- 
luminosity ratios for members of supercompact clusters 
and for members of binary systems. The data in Table 
VII appear to show that this is not the case. 

Hypothesis 2. Most of the mass of clusters of galaxies 
is due to the presence of nonluminous intergalactic matter. 
Since the volumes of typical supercompact clusters are 
almost 10% times smaller than those of normal clusters 
it is difficult to see how they could contain a sufficient 
amount of intergalactic material to account for the 
high mass-to-luminosity ratios which appear to be 
indicated by the observations. 

Hypothesis 3. Clusters of galaxies are expanding 
systems with a positive total energy to which the virial 
theorem is not applicable. Although attractive at first 
sight this hypothesis meets with a number of serious 
difficulties. These difficulties are briefly discussed below. 


A. Time Scale 


If the members of supercompact clusters have normal 
mass-to-luminosity ratios then their mutual gravita- 
tional attraction is quite insufficient to hold them 
together. In first approximation such systems may then 
be regarded as being in free expansion. The time scale 
for this expansion is of the order of 


t=D/V. (4) 

For a typical supercompact cluster D~50 kpc and 
V=~500 km/sec, so that r-~1X108 years. On the basis 
of current theories of stellar evolution such an age 
appears incompatible with the existence of an appar- 
ently normal giant elliptical galaxy in both Stephan’s 
Quintet and in cluster VV 166, unless one assumes that 
the expansion age of these clusters is very different 
from the age of their constituents. Application of Eq. 
(4) to rich clusters of galaxies yields expansion ages of 
a few times 10° years, i.e., ages which are smaller than 
the currently accepted age of the universe by about an 
order of magnitude. 
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B. Population of Intercluster Regions 


It is well known that most giant ellipticals arel 
located in clusters, whereas the population of the| 
general field consists predominantly of spirals. If the 
ages of clusters are much shorter than the age of the} 
universe, then the number of clusters which now} 
exists must be much smaller than the number of alll 
clusters that ever existed. Most giant elliptical galaxies} 
which were once located in clusters, which have since} 
dispersed, should now be found in the general field. The} 
assumption that rich clusters of galaxies are dispersed} 
with a time scale short compared with the age of the} 
universe would therefore appear to contradict the| 
observation that most giant ellipticals are, at the! 
present time, located in clusters. 
C. Velocity Dispersion of Field Galaxies 


If clusters of galaxies are systems of positive energy, 
then some cluster galaxies will leave clusters with very: 
high space velocities. The presence of an appreciable 
ee of such cluster escapees among the population: 
of field galaxies would lead to a rather high velocity: 
dispersion. This appears to be in contradiction with a 
recent SO Jee. by Neyman and Scott (1961), who 
find o?=—66 (km/sec)?+121 (km/sec)? for field 
galaxies. 

The evidence presented above makes it appear 
unlikely that either dense rich clusters or small super- 
compact clusters are expanding rapidly. The rather 
awkward situation with which we are apparently faced 
may perhaps be summarized as follows: ; 


(1) The masses of cluster galaxies are too low to 
prevent such clusters from expanding rapidly. .  —” 
(2) The assumption that clusters of galaxies are 
indeed expanding rapidly leads to predictions which 
appear-to be in conflict with observation. : 
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DISCUSSION 


G. BurRBIDGE asked why the values of M/L for 
ouble galaxies differ so markedly from those recently 
ublished by Page (Astrophys. J. 132,910, 1960). PAGE 
answered that statistical fluctuations could easily 
ecount for this, as indicated by the rms errors given 
bove, but disputed the large number of “optical pairs”’ 
mitted by van den Bergh from his list of double 
ulaxies. 

In answer to OORT, VAN DEN BERGH explained that 
e obtained the high value of M/L=900 for the Coma 
uster on the assumption of an isotropic velocity dis- 
ibution and a density distribution similar to that of 

polytrope of index 5. Assuming a uniform density 
istribution, would give M/L one-half as great. It was 
greed that there is a large uncertainty in LZ due to 
‘rors in measured total magnitudes of members of the 
oma cluster. VAN DEN BERGH also mentioned that one 
elocity from the Humason-Mayall list was rejected 
s a foreground object projected on the Coma cluster. 
[OLMBERG commented that these high values of M/L 
x clusters should be reduced, as shown in his paper 
elow. 

Box protested the discussion of time scales as short 
; 10° years, noting that even the youngest galaxies, 
ich as the Large Magellanic Cloud, contain old stars 
s well as the better-known, young associations of stars 
nd gas clouds. He questioned whether any galaxy 
suld be formed in its present state in as little as 10* 
ears. 

HARLAN SMITH referred to the views of I. Shklovsku, 
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in which the radio galaxies are extremely young objects 
in their first burst of formation of stars and supernovae. 
On this view there must be two classes of elliptical 
galaxies: first, the embryonic type, just condensing, 
with the vaguely elliptical form observed in most of 
the identified radio sources. Galaxies of this type are 
later to develop spiral or irregular forms depending on 
initial conditions as yet unidentified. Evidence of this 
ancestral form is found in the spheroidal population I 
distribution in our own and other galaxies. Second, the 
conventional elliptical galaxies may be much older 
systems, and nearby examples of this type, such as 
M32 and NGC 205, have perhaps influenced us unduly 
to believe that the elliptical form of a galaxy always 
implies great age. From Shklovskii’s point of view, 
then, it may well be that the youngest galaxies of all 
are amorphous, possibly unstable systems of roughly 
elliptical form. 

Dr VAUCOULEURS questioned whether there could 
be two such different classes of elliptical galaxies, since 
the colors of elliptical galaxies are so homogeneous. 
G. BuRBIDGE answered that a sample of very young 
stars condensing on to the main sequence might well 
have the same integrated color as a population II 
sample consisting of old main-sequence and red-giant 
stars. This would require a detailed investigation of 
T Tauri stars and other specific types, as well as the 
expected luminosity functions. Mrs. BuRBIDGE noted 
that some irregular galaxies which are in rapid rotation 
must be very young, since they would achieve some 
measure of axial symmetry in a very few rotation 
periods. 
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Virial Theorem and the Stability of Clusters of Galaxies 
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yOR more than a quarter of a century considerable 
use has been made of the virial theorem in attempts 
to determine the masses of clusters of galaxies. More 
recently, the values derived for these masses for a 
number of clusters have been questioned by some 
workers who have argued that the masses so obtained 
are unreasonably large and that it seems preferable to 
conclude that the clusters in question have positive 
energy and are unstable and that the application of the 
virial theorem in the form appropriate for stability for 
the determination of the masses of the clusters is there- 
fore invalid. In opposition to this latter view, still 
others who have considered the problem have argued 
that the indirect evidence for the stability of these 
clusters is so strong that the masses so derived must 
have physical significance and must be accounted for 
in terms of the member galaxies and, if need be, unseen 
intracluster matter. The existence of this conference 
bears testimony to the fact that this question is still an 
open one. 

In the present paper no attempt is made to resolve 
this question once and for all. Instead, I shall confine 
my discussion to a consideration of several aspects of 
the virial theorem itself and to a consideration of the 
application of the virial theorem to two small clusters 
of galaxies that seem to be of particular interest and im- 
portance: the M81 group and the local system. 


VIRIAL THEOREM 
A. Forms of the Virial Theorem 
General Tensor Form 


For the present let us consider the virial theorem as 
it applies to a self-gravitating system of m point masses. 
Let m@ denote the mass of that one of these point 
masses that is labeled by the index a, where a=1, 2, 

.. n, and let x (1)=(a.™, x3@, x3) denote the 
position vector of this point mass with respect to the 
center of mass of the system at time t. 

Chandrasekhar (1960) has shown that there exists a 
general tensor form for the virial theorem for such a 
system. In terms of the tensors 
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and the inertia tensor 
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the appropriate tensor form for the virial theorem is 


ak aed | 
= ZT 
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{ 
| 
Tf the system is stable against systematic expansion or 
contraction during an appropriate time interval, then} 


it follows from Eqs. (3) and (4) that 
2( Tj) + (Qij) =, (5)! 


where the symbol (---) denotes a time average of the] 
bracketed quantity over such a time interval. 

The tensor form for the virial theorem thus provides: 
nine component equations. In particular, the stability} 
of the system requires that Eq. (5) hold for each of: 
these nine components. 


traf 

Contracted Scalar Form | 

In the treatment of the virial theorem from the 

standpoint of the general tensor form, the usual scalar 
forms follow from the contraction of the corresponding 
tensor forms. To see this, we note first from Eqs. (1), 
(2), and (3) that (<% 
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where the summation convention has been used, where 
T and Q are the total kinetic and potential energies of 
the system, and where J is the polar moment of inertia. 
Using the results contained in Eqs. (6), (7), and (8) in 
the two tensor forms for the virial theorem as given in 
Eqs. (4) and (5), we obtain the two corresponding 
scalar forms 


3(@1/d?)=27--a, (9) 
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nd, for stability, 
2(T)-+(9)=0. (10) 


It is sometimes convenient in practice to express this 
ist scalar form for stability in a somewhat different 
rm. For this purpose, let (Vg?) denote the mean- 
quare velocity of the point masses—the mean being 
btained by weighting the velocities of the different 
oint masses proportionally to their masses and by 
veraging over the time interval in question, and let 
@q and R denote the total mass of all the galaxies in 
he system and an appropriately defined outer radius, 
espectively. Equation (10) can be alternatively ex- 
ressed in terms of these quantities as 


(Ve)=CoacG(Ma/R), (11) 


here Cgg is a dimensionless constant that is defined 
ith respect to the value taken for R and that char- 
cterizes the mean spatial distribution of the mass in 
he form of galaxies within the system during the given 
ime scale. 

In this latter form that applies to the case of sta- 
ility, the virial theorem makes it possible to determine 
he total mass of the system in terms of the mean-square 
elocity, the radius, and the relative spatial distribution 
f the mass within the system. It is in this sense that the 
irial theorem is most often applied to clusters of 
alaxies. 


Modified Scalar Form to Include Effects of 
Intracluster Gas 


The foregoing developments represent idealizations 
o the problem of clusters of galaxies. First, of course, 
he galaxies within a cluster are not point masses to 
early the same degree of approximation as is the case 
or clusters of stars. The dimensions of the individual 
alaxies in clusters are very often not too much smaller 
han the separations of neighboring galaxies in these 
lusters. Related to this is the point that it is not yet 
ompletely clear whether the total energies of clusters 
f galaxies whose members are considered as point 
masses are essentially constant subsequent to the for- 
nation of the cluster or whether these total energies can 
hange significantly in the course of time as the result 
yf different kinds of coupling between the motions and 
patial distributions of the galaxies considered as point 
nasses, on the one hand, and internal processes within 
he individual galaxies, on the other. 

To the present, neither of these possible complications 
las been investigated in detail. However, on the basis 
Mf order-of-magnitude estimates for some of the more 
rredictable of these effects, there is no evidence that 
he foregoing forms of the virial theorem require im- 
yortant modifications for these reasons for the purposes 
or which they are now used. 

The situation may sometimes be different insofar as 
he neglect of another factor in these forms for the virial 
heorem is concerned. There is definite evidence for the 
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presence of intracluster gas and dust in at least several 
galactic star clusters, and it does not appear unreasona- 
ble to assume that there may be significant intracluster 
substrata of gas or of intergalactic stars associated with 
clusters of galaxies. If such substrata should include 
significant fractions of the total masses of clusters, then 
this matter—in addition to that in the form of galaxies— 
would play a major role in determining the spatial and 
velocity distributions of the member galaxies. 

If it can be assumed—as seems reasonable—that the 
only important interaction of a substratum of this kind 
upon the dynamics of the galaxies is gravitational, then 
it can be shown (Limber 1959) that the stability of the 
system of the galaxies in such a cluster leads to an 
extended form for the virial theorem that relates the 
mean-square velocity of the galaxies, the radius of the 
cluster, the separate relative spatial distributions of the 
components of mass in the form of galaxies and in the 
form of the intracluster substratum, and the separate 
masses of these two components. This result can be 
conveniently expressed as a simple modification of the 
virial theorem in the form of Eq. (11) as follows: 
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where the symbols that have been used before have 
their previous meanings, where St, is the total mass of 
the substratum, and where Cg, and Dg, are dimension- 
less constants that are appropriately defined functions 
of the relative spatial distributions of both the mass in 
the form of galaxies and the mass in the form of the 
substratum—the two distributions being different in 
general. 

In the paper to which reference has been made con- 
cerning this modified form for the virial theorem, it is 
shown how the dimensionless coefficients that appear 
in Eqs. (11) and (12) can be readily derived from the 
relative spatial distributions for the two components 
of mass for cases in which the two distributions are 
spherically symmetric and have the same center in at 
least a first approximation. 

A comparison of the corresponding expressions for 
the modified and for the usual forms for the virial 
theorem [ Eqs. (12) and (11) ] shows that the effective- 
ness—gram for gram—of the component of mass in an 
intracluster substratum relative to that in the form of 
galaxies in influencing the velocity dispersion for the 
galaxies will depend upon the relative spatial distribu- 
tions of the mass in the form of galaxies and that in the 
form of the substratum. In the limit in which the 
spatial distribution of the intracluster substratum is 
much less centrally condensed than is the distribution 
of the galaxies, the intracluster substratum becomes of 
no consequence—gram for gram—relative to the mass 
in the form of galaxies. On the other hand, in the limit 
in which the substratum is far more centrally con- 
densed than is the distribution of the galaxies, it can 
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be shown (Limber 1959) that the mass in the substratum 
can never be more than about three times as effective— 
gram for gram—as the mass in the form of the galaxies 
insofar as its effects upon the velocity dispersion of the 
galaxies is concerned. Finally, it follows from the 
modified form for the virial theorem—as it must—-that 
if the two components have the same relative spatial 
distribution, then the masses in each of the two com- 
ponents are equally effective in this sense. 

The modified form for the virial theorem and results 
such as these that follow from it will be important if it 
is found that intracluster substrata containing signifi- 
cant fractions of the total masses of clusters are asso- 
ciated with at least some clusters. For the present, the 
actual evidence for the presence of such intracluster 
substrata is only of an indirect kind, at best. 


B. Application of the Virial Theorem to 
Clusters of Galaxies 


Nature of the Available Observational Data 


In practice the virial theorem as applied to clusters 
of galaxies has usually been used to derive estimates for 
the mass of the cluster through Eq. (10) [or through 
Eq. (11) ]. That the masses so derived could either be 
accepted as meaningful determinations or could be 
compared with independent estimates for the purpose 
of testing the applicability of the virial theorem in this 
form is not important for the purpose at hand. 

In the use of the virial theorem in this way, it is 
necessary to obtain from the observations estimates 
for the spatial velocities of the member galaxies and for 
their mutual spatial separations. In almost every case 
the observations can give only the radial components 
of these velocities and the components of these separa- 
tions perpendicular to the line of sight from the ob- 
server. The two remaining components of the velocities 
and the line-of-sight component of the separations must 
thus be estimated from the observable components 
through some kind of symmetry arguments. In the case 
of clusters containing many member galaxies, the 
averaging is usually sufficient to ensure that the mean 
projection factors so derived are accurate. 

The situation can be quite different for clusters con- 
taining only a few member galaxies. Here the un- 
certainties in any set of mean projection factors can 
become large and important. In particular, the assump- 
tion that the cluster is approximately spherically 
symmetric—even in the sense of a time average—need 
not be a valid approximation for such clusters. In these 
cases it is tempting to seek in the tensor form of the 
virial theorem for the case of stability, Eq. (5), one or 
more component equations that will depend less on 
uncertain projection factors than does the usual scalar 
form. 

The only component equation from Eq. (5) that 
seems to hold promise in this respect is the form 


2(T1) + Qu)=0, (13) 
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where the Cartesian axis characterized by the sub-| 
script 1 is taken to be parallel to the line of sight. In} 
this form 71; can be expressed directly in terms of the} 
observed radial velocities without the necessity of intro-| 
ducing any uncertain projection factor. The situation, 
with regard to the evaluation of Qi; is decidedly less’ 
favorable. The evaluation of the factor |x@—x()| 
that appears in the denominator of Qu [ef. Eq. (2) ]| 
requires that an appropriate projection factor be used. 
Still less satisfactory is the fact that the x factor in the 
numerator of this expression is a function only of un- 
observables—separations along the line of sight. The} 
best @ priori estimate for this factor in the numerator | 
of Qu, is probably the-mean of the corresponding factors | 
in-the expressions for Q22 and (33, which latter factors} 
are observables. | 

In view of the approximations that are required in| 
order to make practical use of the virial theorem in the } 
form of Eq. (13) for the purpose of analyzing clusters | 
of galaxies, there is some question as to whether, in| 
practice, the virial theorem in this form is superior to, | 
or even as good as, the usual form as given in Eq. (10). | 
The practical use of either form requires assumptions | 
concerning projection factors; however, the required | 
assumptions enter in different ways in the two different 
analyses. Nevertheless, if in each of the analyses the] 
assumption of spherical symmetry is made whenever an 
argument pertaining to symmetry is required, it can be | 
shown that the two different kinds of analysis lead to’ 
identical numerical conclusions concerning the mass OF | 
stability of the cluster. The question as to which of 
the two forms of the virial theorem is superior in— 
practice is thus an academic one, and there is no reason 
for preferring the tensor form of the virial theorem to 
the usual form in the problem being considered here. _ 


Required Time-Averages 


This latter scalar form for the virial theorem for 
stability involves time averages for the total kinetic 
energy T and for the gravitational potential energy 
For the case of any particular group or cluster of galax- 
ies, the observations can only provide information con= 
cerning these energies for what is equivalent to a given 
instant: the present epoch. It is thus of interest to be 
able to estimate for any given group or cluster—tenta- 
tively assumed to be stable—by just how much the 
ratio 2T/|Q| of the instantaneous kinetic and potential 
energies can be expected to deviate from the value 
+1—the value appropriate to the ratio 2(T)/(|Q]) of 
the corresponding time averages according to this form 
for the virial theorem for the case of stability. 

For this purpose, let 

hee? T/A ad (14) 
measure the deviation of an instantaneous value of 
2T/|Q| from unity. In terms of the quantity A so intro- 


| 
| 


| 


luced, the problem just posed is one of estimating the 
most likely range of values of A about zero for a given 
cluster in equilibrium. Clearly, the detailed evaluation 
of the most likely range of A for such a cluster would 
require, in general, a much more detailed knowledge of 
the dynamics of the cluster than is available. However, 
it appears that a useful first approximation to this 
range in A for a given cluster can be obtained from the 
following considerations. 

As for any other stable cluster, the limiting case of a 
sluster consisting of only two galaxies that can be 
treated as point masses must satisfy the virial theorem 
is given in Eq. (10) if the system has negative total 
available energy, i.e., if 


h=T+2 


<0. >) 


it can be shown without great difficulty that for such 
i two-body system with negative total available energy, 


—e<Ac<te, (16) 
where é is the eccentricity of the closed elliptical orbit. 
The quantity A takes on the value —e when the point 
masses are at their greatest separation (~ apastron), 
while A has the value +e when the point masses are 
slosest together (~ periastron). Thus, for the two-body 
problem, the permitted range for A—and its probability 
distribution as well—can be simply expressed in terms 
of the orbital eccentricity. 

No such simple result exists for groups and clusters 
having more than two members. Nevertheless, it 
appears that a reasonable first approximation to the 
expected range of A for such systems can be obtained 
by considering a group or cluster of ~ members as 
equivalent for this purpose to (7 —1) two-body systems. 
Here, if we let (e) denote an appropriate mean or char- 
acteristic value for the eccentricities of the orbits of the 
7 members about the center of mass of the cluster, then 
the instantaneous values of A that, characterize the 
cluster as a whole can be expected to satisfy a relation 
of the form 


[A2((e)) # X (e)/(n—1)}. (17) 


Thus, for example, for a quintet we should expect the 
root-mean-square value of A to be less than about 0.25 
for a value of (e) of 0.5, or less than about 0.45 for (e) 
equal to 0.9, 

Estimates of this kind for the expected range of A 
for groups and clusters of galaxies may prove useful in 
the analysis of groups containing only a small number 
of members. However, it can be shown that for such 
groups the uncertainty in the estimate for 2(7)/('|Q) ) 
due to the possible range of A is equal to or less than the 
corresponding uncertainty introduced into the analysis 
by reason of the uncertainties in the projection factors 
that are required in the evaluation of T and 2 from the 
observational data. 
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Clearly, from these considerations or from quite 
general considerations, the expected range in A for 
clusters containing many members becomes negligibly 
small, in general. This is also true, of course, for the 
uncertainties arising from the uncertainties in the 
projection factors. 


ANALYSIS OF TWO SMALL CLUSTERS OF 
PARTICULAR INTEREST 


A. General 


In any consideration of the application of the virial 
theorem to groups and clusters of galaxies, the M81 
group and the local system stand out as being of par- 
ticular interest for several reasons. First, the galaxies 
in these two groups are near enough that reasonable 
estimates for the masses of the larger and brighter 
member galaxies can be derived from studies of their 
internal motions. Again, because of their nearness to 
us, these two groups are particularly well suited for 
studies of the structures of, and stellar populations 
within, their key member galaxies. Finally, in the case 
of the local system, and because of our position within 
one of its two most massive members, the uncertainty 
in the estimate for the total gravitational potential 
energy that enters because of the uncertainty in the 
projection factors for the separations of the member 
galaxies is largely absent. 


B. M81 Group 


The importance of the M81 group insofar as analysis 
by means of the virial theorem is concerned was recog- 
nized several years ago by Ambartsumian (1959). From 
his analysis of the cluster, he concluded that the masses 
of the member galaxies alone were not sufficient to hold 
the cluster together and that the cluster was disrupting. 
Let us here analyze this group in somewhat greater 
detail. 

Observational Data 


Let it be assumed for the present that the members 
of this group that are relevant insofar as its stability 
is concerned are NGC 3031 (M81), NGC 3034 (M82), 
NGC 3077, and NGC 2976. The nebular types of these 
four galaxies in the Hubble system have been given as 
(Humason e¢ al. 1956) Sb, Irr, Irr, and Sc, respectively, 
while Morgan’s corresponding classifications (1958) 
are kS4, al, Ep, and al. I shall take for the radial ve- 
locities of these galaxies with respect to the sun the 
following values that have been derived from the work 
of Humason, Mayall, and Sandage (1956): —55 
km/sec, +263 km/sec, —158 km/sec, and +42 km/sec, 
respectively ; for the calculation of the relative luminosi- 
ties of these galaxies, I shall use Holmberg’s (1950) 
values for the photographic apparent magnitudes: 
7.85, 9.20, 10.57, and 10.73, respectively. Finally, for 
the distance to the group, I shall take 2.2 10° parsecs 
(Limber 1960). 
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Kinetic and Potential Energies and the Virial Theorem 


Miinch (1959) has derived an estimate for the mass 
of M81 from an analysis of its internal motions. For the 
distance assumed here, his value is 1.410" Mo. Trial 
estimates for the masses of the other three member 
galaxies will follow from estimates for their mass-to- 
light ratios. 

Tentatively, let it be assumed that the mass-to-light 
ratios for NGC 3034, 3077, and 2976 are 20, 50, and 20, 
respectively. These values refer to photographic light 
and are in units of solar mass and luminosity. On the 
basis of what is known today concerning mass-to-light 
ratios, these estimates appear to be quite conservative 
in that they appear to provide overestimates for the 
corresponding masses. The mass-to-light ratio for M81 
follows directly as 20. 

These observational data and assumptions lead to a 
value for the total kinetic energy of the M81 group with 
respect to its center of mass of about 1.010 ergs. 
The corresponding value for the gravitational potential 
energy follows as —2.3X10* ergs. Both estimates have 
been derived on the basis of what appear to be, on statis- 
tical grounds, the best choices for the relevant projec- 
tion factors. It follows that the corresponding best 
estimate for 27/|Q| is about 9.0. Thus, if the analysis 
given is correct except for a common multiplicative 
correction factor for the masses of the four galaxies, 
then for the stability of the cluster, this common factor 
would be about 9; 1.e., stability would then be possible 
only if each of the four masses were about 9 times larger 
than the values actually used. This would imply a mass 
for M81 itself of about 1.210" Nto, which is to be 
compared with the value 1.410" Wo that Miinch 
obtained from the study of its internal motions. It 
should be noted here that the uncertainty in the 
distance to the group affects both of these determina- 
tions by the same factor, so that the ratio of these two 
values is invariant to changes in the distance. The 
corresponding value of the mass-to-light ratio for the 
group as a whole for stability follows as 200. 


Possible Interpretations of these Results 


At least at first glance, the most natural and least 
ad hoc interpretation of the analysis for the M81 group 
is that this group does not satisfy the virial theorem for 
stability, that it has positive energy and is disrupting. 
However, this interpretation is not without difficulties. 

Let us introduce the concept of a characteristic time 
scale 7, for a group or cluster such that during a time 
T. a galaxy moving with a constant component of ve- 
locity in the plane of the sky equal to the presently 
estimated root-mean-square value for this component 
for the cluster members will move a distance in the 
plane of the sky equal to the present projected mean 


distance of the cluster members from their center of 


mass, Clearly, if a group or cluster is so unstable that 
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T>>|Q|, then the present instability cannot have per-|) 
sisted for an interval appreciably greater than the char-|)_ 
acteristic time scale for that group or cluster. 

In the case of the M81 group, the characteristic time} 
scale is about 210° years if the foregoing analysis is) 
taken at its face value. This time scale is uncomfortably | 
short—being about that for the Pleiades cluster—and | 
raises serious difficulties concerning the interpretation | 
of the foregoing results in terms of instability. Thus, it | 
is exceedingly difficult to believe that M81, itself, can j) 
be nearly this young; and although one cannot yet rule } 
out the possibility that the other members of the i‘ 
system are this young, even this does not appear ven i! 
probable. 

It should be noted that the apparent instability ia i 
the group results almost entirely from the relatively | 
large velocity of M82 with respect to those of the other i 
members. This suggests that a possible solution of the | 
dilemma lies in assuming that the large relative ve- | 
locity of M81 is largely confined to the radial direction. | 
However, while such an assumption can be used to | 
overcome the difficulties associated with a time scale 
of 2108 years, it also acts to reduce the value of the } 
calculated ratio for 2T/|Q] and to thereby raise the } 
possibility of explaining the group in terms of stability. | 

A possibility that deserves consideration is that M82 & | 
received its present kinetic energy long after M81 was } 
formed. Whether, in this line of thinking, it is more | 
reasonable to assume that M82 was formed at the time | 
that it received its present kinetic energy some 2X 10* | 
years ago or whether it is more reasonable to conclude | 
that this galaxy, too, was formed long before the system _ 
received its present energy is not clear. Both alter- 
natives encounter difficulties of their own. On the first — 
of these assumptions, M82 came into being as a galaxy | 
long after at least one other member of the group was | 
formed. This explanation seems to require the existence ! 
of an appreciable quantity of gaseous intracluster—or _ 
intercluster—matter as recently as 2X10 years ago. 
If the case here is to be argued for, then it becomes more 
difficult to oppose the view that such a group is stable 
because of the presence of large masses of unseen intra-~ 
cluster matter. On the other hand, if it is assumed that 
M82 received its present kinetic energy long after its 
formation as a galaxy, then the question of the mecha- 
nism responsible for this acceleration must be dealt 
with. : 

The arguments in support of an interpretation of the 
M81 group in terms of stability are no less beset with 
difficulties. In one view, one can argue that the group 
is stable by reason of the mutual attractions of its 
member galaxies alone for a mass of M81 equal to that 
derived by Miinch. Support for such an interpretation 
would have to be found in terms of one or more of the 
following possibilities. The accuracy of the observed 
radial velocities might be questioned, or it might be 
argued that the actual value for the relevant projection 


factors and for the correction factor for obtaining the 
required time averages for T and 2 have not been shown 
\to be inconsistent with the stability criterion in the form 
lof Eq. (10). Finally, it might be argued that the actual 
mass-to-light ratio for one, or more, of the three com- 
panions of M81 is very much greater than even the 
value assumed in the present analysis. 

To my knowledge, there is no reason at present for 
believing that errors in the observed radial velocities 
can account by themselves for the result obtained. On 
the other hand, it appears that one cannot rule out the 
possibility that, by themselves, the uncertainties in the 
projection factors and in the factor that enters in esti- 
mating the necessary time averages can conceivably 
account for the results obtained here in terms of sta- 
bility. However, this alternative is not a comfortable 
one; it may be called upon to save an occasional small 
group from instability, but it is not able to save the 
great majority of such clusters whose stabilities are now 
in question. Finally, although the possibility cannot be 
ruled out that some member of the group other than 
M81 may have a much larger mass-to-light ratio than 
has been assumed here, there is no direct evidence for 
the existence of such large values for any galaxies. It 
may conceivably be of significance in this connection 
that M82 appears to be anomalous insofar as its redden- 
ing is concerned. 

If one rules out the possibility that M82 is not a 
physical member of the group, then there appear to be 
only two further interpretations of the analysis of this 
group that hold any promise. Either our direct determi- 
nations of the masses of galaxies from studies of internal 
motions do not include large fractions of the total 
masses of such galaxies that should properly be asso- 
ciated with them, or there is a relatively large mass of 
unseen intracluster matter. To my knowledge, there is 
at present no direct evidence in support of the first of 
these alternatives, and without such support it appears 
quite artificial. The second of these possibilities has been 
put forward to account for the stability of a number 
-of clusters of galaxies. However, although this latter 
possibility seems less artificial than the former, it, too, 
has very little direct evidence in its support. But it is 
not impossible that intergalactic and_ intracluster 
matter plays a much more significant role in the uni- 
verse at the present time than is generally believed. 

This concludes my discussion of the application of 
the virial theorem to the M81 group. I have not tried 
to draw any kind of definite conclusion because I have 
not felt that the evidence pointed sufficiently clearly to 
any particular one of the possible interpretations. Once 
the evidence has been examined and the alternatives 
have been considered, one can hardly keep from leaning 
toward one or another of these alternatives. But in the 
case of a particular cluster such as the M81 group, I 
feel that additional evidence will be required before any 
one of the several alternative interpretations becomes 
compelling. 
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C. Local System 


Analyses of the foregoing kind have been applied to 
the local system of galaxies by Kahn and Woltjer (1959) 
and by Godfredsen (1961). Kahn and Woltjer con- 
cluded that the system must be stable and that this was 
possible only if there were a large mass of unseen matter 
associated with the system. Godfredsen argued, on the 
other hand, that in view of the uncertainties involved, 
it was quite consistent to conclude that the local system 
was stable under the mutual attractions of its member 
galaxies alone. Let us here turn to an analysis of the 
local system and examine the evidence. 


Observational Data 


Values for the masses of several members of the local 
group have been derived from studies of internal 
motions (Brandt 1960; Schmidt 1956; de Vaucouleurs, 
1959, 1960; Burbidge ef a/. 1961). If these values are 
tentatively accepted and if the masses of the remaining 
members are derived from what appear to be reasonable 
estimates for their mass-to-light ratios, it can be shown 
that the stabilities of M31 and of the Galaxy within the 
local system depend—to the required accuracy—only 
upon the masses of these two galaxies and upon their 
relative velocity and separation. Tentatively, it will be 
assumed that this is the case, and the stability of these 
two galaxies within the local system will therefore be 
treated in terms of the stability of these two galaxies 
considered as constituting a simple double galaxy. 

The values that will be tantatively used here for the 
masses of M31 and of the Galaxy are 4.0X10" Wto and 
1.0X10" Ito, respectively—the former being that de- 
rived by Schmidt (1956) while the latter has been taken 
from Brandt’s study (1960). The separation of the two 
galaxies will be taken to be 6X10? parsecs, the value 
appropriate to the above determination for the mass of 
M31. These values suffice to determine the gravitational 
potential energy of M31 and the Galaxy—considered 
as making up a double galaxy. In this one case, no un- 
certain projection factor enters into the determination 
of 2. 

The evaluation of the relative radial velocity of M31 
with respect to the Galaxy requires both the radial 
velocity of M31 with respect to the local standard of 
rest near the sun and also the circular velocity about 
the center of the Galaxy for the solar neighborhood. It 
appears that the best available value for the first of these 
quantities—and a very accurate one—is that derived by 
van de Hulst, Raimond, and van Woerden (1957) from 
a study of the 21-cm radiation from M31. This study 
gives for the radial velocity of M31 with respect to the 
local standard of rest near the sun the value —296+3 
km/sec. This value should be compared with the corre- 
sponding optically determined values of —262+20 
km/sec and —286+30 km/sec derived at Mt. Wilson 
and at Lick, respectively. 
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The direction of the velocity in the solar neighbor- 
hood that corresponds to circular motion about the 
center of the galaxy is 39° from the line of sight to 
M31, so that this circular velocity plays an important 
role in the derivation of the relative velocity of the 
center of mass of M31 with respect to that for the 
Galaxy. Because the radial velocity of M31 with respect 
to the local standard of rest near the sun is one of 
approach, it follows that the larger this circular velocity 
is taken to be, the smaller will be the absolute value of 
the relative velocity of the centers of mass of the two 
systems and, hence, the smaller will be the kinetic 
energy of this two-body system. 

The most used of recent estimates for the circular 
velocity is the value 216 km/sec given by Schmidt 
(1956). However, since questions have been raised con- 
cerning the accuracy of this value, the present results 
will be carried through for the three following values 
for the circular velocity: 200, 250, and 300 km/sec. 


Kinetic and Potential Energies and the Virial Theorem 


For the above data, the gravitational potential energy 
Q for M31 and the Galaxy considered as a double 
galaxy follows directly as —5.8X10*" ergs. The calcu- 
lation of the kinetic energy of the system with respect 
to its center of mass is not so direct since some estimate 
must be made for the ratio of the square of the relative 
spatial velocity of the two galaxies to the square of the 
corresponding radial component. On statistical grounds 
the best estimate for this ratio is three, and it is this 
value that will be used in the present calculations. For 
this choice, we obtain for the kinetic energy of the 
system the values 4.6X10°8, 2.4X10°§, and 9.1X10*" 
ergs for the three choices for the circular velocity: 200, 
250, and 300 km/sec, respectively. The corresponding 
values for the ratio 2T/|Q| follow as 16., 8.3, and 3.2, 
respectively ; and if the virial theorem is to be satisfied 
in the form given in Eq. (10), then these last values also 
represent the factors by which the assumed: masses 
would have to be increased in order to satisfy this form 
for the virial theorem if common factors are taken for 
the two masses and if the rest of the foregoing analysis 
is left unchanged. 


Possible Interpretations of these Results 


As in the case of the M81 group, the interpretation 
of these results that seems least artificial at first sight 
is that the local system has positive energy and is dis- 
rupting. But here two factors act together to raise 
serious difficulties for any simple interpretation along 
these lines. First, it is only for this system that the sense 
of the velocities with respect to the center of mass can 
be determined, and it is one of approach. According to 
the interpretation in terms of positive energy, this 
relative, line-of-sight velocity must have been one of 


approach since the time at which the positive energy - 


was made available to the system and will continue as 
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a velocity of approach for the next three or four billion | 
years. Because of this, the interpretation in terms of | 
positive energy leads to the conclusion that the sepa- | 
ration of M31 and the Galaxy was more than twice its | 
present value at the time that the solar system was 4 
formed and was about equal to the present distance to 
the M81 group some ten billion years ago. This latter | 
time interval can hardly be significantly greater than — 
the present age of the Galaxy and of M31. 
These conclusions that seem to follow from an inter- ‘ 
pretation in terms of positive energy also appear to 
raise difficulties concerning the process by which the 4 
present positive energy was made available to the } 
system. For example;what are the implications of the | 
requirement that momentum be conserved? It hardly | 
appears that M31 and the Galaxy can have acted in } 
concert to conserve momentum at the time at which the | 
positive energy was made available, and alternative 
mechanisms seem to require appreciable quantities of | 
mass in the form of unseen matter. | 
The interpretation of the local system in terms of | 
stability for the assumed masses for M31 and for the | 
Galaxy and without recourse to large quantities of 
unseen matter within the local system seems to be 
possibly only in terms of one or more of the four follow- | 
ing explanations. First, stability under these conditions 
would be possible if the radial velocity of M31 with - 
respect to the local standard of rest near the sun were 
much larger algebraically than the value of —296 
km/sec that has been used here. However, even for a’ | 
conservatively high estimate of 250 km/sec for the — 
circular velocity, the required radial velocity would 
have to be significantly larger than —250 km/sec in 
order to account for our results by itself. It hardly seems 
possible that this can be the case. y 
Second, stability can be achieved if the circular ve- 
locity can be shown-to be sufficiently large; but this 
effect by itself could explain the results only if the 
circular velocity were significantly in excess of 300. 
km/sec. There seems to be little independent support — 
for such a value. 4 
The ratio of 2(T)/(|Q|) can be reduced by at most a — 
factor of 6 through optimum choices for the projection 
factor for the velocities and for the factor that enters 
in converting the observed estimates for T and Q into 
the required time averages. Even such a factor, by 
itself, cannot produce stability for values of the circular 
velocity of 250 km/sec and less. Nevertheless, factors 
of 2 or even 3 can be obtained in this way without too 
great an improbability, and such factors—when operat- 
ing together with one or more of the other possibilities 
and uncertainties being discussed here—may make it 
possible to interpret this particular system in terms of 
stability without undue violence to the data. ’ 
Fourth and last, in this connection, it should be noted 
that the radial velocities of the two companions of 
M31—M32 and NGC 205—and of the two companions 
of the Galaxy—the Magellanic Clouds—are all such as 
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|to reduce the relative velocity of approach of M31 and 
the Galaxy for circular velocities less than about 270 
‘km/sec if the double galaxy under consideration is 
‘extended to include M31, M32, and NGC 205 as one 
component and the Galaxy and the Magellanic Clouds 
as the other. However, as was noted earlier, for what 
appear to be the best available estimates for the masses 
of these companion systems, the results of the foregoing 
analysis for 2T/|Q| are altered by less than 20%. In 
order for these companions to play a significant role in 
accounting for the stability of the system, it would be 
necessary for them to contain many times the mass 
that has been assumed for them here. 

Let us turn now to a last general type of interpreta- 
tion of the present analysis: an interpretation in terms 
of the stability of the local system by reason of the 
assumed existence in this system of a large mass of 
unseen matter. We shall include here the possibility 
that the mass assumed for the Galaxy is in error, the 
‘possibility that the masses derived for M31 and for 
the Galaxy from studies of theif internal motions do 
not include large masses that are properly associated 
with these two individual galaxies, and the possibility 
that there is a large mass of unseen matter in the local 
system that is not in the form of the brighter galaxies. 

Brandt has suggested that because of the observa- 
tional uncertainties, the mass of the Galaxy may be 
uncertain by almost an order of magnitude, but to 
explain the present results in terms of stability in this 
way alone, the mass of the Galaxy would have to be 
about 4X10” Mto—a value that is exceedingly difficult 
to accept. There is no direct evidence for the second of 
the above possibilities, and it has been mentioned only 
because of the difficulties associated with the other 
possible explanations for this system and for other 
groups and clusters of galaxies as well. 

Finally, we come to the possible interpretation of 
the foregoing analysis in terms of the stability of the 
system by reason of the existence of a large mass of 
unseen matter within the system but not associated 
with the brighter galaxies. Probably the strongest 
argument in support of this interpretation is the 
indirect argument that all of the alternative interpre- 
tations of the analysis seem to encounter serious difh- 
culties. Such an argument cannot be very satisfying by 
itself until more direct evidence can be found. In the 
case of this particular system Kahn and Woltjer (1959) 
have argued that there is additional evidence in support 
of this interpretation—evidence in the form of an ob- 
served distortion of the galactic disk which they inter- 
pret in terms of a dynamical interaction between the 
Galaxy and an unseen intergalactic substratum of gas. 
However, this evidence, too, is indirect; and the ob- 
servational data upon which it rests is not unambiguous 
insofar as its explanation is concerned. 

With these remarks, I shall conclude my discussion 
of the interpretation of the results that follow from the 
application of the virial theorem to the local system. 
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As in the case of the similar discussion of the M81 
group, I feel that the evidence is not yet sufftcient to 
support strongly any one of the alternative interpreta- 
tions of the results that have been obtained. What does 
seem clear from this analysis is that these results will 
find their explanation either in significant revisions of 
parameters that we had believed were reasonably well 
tied down, in the operation of some unknown process 
that makes available to newly formed galaxies large 
kinetic energies, or in the existence of a great mass of 
unseen matter whose role in the evolution of the system 
as a whole and of the particular galaxies within it would 
be great. 

A possibility that has been tacitly ignored in the 
foregoing discussion is that the local system is not a 
single physical system and that M31 and the Galaxy 
are relatively close together only through chance. In 
view of the previous results, this suggestion may deserve 
more serious consideration. - 

This research was supported in part by the United 
States Air Force under contract. 
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DISCUSSION 


ABELL asked whether an upper limit could be set to 
the density of “invisible matter” between galaxies where 
there is no star formation, and it was pointed out that 
this would depend on physical conditions in the in- 
visible matter. Ionized hydrogen at very high tempera- 
ture provides no useful upper limit. LimBer added that 
concentrating intergalactic matter toward the center 
of a cluster increases its effectiveness in holding the 
cluster together up to a limit of about three times the 
effectiveness of more dispersed matter. 

OorT pointed out that the radial velocity of the 
center of gravity of M82 recently measured in 21-cm 
radiation is +190 km/sec, which is 90 km/sec lower 
than the optical value, possibly because of optical ob- 
scuration of the southwest (approaching) side of M82. 
The radio value of M82’s velocity is much closer to the 
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velocity of M81. Lrwper agreed that this new result is 
important though it reduces the derived best estimates 
of 27/Q only from 9 to about 6. 

G. Burpince added that a provisional rotation curve 
has been obtained for M82 by N. U. Mayall. This leads 
to a mass estimate of about 1.510" suns and small 
M/L, leaving only NGC 3077 and 2976 that may have 
high M/L. 

Roperts asked whether the circular velocity of our 
galaxy at the sun could not possibly be as high as 300 
km/sec and LiwBeEr replied that, if the Dutch value of 
the relative radial velocity is used, the circular velocity 
must be well in excess of 300, in order to achieve 
consistency. 

Scumipt noted that this would of course increase the 
mass of the galaxy to be used in Limber’s analysis. 

Fish suggested that some of the present dwarf 
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galaxies may have previously been much more massive, | 
having since lost the bulk of their matter by ejection | 
of supernova envelopes. However, this cannot produce | 
a large effect, since if their masses were much larger | 
than 10” suns (a value small compared to the mass of | 
M31 and the galaxy) no escape of material would have | 
taken place. 

Von Hoerner described the results of his numerical 
calculations simulating motions in systems of 16 mass i. 
points. Starting with negative total energy, he found | 
that Limber’s parameter A=27/Q deviated from the } 
expected average value of 1.0, but never by more than ||) 
a factor of 2. He concluded that deviations from the | 
time averages in the virial theorem could be no larger |) 
than this, but PAGr noted that larger fluctuations might } 
take place in systems with fewer than 16 masses, or 
when the masses varied widely. 
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INTRODUCTION 


HE usual method of studying stability of systems 
of galaxies is indirect: Tentatively assuming 
stability, the virial theorem is applied in order to esti- 
mate the average masses of presumed members of the 
system. If the estimate so derived exceeds considerably 
those obtained by other methods, the conclusion is 
drawn that, unless the system of galaxies contains a 
very considerable amount of invisible matter, it must 
have positive energy and be expanding. 

In 1954 a more direct method for studying stability 
(Neyman and Scott 1954) was introduced. Originally, 
it was meant for a very particular purpose, namely to 
obtain evidence for or against the hypothesis that the 
systems of galaxies, that is, clusters and groups, 
participate in the general expansion of the universe. 
Under certain specific assumptions about the structure 
of clusters, about the distribution of radial velocities 
and about the luminosity function, a function of the 
observations was determined representing a criterion 
for testing the hypothesis of stability more suitable 
than any other criterion. The use of this particular 
criterion ensures the greatest possible probability of 
detecting instability if such is present and of moderate 
degree. If the linear diameter of the system of galaxies 
studied is a small fraction of this system’s distance from 
the observer, the criterion deduced is approximately 
equal to the regression coefficient of the radial velocity 
of the system’s members on their apparent magnitude 
corrected for redshift. 

Because no dynamical considerations are involved in 
the deduction of the test, it may be labeled kinematical 
test. 

At the time the original paper was in preparation, the 
richest material for any one system of galaxies was that 
for the Coma cluster and it contained the data for only 
12 objects. The kinematic test applied to these observa- 
‘tions gave no indication of instability. Subsequently, 
when the number of observations increased and, at the 
same time, the question of stability of systems of 
galaxies acquired particular interest in connection with 
the Ambartsumian hypothesis, the kinematic test was 
applied to the vastly richer empirical material. The 
relevant paper (Lovasich, Mayall, Neyman, and Scott 
1961) is now in press. 

As is true with every statistical method, the validity 
of the kinematical test is subject to certain conditions. 
The principal conditions are (i) that the objects treated 
as members of a given system really belong to this 
system, and (ii) that the selection of galaxies for which 
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redshift are made did not distort the distribution of 
redshift relative to the apparent magnitude. Naturally, 
the validity of the test based on the virial theorem is 
subject to similar restrictions. 

The first purpose of the present paper is to present a 
heuristic explanation of the working of the kinematical 
test. The second purpose is to report on the empirical 
results of the test applied to data on eight clusters and 
on 10 smaller groups of galaxies. Most of these results 
are given in the last-mentioned paper. However, since 
the preparation of that paper our views have undergone 
a certain evolution and the present interpretation of 
some of the results is slightly different. 

It will be seen that the evidence regarding large 
clusters is indistinct. If the Virgo cluster is taken as a 
single system and if it is treated on its own, separately 
from other clusters, there appears to be an indication of 
expansion, but it is very mild, with the probability of 
error in asserting instability having an upper bound of 
the order of one in four. If one recalculates the data 
taking into account the suggestion of de Vaucouleurs 
that in reality there are two distinct systems, one 
composed of spirals and the other of elliptical galaxies, 
the mild indications of instability persist only for the 
ellipticals. For the Coma cluster, after the elimination 
of four outlier galaxies, the test gives a mild indication 
of contraction. Also, the joint treatment of all eight 
clusters fails to give any clear indication of instability. 

The above results relating to large clusters contrast 
with those obtained for small groups. Originally the 
analysis was performed for the totality of 15 groups of 
galaxies for which there are at least three objects with 
measured luminosity and redshift. No indication of 
instability was obtained. However, the data for five of 
these groups show convincing evidence that the objects 
attributed to some groups were subjected to a strong 
selection for similarity in redshift, thus violating one of 
the basic conditions of validity of the kinematic test. 
When these five groups were eliminated, the test gave 
a strong indication that groups are rapidly expanding, 
the probability of error in asserting instability being 
less than 0.02. 

The concept of stability contemplated in the applica- 
tion of the kinematic test differs essentially from that 
of dynamic stability and refers to the motions within 
the cluster that prevail at the moment of observation. 
If at the given moment the motions of some particles 
towards the center of the system are counterbalanced 
by the motions of some other particles away from the 
center, then at that moment the system formed by these 
particles is kinematically stable. If the motions away 
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from the center predominate then the cluster is expand- 
ing and vice versa. Thus, with the exception of two 
instants of time, a dynamically stable system of two 
bodies, with elliptical orbits about their center of 
gravity, will be ‘‘kinematically unstable”: Over a 
period of time it will be contracting and over the next 
period of time expanding. 


HEURISTIC EXPLANATION OF THE WORKING 
OF THE KINEMATIC TEST 


In the present section we explain the concept of 
kinematic stability of a system of particles and, 
heuristically, show how the regression coefficient of 
radial velocity on the apparent magnitude indicates 
expansion or contraction. The problem of optimality 
of this criterion is not treated here and the reader is 
referred to the earlier papers mentioned above. 

Our present explanation begins in terms of the 
theoretical model of a system of galaxies. Subsequently 
we discuss the relation between the probabilistic con- 
cepts and the phenomena actually occurring in systems 
of galaxies. It will be seen that the kinematic test ma'y 
be confidently applied to large clusters of galaxies 
treated individually. Contrary to this, individual treat- 
ment of small groups of galaxies, for example of pairs, is 
likely to be misleading. With reference to small groups 
the kinematic test is expected to be reliable only if 
applied to a number of such groups treated simul- 
taneously. 

The theoretical structure of systems of particles con- 
sidered in this paper is visualized as being composed of 
circular rings. In each ring, the density of particles per 
unit volume (really the probability density) is constant 
along the ring. However, this density may well vary 
from ring to ring. For any galaxy, within a ring of radius 
7 the velocity at any given moment is postulated to be 
the resultant of the following four components: 

(1) The velocity # with which the system as a whole 
recedes from the observer. 

(2) The rotational velocity w of the ring, possibly 
depending upon 7 and on the ey but the same for all 
galaxies within the ring. 

(3) Velocity which we shall call the velocity of insta- 
bility. This component is located on the line connecting 
the center of the ring with the position of the galaxy, is 
supposed constant for all the galaxies in the ring, and 
is denoted by 6n, suggesting the possibility that it is 
proportional to the radius of the ring. However, this 
proportionality is not postulated and the coefficient 6, 
called the instability factor, may well vary from ring 
to ring. If 9=0 then the given ring is kinematically 
stable. If @>0, the ring expands. If <0, it contracts. 
If @ has the same value for all rings, then in the evolution 
of the system this coefficient plays a role somewhat 
analogous to that of the Hubble constant H. In par- 
ticular, if 6=H, then the system considered simply 
participates in the general expansion of the universe. 
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(4) Random velocity component v. It is postulated | 
that the projection of » on any line has expected value | 
zero and a fixed variance oc’. Also it is postulated that 
the random velocities for any two galaxies are mutually 
independent. 

Using the above hypoiene we shall now evaluate | 
the regression coefficient of the radial velocity of a |) 
system member on this particle’s distance from the 
observer. The position of the observer with regard to i 
the system of particles is arbitrary. 

With reference to Fig. 1, consider a possible position } 
P, of a particle within the system, located within a } 
given ring R of radius 7. For a fixed position of the } 
observer, let & D, and ¢ denote, respeqiivelag the } 
distance of P:, the distance of the ring’s center C, and i 
the angular separation between P, and C. ) 

The radial velocity p; of a particle at P; may be | 
represented as follows: i 


pi=u cosd+w+6(E—D cosd) +21, (1) 


where @, is the contribution of the rotational velocity 
of the ring, where the third term is the contribution of 
the velocity of instability, and where 2 is the random 
component with expectation zero. | 

‘Simple geometrical considerations indicate that the } 
ring R must have another point P» (possibly coinciding | 
with P;) characterized by the same distance £ from the ~ 
observer and the same angular separation ¢. 
The radial velocity of a particle at P, is 


p2=u cosp+a2+6(~—D cosd)+2%, (2) 


where the symbols have meanings similar to those in 
(1). Simple calculations show that ;=—w,: and, in | 
particular, if Ps coincides with Pi, then o=a.=0. | 
Because of the assumed equal density of galaxies along — 
any ring, and because E(v)=0, it follows that for fixed — 
¢ and é the expected value of p is 


ELp| §,¢ |= 3LE(o1) + E (2) J 
=u cosp+6(E—D cosd). (3) 
That much is exact. However if the dimensions of the ~ 
systems considered are small compared to their dis- 


tances, then cos® is very close to unity. In these 
circumstances we have the approximate formula 


E(p|&)=u+0(é—D), (4) 
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representing the regression of the radial velocity p on 
‘the distance £ of a galaxy from the observer. It is seen 
that this regression is linear and that the coefficient of 
‘regression is equal to the factor of instability 0. 

Formula (4) being approximately true for any ring 
taken separately, with its own expansion coefficient 6, 
/ it can be averaged either over the whole system or over 

some selected part of it. If the coefficient 6 has the same 
value for all rings then the resulting average regression 
| equation will be linear and will coincide with (4). On 
the other hand, if @ varies from ring to ring in a system- 
atic manner then this linearity may be distorted. 
| In practical applications it is only the average 
| regression that may be studied. In this connection it is 
important to notice that if the average regression 
coefficient of p on £ is not zero then this means that at 
least some of the rings are unstable and that the sign 
of the average regression coefficient indicates the kind 
of instability that prevails: expansion if this sign is 
positive and contraction if it is negative. Also, non- 
linearity of the average regression indicates that the 
particular rings composing the system have different 
factors of instability. On the other hand, the reverse 
conclusions are not necessarily true and, in particular, 
the equality to zero of the average regression coefficient 
of p on — does not necessarily mean that all rings of the 
"system are stable. 

Since the distances & of particular galaxies are un- 
observable, the above results can only be used in con- 
nection with some distance indicator, which, however, 
must be independent of the radial velocity. The distance 
indicator that is currently available is the apparent 
magnitude, provided it is reliably corrected for the 
effect of redshift. The calculations reported below are 
all based on K corrections given in Humason, Mayall, 
and Sandage (1956). 

Let m stand for the apparent magnitude of a cluster 
galaxy, corrected for redshift. We assume that it is 
connected with the absolute magnitude M by the 
following approximate relation: 


m=M—5-+5 logit+C+7(E—D), (5) 


where C and 7 are approximately constant and charac- 
terize the absorption of light by the invisible matter 
within the cluster. If =D then this absorption is C 
mag. The symbol 7 stands for the average dimming per 
unit distance. We assume that the absolute magnitude 
M is a random variable independent of the position of 
the galaxy. 
Assuming that the linear dimensions of the cluster 
are small compared to its distance D, we write 


£=D-+ (é—D) and. 
5 logw&=5 logiwD+a log [1+ (E—D)/D ] 
=5 logiwD+ (a/D)(é—D), (6) 


where a=5 logie=2.1715. Substituting in (5) we 
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obtain, approximately, 
m= M—5-+5 logiD+C+ (a/D+7)(E—D). (7) 


Restricting ourselves to galaxies located in a single 
ring and comparing (7) with (4) we see that the co- 
variance of m and p is equal to 


Cov(m,p)=8(a/D-+-r)o%’, (8) 


where cz is the dispersion of the distances from the 
observer of those galaxies that are located within the 
given ring. The variance of m is 


Var (m)=o12+ (a/D+7)o2, (9) 
and the regression coefficient of p on m, say B, is 
B=Cov(m,p)/Var(m) 


ag+ra: (10) 


=6c: 
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where, for brevity, g=o;/D. lf 4 is the same for all rings 
then the over-all regression coefficient of p on m will 
have the same form (10) with the exception that now a: 
will denote the dispersion of the distance € from the 
observer not limited to galaxies in a single ring but 
referring to the whole system. If the value of @ varies 
from ring to ring, then the over-all covariance of m and 
p will be a weighted mean of covariances corresponding 
to particular rings with the variance (9) retaining its 
form provided that o: is treated as the over-all disper- 
sion of &. 

It follows that the remarks made above regarding 
the meaning of the average regression of p on & apply, 
with obvious modifications, to the average regression 
coefficient of p on m. If this average regression coefficient 
is not zero, then at least some rings must have 640. If 
this average coefficient is positive then among the rings 
of the system there prevails expansion, etc. 

With these remarks in mind, it is interesting to 
consider formula (10) on the tentative assumption that 
for all rings the instability factor 8 is the same, in which 
case (10) represents the over-all regression coefficient 
of p on m. 

It is seen that, if one treats o: as the ‘“‘typical” 
distance of a galaxy from the center of the system then 
the first factor 6c; represents the instability velocity of 
a galaxy at this typical distance from the center. For all 
systems likely to be studied at any time g=a;:/D is a 
small fraction diminishing with the distance D of the 
system. ro: is the dimming of light due to internal 
absorption over the typical distance within the system. 
We shall call this term “typical absorption”’ within the 
system. If one assumes that the diameter of a system is 
of the order of 7c; and if one accepts Zwicky’s estimate 
(1957) that the galaxies located behind a large cluster 
have their magnitudes dimmed by about 0.7 mag., then 
the typical absorption zo; must be of the order of 0.1 
mag. Naturally, ro; may well vary from one system to 
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TaBLe I, Values of the regression B of the radial velocity 
on apparent magnitude of cluster galaxies. 


Mean radial 


velocity \o| =H \0| =10H 
u km/sec 7T=0 7 =1077 7 =2 X107 7=0 i Oana — 2 x Oa 
1000 10.40 14.81 18.83 104.00 148.10 188.34 
5000 2.13 6.96 11.59 21.26 69.58 115.91 
10 000 1.06 5.92 10.61 10.64 59.21 106.08 
15 000 0.71 Se 10.28 7.09 55.74 102.78 
20 000 0.53 5.40 10.11 S552 53.99 101.12 


the next. The last quantity in (10) to be considered is 
om, the dispersion of the absolute magnitude of cluster 
galaxies. Our tentative estimate is ¢=1.25. It is based 
on the estimates of oy for particular types of field 
galaxies (Neyman and Scott 1959), all of the order of 
1.0 mag., and on the consideration that particular 
systems may well contain galaxies of several different 
types. It follows that the denominator in (10) is some- 
what larger than unity. With these estimates it is seen 
that the regression coefficient B must be of the order of 
the product of instability velocity at the typical distance 
from the center by a fraction depending upon the 
distance of the system and upon the typical absorption, 
perhaps of the order of 0.1. In the absence of absorption 
this fraction is ordinarily very small indeed. 

The natural standard of comparison for the value of 
the instability factor @ is the Hubble constant H. 
Tables I and II give, respectively, the values of B 
computed for several combinations of values of the 
intervening constants, and the standard errors of the 
estimate of B that one can compute from the observa- 
tions. Consider the case that @ and, therefore, B are not 
zero, so that the cluster is unstable. In order that this 
fact can be easily detected empirically, the value of B 
should be larger than the standard error of its estimate. 
While the paper of Lovasich, Mayall, Neyman, and 
Scott (1961) gives more details on this point, Tables I 
and II are indicitive. 

Table I is computed using formula (10) with the 
substitution of ¢:=7 10° parsecs, a value that fits 
Shane’s counts for the Coma cluster and for several 
other clusters. For small groups this value is likely to be 
too large, leading to an overestimate of B. The other 
adopted values of the intervening constants are 
om=1.25, and H=10~ km/sec/parsec. The values of + 
contemplated were suggested by the estimate of Zwicky. 


Taste II. Typical values of the standard error 
of the estimate of B. 


Number of 
observations 7 4 9 16 25 36 49 64 81 100 


Large clusters, 71 =600 km/sec 
S(m) =1.0 mag. 300 200 150 120 100 85 75 67 60 
S(m) =0.5 mag. 600 400 300 240 200 170 150 133 120 
Small groups, 71 =300 km/sec 


ag. TSO, 100" “W7S" 860) 50) 43370 SS) sOne 
ag. 300 200 150 120 100 85 75 67 60 
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Using observational data for a given cluster an esti- || 
mate B of the regression coefficient B may be computed. | 
The standard error of B computed using n pairs of | 
measurements (m:,p;), 7=1, 2, --:, m, 1s given by the |) 
formula, say 


Ol O71 


[S (m— me (mn 


Cy 


i 
where S(m) represents the sample dispersion of the \ 
apparent magnitude and o; the dispersion of the random |) 
component of the radial velocity of the cluster members. | 
In Table II we adopted typical but somewhat opti- 
mistic values for o1, namely 600 km/sec for large | 
clusters and 300 km/sec for groups. For nearby clusters 
the values of S(m) we encountered are of the order of 
unity. However, when’ the distance of a system of | 
galaxies is large, the radial velocities are easily measured | 
only for the brightest members and this selection | 
reduces the value of S(m) to about 0.5 mag. or less. | 
Comparing Tables I and II, it is seen that if the | 
systems studied are unstable but the rate @ of expansion 
or contraction is of the order of magnitude of the Hubble } 
constant, then, whether the system is a large cluster or 4} 


in quantities comparable to the estimate of Zwicky or | 
not, it is more or less hopeless to expect that the kine- | 
matic test will detect instability. Possibility of such — 
detection appears only if the instability factor @ is 
substantially larger than the Hubble constant. Thus, 
for |6|=10H with r=2X10~7 mag./parsec a nearby 
system may have B= 188 km/sec/mag. If this system 
is a large cluster, then with ~=25 observations, the 
standard error of the estimate of B is 120 km/sec/mag., | 
less than the value of B itself. If this system is a small’ | 
group, then the standard error is only 60 km/sec/mag. | 
and the chance of detecting instability is excellent. | 

The interesting detail of Tables I and II is that, with 
radial velocities of systems of galaxies exceeding 5000 | 
km/sec, the detection of instability when |@)=10H | 
using moderate numbers of observations remains hope- — 
less unless the systems contain invisible matter with | 
absorption coefficient + of the order of 210-7 mag./ 
parsec. Thus, if the observations yield an estimate of B_ 
that is significantly different from zero, this is evidence | 
both of instability and of the presence within the system 
of a substantial amount of absorbing matter. | 

All the above discussion applies strictly to the 
theoretical model of a system of galaxies, and it is — 
essential to be clear about the possible relation between 
the conclusions so reached and the frequency relations 
obtaining in real clusters and real groups of galaxies. 
Although the delimitation between large clusters and 
small groups cannot be made sharp, it appears appro- 
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priate to consider these two categories separately. 


For a big cluster, exemplified by Coma, it seems to 
us very intuitive that the idealization in terms of 
circular rings, each with an approximately uniform 
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| 
/density (strictly speaking, constant probability density) 
/ of galaxies is entirely realistic. Naturally, it is impossible 
to expect that to each galaxy at point P) in Fig. 1 there 
‘will correspond another galaxy exactly at point P, and 
‘that projections of the rotational velocities of the two 
on the appropriate lines of sight will balance exactly. 
|However, any such exactitude is not needed for the 
‘statistical test. The test will be valid if the galaxies that 
‘are actually observable have positions and velocities 
‘comparable to those in a random sample from the dis- 
‘tribution postulated in the model and, with a large 
‘membership of a system, this is very likely to be true. 

The situation is entirely different if the system con- 
sidered is very small. The extreme situation occurs when 
the system is composed of just three members G, Ge, G3 
as illustrated in Fig. 2. Here the three galaxies are 
supposed to be of the same mass, with G, being located 
at the center of gravity of G, and Gs, each having a 
circular orbit around G;. The system is kinematically 
stable at all times. However, the assumptions of a 
random structure are not satisfied and, while the whole 
system may be regarded as composed of a single “‘ring” 
considered above, the density of galaxies along this ring 
is far from uniform: There are only two such galaxies 
located at the two ends of a diameter. As a result, if the 
kinematic test is applied to any such system, its out- 
come will be misleading. If the three galaxies happen to 
be equally bright then the correlation between the 
radial velocity and the apparent magnitude will be 
perfect at all times. According to the time that the 
observations are made, the regression coefficient of p on 
m will be positive or will be negative. The result of the 
application of the test will be: with a negligible proba- 
bility of error one can assert that the true regression of 
p on m is positive (or negative). While this assertion will 
be correct, it would not be correct to replace it with an 
assertion of kinematic instability. 

The situation illustrated in Fig. 2 is extreme. How- 
ever, with obvious modifications, the reasoning applies 
to all small systems in which internal motion may be 
expected to follow a regular pattern. If any such system 
is treated individually, the regularity of internal 
motions may easily imply a nonzero correlation, 
occasionally positive and occasionally negative, be- 
tween the radial velocity and magnitude, without any 
connection with kinematic instability. In order to 
validate this connection, it is necessary to create the 
opportunity for the correlations due to the regularity 
of internal motions to average out. Although no definite 
evidence exists, it is usual to act on the assumption that 
the orientation of systems of galaxies is random so that, 
for example, triplets illustrated in Fig. 2 contemplated 
from a given point are in a clockwise motion as fre- 
quéntly as they are in the opposite motion. On this 
assumption, then, if one applies the kinematic test 
simultaneously to a reasonably large number of small 
systems of galaxies, the magnitude-redshift correlations 
due to the regularity of internal motions will have a 
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Fic. 2. Dependence on time of the magnitude-redshift relation 
in a small stable system. 


chance of averaging out and, if they do not, this would 
be evidence of, so to speak, collective instability of the 
systems considered. The number of systems necessary 
for an effective averaging out of correlations due to 
regularity of motions is difficult to determine. However, 
it is clear that the smaller the systems considered, the 
larger must be the number of such systems treated 
together. 


EMPIRICAL EVIDENCE 


The observational data used in the present paper is 
mostly that analyzed by Lovasich, Mayall, Neyman, 
and Scott (1961). It refers to all systems of galaxies for 
which it was possible to find in the literature the 
apparent magnitude and the redshift for at least three 
presumed members of the system. The principal source 
of data is the catalogues of Humason and of Mayall 
published in 1956. Additional radial velocities for 28 
presumed members of the Coma cluster are due to 
Mayall (1961), with the magnitudes measured by Kron, 
Mayall, and Walker. Some magnitudes were taken from 
the papers by Stebbins and Whitford (1952) and by 
Pettit (1954). The radial velocities for the cluster 
“Around NGC 6166” are due to Minkowski and the 
apparent magnitudes to Abell, both supplied in advance 
of publication. It is a pleasure to record here our in- 
debtedness. Also Dr. Abell was kind enough to supply 
us with unpublished apparent magnitudes for several 
objects in the Hercules and the Coma Borealis clusters 
and we are indebted to Mrs. E. M. Burbidge for her 
kind help in matching the apparent magnitudes with the 
radial velocities for several objects in the Hercules 
cluster. 

With one exception, the calculations for particular 
systems were based on all the objects that observational 
astronomers assigned to this system. The exception is 
the object NGC 4258 attributed to the Ursa Major 
Cloud by Humason, Mayall, and Sandage (1956). The 
reason for the exclusion of this object is that on the 
scatter diagram in Fig. 3 it corresponds to an outlier 
point far to the left of all the others which form a 
generally cohesive group. 

One other case of exclusion may be mentioned. This 
refers to the four galaxies NGC 4670, Anon 1, NGC 
4725, and NGC 4793 in the region of the Coma cluster. 
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Fic. 3. Distribution of radial velocity and apparent magnitude for several clusters and groups. 


They were observed by Mayall as presumed members 
of Coma. However, the subsequent analysis of the 
spectra suggested to Mayall that the four galaxies are 
subluminous foreground systems, not in the: Coma 
cluster. In the scatter diagram in Fig. 3 these four 
objects correspond to the four outlier points far removed 
from the other 46. 

Tables III and IV list separately the eight clusters 
and the 15 groups included in the calculations. In each 
table the successive columns give-the total number 7 of 
objects for which measurements are available, the mean 
radial velocity p. in km/sec, the mean apparent magni- 
tude, its sample dispersion and its sample covariance 


Tas te III. Basic statistics for the eight clusters studied. 


Pp. 

Cluster n km/sec m. S(m) S(m,p) S(p) 
Virgo 80 1197 11.4 1.00 92.4 641 
Perseus 4 5516 1322) 0.79 109.8 520 
Coma 46 6866 14.8 0.69 —102.1 932 
Around NGC 6166 19 9028 16.3 0.42 93.7 864 
Hercules 15 10776 1522 0.52 40.2 652. 
Pegasus II 3 12 821 15.0 0.40 103.0) 662 
Ursa Major I 3 15 334 16.1 0.52 —248.2 481 
Cor. Bor. 8 21 651 17.4 0.32 —84.2 1294 
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with p. In all cases the apparent magnitude was not 


| 
. 


corrected for redshift and the appropriate corrections _ 
were introduced in the calculations. The corrections — 


are based on the data published in Humason, Mayall, 


and Sandage (1956); they do not affect the figures in~ 


Tables III and IV materially. The last columns in the 
two tables give the sample dispersion of the radial 
velocity. 

The data in Tables III and IV exhibit two unsatis- 
factory features. One is that, as the distance of the 
systems considered grows, the value of S'(m) the sample 
dispersion of the apparent magnitude is markedly 
decreased. With reference to formula (11) giving the 
standard error of the estimate B of the regression co- 
efficient of p on.m, it is seen that, other things being 
equal, this parameter must increase with the distance. 
In fact (see Table III), a single observation for the 


Virgo cluster with S(m) about unity is worth three ~ 


observations for Coma Borealis, where S(m) is of the 
order of about 3. It seems very probable that the 
notable decrease of S(m) with the distance is the effect 
of the difficulty in measuring redshift for faint objects. 
The result is that for very distant systems only the very 


brightest objects are observed so that their apparent 
jmagnitude has about the same value. While this 
circumstance diminishes the power of the test for 
stability, it does not invalidate the test. 

| The second unsatisfactory feature, notable in Table 
TV, indicates a circumstance that may invalidate the 
kinematic test. This feature is a steady increase in S(p) 
"observable for increasing values of p., that is, for in- 
_ creasing distance of the systems. 

_ Various remarks in the writings of observational 
i astronomers indicate that, frequently, when a presumed 
) member of a system has radial velocity very different 
from that of the remaining presumed members of the 
system, a decision is made that the particular object 
_ does not belong to the system. In other words, the usual 
method of assigning membership to a cluster or group 
‘involves selection for similarity in redshift. This selec- 
tion may or may not be satisfactory. In particular, if 
pushed too far, it will distort the conditional distribu- 
tion of redshift, given the apparent magnitude of the 


TaBLe IV. Basic statistics for 15 groups of galaxies. 


p, 

Group nm km/sec m, S(m) S(m,p) S(p) 
“*M81 a 2a ORO! wa1239 —14.0 132 
| *M101 6 A OyemaLO)o me pnyle 59 —29.5 102 
*G 1023 5 SiS: 10e5=, 0787 Sill Py 
*Leo Group 18 788 11.1 0.98 36.9 264 

' Ursa Maj. Cl.” ZOwew 208 1125) 10.56 81.1 403 
*G 3190 Cm222) 1222. 0858 —40.8 70 
G 1068 Seeeto0s. 10.8 1:05 472.1 453 
Fornax CMOS L120 0L10 —20.2 299 
G 5846 See s0s, 1252 0.87 69.2 384 
G 7619 6 3836 13.3 0.98 102.8 285 
G 6928 Smeo45) lo 8) 1.02, —153.7 308 
G 507 6) 4005 13°51 0.74 —265.7 416 
G 383 8 5264 14.4 0.90 Ser ©) vie) 
Stephan’s Q. 4 6735 14.2 0.68 =50.3 470 

G 68 Sovss = 14.9 0.66 117.5 458 


cluster members, and this would invalidate the conclu- 
sions drawn from the application of the kinematic test. 

The figures given in the last column of Table IV show 
a systematic increase over the top few entries and sug- 
gest to us that, probably, the assignment of membership 
to the nearby groups was accomplished under selection 
for similarity in redshift that was much stronger than 
for the more distant groups. Whether the assignment 
of members fo the other groups left the distribution of p 
unaffected is, of course, uncertain. However, in view of 
the evidence in Table IV, it seemed advisable to perform 
the test for the groups of galaxies twice, once using all 
the material available and then for only those groups 
in which the values of S(p) do not suggest excessive 
selection for similarity of redshift. Generally, the groups 
to be eliminated from this study are the four nearer 
groups, with redshift between 170 and 790 km/sec. 
‘However, G 3190, with mean redshift 1222 km/sec, is 
also suspect because of the yery tiny dispersion of 
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TABLE V. Results for. the eight clusters studied. 

Pp. = Standard a 

Cluster n km/sec B error of B P{T} 0 
Virgo G0: pddor = pense 76 0.24 16 H 
Virgo: Spirals 19 1306 —2 210 0.94 —3 H 
Virgo: Ellipticals 34 1016 81 108 0.45 12H 
Perseus 4 5516 178 580 OLT7 145 H 
Coma 6 6866 Aly 199 0.24 —250: 
Around NGC 6166 19 9028 539 446 0.29 661 
Hercules 15 10776 147 404 0.76 204 H 
Pegasus II 3 12821 —644 1394 0.78 —448 H 
Ursa Major I iS) 15334 —919 1073 0.39 —2122 7 
Corona Borealis 8 21651 —809 924 0.26 —3398 H 
All clusters 178 21 139 0.39 14H 


S(p)=70 km/sec. Finally, then, the alternative calcu- 
lations were performed for 10 groups other than the five 
mentioned. In Table IV the excluded groups are marked 
with asterisks. 


RESULTS 


The numerical results obtained are summarized in 
Table V, referring to clusters and in Table VI referring 
to groups of galaxies. The latter table gives the details 
only for the 10 groups not apparently affected by selec- 
tion for similarity of redshift. As to the remaining five 
groups marked with asterisks in Table IV, it should 
suffice to say that the calculations based on the totality 
of data, including the five starred groups, gave no 
indication of instability: the probability of error in 
asserting instability has the upper bound 0.77. 

The particular entries in the two tables are: the 
number 2 of observations, the mean radial velocity in 
km/sec, the estimate B of the regression coefficient of 
the radial velocity of the apparent magnitude, the 
estimate of the standard error of B, the “‘significance 
probability” P, and a very tentative estimate 6 of the 
instability factor 6. It must be explained that for the 
individual clusters for which a substantial number of 
observations is available, that is, for Virgo and for 
Coma, the estimate of the standard error of B was 
computed individually, using the data for the particular 
cluster in order to estimate the dispersion o;. On the 
other hand, for all other systems in each table the 
standard error of B was estimated using all the data in 
the table on the (not very reliable) assumption that in 
all the systems involved the random velocity component 


TasLe VI. Results for 10 of the groups studied. 


p. ss Standard . 

Group n km /sec B errorof B P{T} 7] 
Ursa Major Cloud 26 1208 259 144 0.09 47 H 
G 1068 3 1604 432 273 O12 106 H 
Fornax 3 1631 —2020 2853 0.47 —505 H 
G 5846 8 1808 91 175 0.62 24H 
G 7619 6 3836 107 184 0.57 62 H 
G 6928 3 4643 =—147 279 0.60 —105 H 
G 507 3 4665 —489 387 0.21 —346 H 
G 383 8 5264 413 169 0.02 331 H 
Stephan’s Quintet 4 6735 —107 340 0.74 —117H 
G 68 5 6785 269 305 0.39 273 H 
All 10 groups 69 162 38 0.02 51 H 
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Fic. 4. Scatter diagram of radial velocity and apparent magni- 
tude for the ten groups studied. Dots: Individual deviations from 
mean for group; circles: normal points. 


of the radial velocity has the same dispersion o;. The 
significance probability means the upper bound of the 
probability of error in asserting kinematic instability. 

The estimates 6 of the instability factor are those 
given in Lovasich, Mayall, Neyman, and Scott (1961). 
While giving them here, we view them with a certain 
amount of skepticism for the reason that, contrary to 
the regression estimates B, they depend not only on the 
immediately available data, that is, on apparent 
magnitudes and radial velocities of particular galaxies, 
but also on presumed values of certain other parameters 
not estimated from the same data. These parameters 
are ¢:=6.8X10°, oy=1.25, and 7=0. 

Inspection of Table V shows that, with a risk of error 
with probability possibly equal to one in four, we may 
assert instability of the Virgo cluster as a whole and of 
the Coma cluster as represented by 46 objects. In the 
first case the indicated instability is expansion. In the 
second case the regression coefficient B is negative and 
indicates contraction. This latter finding is interesting 
because it is consistent with the: theoretical deductions 
of van Albada as reported in another paper in this 
volume. 

Following the suggestion of de Vaucouleurs. (1961) 
that what is commonly called the Virgo cluster is, in 
reality, a combination of two clusters, one composed of 
spiral and the other of elliptical galaxies, the analysis 
was repeated for these two groups of galaxies separately. 
It was found that the group of 19 spirals (as identified 
by de Vaucouleurs) does not show any indication of 
instability. On the other hand, for the ellipticals the 
indications of expansion persists. 

The joint treatment of all the clusters shows no 
indication of instability. 

As to the results relating to groups of galaxies, only 
the figures relating to the totality of 10 groups are 
relevant for judging stability. It is interesting that in 
this case the probability of error in asserting instability 
is really small, not more than 0.02. The kind of in- 
stability indicated is expansion. As mentioned, because 
of the considerable uncertainty regarding the constants 
needed to estimate 6, we do not consider the estimate 
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Fic. 5. Scatter diagram and identification of the four ‘4 
available galaxies in Stephan’s Quintet. | 


given as fensewor thy. However, its value of 514 Ht 
km/sec/megaparsec (which is 5140 if H=100) is a rate 
very considerably faster than that of the general 
expansion of the universe. 

While the over-all regression coefficient for the 10) 
groups and the significance probability of 0.02 sum- 
marize the information provided by the data, it is | 
interesting to examine them optically. Figure 4 gives | 
the combined scatter diagram of points representing the | 
69 members of the 10 groups studied. In order to elim- | 
inate the effect of increasing distance of the groups on | 
both the apparent magnitude and the radial velocity, 
Fig. 4 reflects the deviations of these quantities from | 
their respective means computed separately for each | 
of the systems studied. The seven eueks connected with | 
a polygon represent ‘‘normal points.” Ht 

While the positive correlation between the deviations 
of p and m from their means appears obvious, the 
question arises as to whether it really means kinematic | 
instability of the systems of galaxies studied. In other 
words, the question is whether there is any alternative 
phenomenon that could have caused the exhibited 
correlation, other than the suspected expansion. Un- 
doubtedly, such factors exist. The worst suspect is the 
possible inclusion in each, or in most, of the systems 
studied of some foreground and/or some background 
objects. However, in order that this factor work, it is 
necessary that the number of mistakenly attributed 
objects be substantial. Another possibility is that the 
measurements of the radial velocity and of apparent 
magnitude are affected by some unsuspected correlated 
errors. Still another possibility is that the AK corrections 
evaluated by Sandage and introduced in the calcula- 
tions are insufficient, whereby the galaxies with rela- 
tively large radial velocities appear fainter than they 
should. Again, a rather large change would be required. 

If the possibility of these and of similar other factors 
is not admitted, then there remains expansion of the 
systems. As evidenced by the data in Tables I and II, 
in order that the expansion be noticeable with the avail- 
able volume of observational material, this expansion 
must be rapid, at least-of the order of 10 times the 
general expansion of the universe and, most probably, 
accompanied by a substantial amount of internal 
absorption. 


Before concluding we wish to present a separate 
scatter diagram of magnitude and redshift for Stephan’s 
Quintet, which has been the subject of recent studies by 
‘Ambartsumian (1957), the Burbidges (1961), and by 
Limber and Mathews (1960). There are only four 
‘objects available to us and they are identified in Fig. 5. 
‘It will be seen that, although strongly suspected of 
expansion on dynamical grounds, the kinematical 
aspect of the situation is far from indicating instability. 
With rare exceptions, the scatter diagrams drawn. for 
other small systems have an appearance similar to that 
for Stephan’s Quintet. The distinct impression of posi- 
tive correlation emerges only if a number of such 
diagrams are superimposed so that their centers of 
gravity coincide. This is just what is represented in 
Fig. 4. 
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DISCUSSION 
PaGE asked whether the elimination of outliers— 
supposed projected foreground or background objects 
recognized by discordant velocities—would not in itself 
introduce unwanted selection effects. NEyMAN advised 


VEG aNa TUDE RED SEE? 


REAL LOW 589 
that the investigator try calculations with and without 
outliers, then make up his mind ‘“‘which he likes best,” 
while retaining both. 

HOLMBERG, referring to his later paper below, in- 
terpreted the correlation between radial velocities of 
galaxies in clusters and their ‘nuclear magnitude” as 
evidence of systematic errors in the measurement of 
radial velocity rather than as a result of expansion of 
the clusters. 

Dr VAUCOULEURS estimated that 0"7 intergalactic 
absorption in the Coma cluster would indicate inter- 
galactic material of total mass approximately 1% of the 
cluster’s mass (derived from the virial theorem), if the 
absorbing material is of the same composition as inter- 
stellar material in our galaxy (see Astrophys. J. 131, 
1960, 589). 

In answer to G. BurBIDGE, NEYMAN defended the 
application of a statistical test for expansion to small 
groups of only a few galaxies each. He argued that a 
systematic expansion would be detected from observa- 
tions of a large number of such small groups. However, 
Pace pointed out that the power of the test is reduced 
by the variability in absolute magnitude. Scort inserted 
that all such variability is taken into account in the 
power computations, and that the power can be >0.9 
with 10 groups and 6210H. Dr VAUCOULEURS ques- 
tioned the effect of rotation of clusters on the results of 
the test. In answer, NEYMAN stated that rotation would 
not affect the test—and could not be detected by it. 
Likewise, the exchange of galaxies between cluster and 
field, as proposed by Lemaitre in a later paper below, 
would not be detected. 

McCrea asked what the test would show if clusters 
were fortuitous and all galaxies took part in the general 
expansion of the universe. NEyMAN answered that if 
there were no intergalactic absorption then 6 would be 
equal to the Hubble constant, 10~ in his units, which 
is much smaller than values observed. 
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I. INTRODUCTION 


THEORETICAL study relating to the formation 
and evolution of clusters of galaxies has been 
published last year (Van Albada 1960). As a continu- 
ation of this investigation, a series of numerical inte- 
grations has been made at the Mathematical Center at 
Amsterdam. Before entering into a discussion of these 
integrations and of the results obtained by them, we 
will dwell for a moment on the theoretical foundations. 
In paper I we considered the formation and evolution 
of clusters of galaxies under the influence of their own 
gravitational field. The starting point was an approxi- 
mately homogeneous field of galaxies, embedded in an 
expanding universe. If the velocity dispersion of the 
galaxies is equal to o and if the mean density of the 
universe is p, then instabilities may develop in regions 
whose characteristic dimensions are of the order 


r=~a/(Gp)}. (1) 


If R is the radius of the expanding universe, -p is 
proportional to R™* while o varies as R+. It follows 
that r/R is proportional to R-?; ie., the instability 
progresses in the direction of regions of smaller relative 
dimensions. 

In the early evolutionary stages of the universe, only 
regions of very large relative dimensions could have 
been unstable. The actual development of the insta- 
bilities may have been prevented by radiation pressure. 
Only after the universe had expanded to a density of 
the order 10- or 10-** g/cm* could radiation escape 
from the potentially unstable regions and could the 
instability develop. It must be assumed that. at this 
critical epoch the galaxies existed already, possibly only 
as eddies in a gaseous medium. 

In the computation of the further development of the 
instabilities, the system of galaxies has been treated as 
a kind of “gas” with the individual galaxies as the con- 
stituent “‘particles.”” We may express this idea by 
saying that, instead of following the individual galaxies 
along their entire orbits, we fix our attention on a 
given macroscopic mass element and consider only 
those galaxies which, at any given instant, are within 
this element. This may be achieved if we start out with 
an arbitrary galaxy and “jump over’ every time when 
we come close to another galaxy. Thus we are thrown 
back and forth by a series of “quasi collisions.” The 
most important difference with an actual gas is that, 
in these quasi collisions, the velocities of the two par- 
ticles are simply interchanged and not otherwise altered. 

It should be noted in this connection that the effects 
of actual collisions and close encounters have been 
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neglected. There are reasons to expect that these effects | 
are of relatively little importance. The main reason for | 
this is that the time of relaxation of the system is much 
longer than the time of free pulsation. 

The mechanism of the evolution of the “quasi gas” } 
may now be pictured as follows. Local expansions or | 


velocity dispersion. Thus a compression by a factor 2 | 
in the « direction, accompanied by an expansion by a 
factor 3 in the direction of y leads to a doubling of o,, 
while a, is reduced by a factor 3. Anisotropic expansions } 
or contractions thus lead to an anisotropic pressure | 
tensor which, in its turn, influences the mass motion. | 
Pressure gradients will be built up by nonuniform | 
expansions and contractions, but the mixing of galaxies | 
from different regions will tend to reduce these gradients | 
and the anisotropy of the pressure tensor. This mixing | 
process may be compared to the thermal flow im an 
actual gas. It is possible to take this phenomenon into 4} 
account, but the resulting equations are very involved. | 
A general treatment would lead to a system of partial | 
differential equations of order 10. If spherical symmetry 
is assumed, the order of the system reduces to six. In 
the numerical computations which have been made up. 
to now, we have assumed spherical symmetry and 
neglected the “thermal flow.” These are two serious | 
limitations which should be kept in mind. ae | 
With these assumptions, the problem becomes rela- 
tively simple. We have to consider radial and tangential 
motions. The mass motions are only in the radial direc- 
tion. If a mass element whose initial distance from the 
center of the configuration is equal to ro is displaced - 
to r, the compression is 07/079 in the radial and r/ro 
in the tangential direction. Thus for the velocity dis- — 
| 


| 
\ 
| 


| 


{ 
| 


persions in these two directions we find 


Traa/O0= (dr/ dro) and Stan/Fo= (7/7). (2) _ 
Here, as elsewhere, subscript 0 refers to the initial stage. 

If the radial and tangential components of the — 
pressure are denoted by P and Q, we find from Eqs. (2) | 


and the equation of continuity 


P/Po= (0/p0)*(6/p0)*, - Q/Po= (p/p0)(p/po)’. (3) 
Here # is the average density inside the sphere of radius _ 
fe 

From Eqs. (2) and (3) we see that in the outer — 
regions of a cluster, where p< , the radial component 
of the pressure is smaller than the tangential com- 
ponent; i.e., the peculiar motions are mainly in the — 
tangential direction. 


ee 
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The mass motion is described by the equation 


dV Gm 10P Q-—P 
7. 2 (a 
dt r p or pr 


where m is the total mass inside sphere r. 


Expressing the pressure and the density by the 


} quantities 7/79 and dr/dro, we finally obtain 


Gmmecine 2) /0r\ 2 /r\* 
me). *.)}° 
Ore Oro ro \Oro To \f) 

This equation has essentially the form of a wave 
equation. The velocity of propagation of a “sound 


wave” is equal to oraaV3. 


By studying this equation we hope to be able to 
describe the development of an initial small pertur- 
bation of the homogeneous field into a real cluster of 
galaxies. 


Il. TRANSFORMATION AND INTEGRATION OF 
THE WAVE EQUATION 


As in paper I, we introduce dimensionless variables 
x, u, and & defined by 


r= (R/Ro)dy, (6) 
= (1/c)(dR/dt). (7) 


Here ) is an adjustable parameter with the dimension 
of length. By changing its value, we change the linear 
scale of the disturbance. Ro is the radius of the universe 
at some arbitrarily chosen epoch, and ¢ is the velocity 
of light. The quantity & replaces the time coordinate, 
but it should be noted that € decreases with time. The 
quantity y measures distance relative to the radius of 
the expanding universe... 

With these new variables, Eq. 6) takes the form 
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where dots and primes denote derivatives with respect 
to ~ and to «, respectively. 

The parameter ¢ refers to the model of the universe. 
Its values for a spherical, a Euclidean and a hyperbolic 
universe are —1, 0, and +1, respectively. 

The quantity bi is a dimensionless constant, which is 
inversely proportional to \ and thus depends on the 
size of the perturbed region. The product k?(@—e) is 
inversely proportional to R. When this quantity de- 
creases below 6, the region characterized by the param- 
eter k becomes gravitationally unstable. 

If « differs from zero, Eq. (8) cannot be integrated 
unless the quantity & is specified first. For a Euclidean 


ro= Ax, 
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universe, however, where e=0, the quantities k and & 
occur only in the form of the product ké. As a matter 
of fact, the separate quantities k and £ have no meaning 
for a Euclidean universe. The product, however, or 
better k&/6?, indicates the inverse size of the region 
under consideration as compared to the radius of 
instability at the same epoch. 

For e0, a particular integration of Eq. (8) can be 
used only to describe the subsequent stages of develop- 
ment in one particular region. If e=0, however, the 
same integration may also be used to describe the 
state of regions of various sizes at the same epoch. 
Hence these integrations have a very wide field of 
application. For this reason, we have devoted consider- 
able attention to the special case of a Euclidean universe. 

To start the integration of Eq. (8), we must specify 
the initial conditions. For this purpose, we have made 
use of the solution of the linearized equation studied in 
paper I. We thus write 


y=a—ax-*J; (x), 
(initial conditions) 


1 dy 
= = Dra): 
k 0& 


(8) 


We started the integrations somewhat beyond the 
limit of stability, at kE=1. It was assumed that at the 
corresponding epoch the amplitude of the disturbance 
was still small. 

The most extensive integrations were made with 
a=1.00, b=1.62. These values correspond to an initial 
disturbance of the average density in the region of 
about 7% (cf. I, p. 193/194). We have also made some 
computations with a four times smaller perturbation. 

The displacement y—x as given by Eq. (8) 
passes through zero near «=4.49 and reaches maximum 
values near «= 2.08 and «=5.94. These points remain 
remarkably stationary when the integration is carried 
on beyond the linear approximation. Physically, this 
means that a cluster collects its material exclusively 
from the region with «<4.5 and mainly from the region 
with «<2.1. It is clear that the regions beyond «=4.5 
have practically no influence on the development of 
the cluster. 

The integrations have been performed with a rect- 
angular net. In view of what has been said above, it 
seemed possible to use a fixed array for «. The end point 
of the array was chosen at «=6.0, because small uncer- 
tainties in the estimates of y’ and y”’, which have to be 
made at this point, introduce very little error into the 
solution. It has been verified that the error which is 
introduced in this way is insignificant. 

The main series of integrations has been made with 
a step in x equal to 0.1. The step in € is limited by two 
considerations. One restriction follows from the con- 
dition of numerical stability of the solution. Physically, 
this condition may be expressed by the requirement 
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time step sufficiently small so that the change in the 
relative positions of the net points remains under 
control. In certain parts of the integration this condition 
may be more severe than the condition of numerical . 
stability. 

The integrations were made on the X1 of the Mathe- 
matical Center at Amsterdam. The program was |” 
written in ALGOL, which was translated by the | 
machine in its own code. 


Ili. RESULTS OF THE INTEGRATIONS: GENERAL 
TRENDS OF DEVELOPMENT 


The main series of integrations, for a Euclidean uni- i 
verse and with initial conditions specified by a=1.00, |, 


a 
0.2 


—y 


Fic. 1. Density distributions, models 48 and 288. 


that a “sound wave” is not permitted to travel from 
one net point to the next in one time step. 

Since the ‘“‘velocity of sound” is inversely proportional 
to dr/dro and the distance between adjacent net points 
is directly proportional to the same quantity, the 
maximum possible step in R€ is directly proportional to 
(dr/ dro)’. Compression factors of the order of 100 occur 
in our models, as should be the case if these models are 
to represent clusters like Coma, with a central density 
of the order 10° times the mean density of the universe. 
This means, however, that the maximum possible step 
in ké becomes of the order of 10~4 times the step in x. 
Considering that the range in ké to be covered is of 
the order unity, it is understandable that only a fraction 
of the evolutionary history of dense clusters could be 
covered by the integrations. 

One might try to overcome this difficulty by inter- 
changing the roles of « and y in Eq. (8), 1.e., by using 
the transformed equation where « is the dependent and 
y the independent variable. This means that, instead 
of using comoving coordinates, we use a coordinate 
system fixed in space (i.e., only expanding with the 
universe). Because the distance between adjacent net 
points is then fixed, the permissible step in Ré& will be 
proportional to dr/dro only. 

The difficulty with this procedure is that the trans- 
formed differential equation is elliptic in those regions 
of space where the mass motions are “supersonic.”’ We 
will see later that this happens in the extensive outer 
regions of the cluster, which may be described as the 
“corona.” In these regions, no numerically stable solu- 
tion of the transformed equation can be obtained. With 
the original equation (7) no such difficulties occur. 

Even if the condition for numerical stability is 
satisfied, we still have to put additional restrictions on 
the step in RE when adjacent net points come very close 
and when their velocities and accelerations are large. 
If this additional restriction is neglected, we may even 
get crossovers of the net points. We have to choose the 


b=1.62 could be carried on for the range RE=1.00--- 
0.5278. These figures may be transformed to a time 
scale by observing that the ‘“‘absolute” time ¢ is pro- 
portional to €~*. The absolute length of the time interval 
and the dimensions of the configuration will be discussed 
later (Sec. VI). 

The first part of the computation, when the com- | 
pression is still moderate, progresses rapidly. The } 
models with kE>0.55 are characterized by a very regular 
structure, similar to the structure already described in 
paper I. In these models, the density over the greater 
part of the configuration decreases as a moderate 
negative power of 7, so that a plot of logp vs logr shows 
only a slight curvature. iy 

For smaller values of ké, i.e., for relatively later 
epochs, the cluster develops a different structure with 
a clear division between a “nucleus” and a “corona.” 
The corona maintains the regular structure described 
above, but the nucleus exhibits large internal fluctu- 
ations in density, whereas its over-all structure is nearly: | 
homogeneous. The nucleus stands out sharply against 
the corona: An almost sudden drop in density by a 
factor 10 or so is not unusual. Figure 1 shows the. 
density distributions in models 48 and 288, respectively, ° 
as typical examples of the two different structures. 


The reasons for the development of this composite a 


structure can be understood as follows. While, under 
the influence of the gravitational attraction of the 
cluster, matter is streaming inwards, the pressure in 
the central regions of the cluster gradually increases 
until it balances or even overshoots the gravitational 
force. The cluster may thus be expected to oscillate 
more or less wildly around an equilibrium structure. 

A first understanding of the evolution of the cluster 
may thus be reached by studying possible equilibrium 
structures. For this purpose, we return to Eqs. (3) 
and (4). , 

We readily see that an equilibrium structure of finite 
mass and dimensions and with zero density at the 
surface should be possible. At the boundary of such a 
structure we would have P/p=0 and dP/pdr=0, as 


- follows from the first equation (3). On the other hand, 


Q/p would be finite. If then we assume that the left-hand 
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side of Eq. (4) vanishes, we obtain 


oC 
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|It should be noted that the value of the ratio Po/po°/* 
| which occurs in this expression does not depend on the 
epoch to which it is referred, because in isotropic 
adiabatic expansion P varies as p*’. 
Combining this equation with the obvious relation 
| m= (41/3) pr?, we find that, given Po/po**, the radius 
y and the mean density # are completely determined by 
m. In particular, we find that mr’=const; hence the 


/ mean density of such an equilibrium structure is pro- 
portional to the square of its mass. 
We may look at this result from a different angle. 
When a cluster collects its material from distant regions, 
| we have to take into account that the average angular 
momentum of the incoming galaxies with respect to 
the center of the cluster is proportional to their initial 
distance from the center, say, ro. At the same time, 
the total mass of the cluster will be proportional to the 
volume from which it has collected its material, 1e., 
to ro’. We may now ask under what conditions the 
angular momentum of galaxies coming from a distance 
_ ro will be so large that they will move in free orbits along 
the boundary of a cluster which collected its material 
from the sphere 7». We then find proportionality between 
m/r and r?/r, or between ro and 1/7, where x is the 
radius to which the cluster contracts. This is the same 
relation which we found above. 
Introducing our dimensionless variables, Eq. (9) may 
be reduced to the form 
ay= 3k (f—). (10) 

Considering that the model for which the integration 
has been made develops its nucleus for kE~0.5, we find 
xy~0.08. At the time when the nucleus developed, its 
boundary was at x=1.2 approximately. From this we 
find y=0.07, corresponding to a compression by a 
factor 17 or an average density of 5000 for the nucleus. 
This is a good approximation of the value which was 
found in the actual integration. It should be noted 
that all densities are expressed in the average density 
of the universe at the same epoch. 

It should now be mentioned that a true equilibrium 
structure never develops. At the very best, the accel- 
eration dV /dt will be zero, but then the contraction of 
the nucleus continues. Then, in a second approximation, 
we may describe the evolution of the nucleus as a series 
of subsequent equilibrium structures. Because of the 
contraction of the nucleus, the boundary value of y 
decreases, and then Eq. (10) shows that the boundary 
value of x increases. Expressed otherwise, accretion 
occurs at the boundary of the nucleus. This conclusion 
is confirmed (better, was first obtained) by the numeri- 
cal integrations. 
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The above considerations suggest an interesting 
conclusion. Let us consider two series of integrations, 
differing only on account of the initial conditions. We 
assume that the amplitude of the original perturbation 
was much smaller in series B than in A. Then the 
development of the nucleus will occur at a smaller 
value of ké in series B than in A. 

We now compare phases for which the accretion of 
the nucleus in the two series of models has proceeded 
to the same fraction of the available mass, i.e., to the 
same value of «. Then Eq. (10) shows that the boundary 
of the nucleus occurs at a smaller value of y in series B 
than in series A. This evidently means that the nucleus 
in series B is more compressed. 

Hence we arrive at the seemingly paradoxical con- 
clusion that a small amplitude of the original per- 
turbation favors a strong development of the cluster. 

If we look at this result. from a different angle, it 
looses its paradoxical tinge. The development of cluster 
B is slower than that of A and hence the expansion of 
the universe will proceed farther during the development 
of B than during the growth of A. Since the compression 
y/x determines the relative density with respect to the 
universe as a whole, the stronger development of cluster 
B has to be understood in a relative sense only. Indeed, 
Eq. (9) shows that equilibrium nuclei with the same 
mass will also have the same absolute density. 

The consideration of relative densities is, of course, 
meaningful. We would not consider Coma as a cluster 
if the same high space density of galaxies would prevail 
throughout the universe. Moreover, the above con- 
siderations are also of importance in a comparison of 
two clusters of different masses at the same epoch. 

The perturbations 4 and B which we considered need 
not have the same scale. It would be natural to suppose 
that a perturbation in a region of large relative dimen- 
sions would have a small amplitude. This would be in 
conformity with the idea that the original perturbations 
are to be interpreted as statistical fluctuations in the 
number of galaxies. If it is assumed that perturbation 
B has a large-scale parameter, i.e., a small value of k, 
the simultaneous state of A and B will be described by 
a larger value of k€ for A than for B. Then our previous 
statements apply to this case. 

It is interesting to note that there is no well-defined 
lower limit for the amplitude of the original perturba- 
tion which may give rise to the growth of a cluster. In 
practice there are two limiting factors: first of all the 
competition with clusters growing in neighboring regions 
and second the limitation imposed by the available 
time. 

In order to test the above reasoning, a numerical 
integration has been made for an initial perturbation 
which was about four times smaller than was assumed 
in the main series. It was found that the development 
of the nucleus began at a value of kE which was twice 
as small as in the main series. But the value of x at the 
boundary of the nucleus was also twice as small. As 
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a result, y was also twice as small, and the compression 
y/«x had approximately the same value. 

The reason for this result may be understood as 
follows. The nucleus of the cluster makes its first ap- 
pearance when the density of the equilibrium config- 
uration is about equal to the central density of the 
preceding model. We have seen that these preceding 
models are characterized by a very regular structure in 
which p varies as a moderate negative power of r. These 
models do not strongly depend on the initial conditions, 
except for the time which they take for their develop- 
ment. Their densities at their most advanced stages, 
where these types of models cease to be applicable, 
differ only by moderate factors. Hence the first ap- 
pearance of the nucleus occurs at an approximately 
fixed value of the relative density, i.e., of y/x. 

For this reason, our previous statement must be 
amended slightly. We consider clusters with different 
total masses. The first development of the nucleus 
will occur at approximately the same relative density 
in all clusters. The mass ratio nucleus/corona at this 
stage will depend on the total mass of the cluster. If 
now we consider different clusters at one particular 
epoch only, we may say that if we find two clusters of 
different total masses in which the nuclei are just 
beginning to develop, then the two nuclei will prac- 
tically have the same mass and density and the dif- 
ference in mass between the two clusters will be due 
entirely to the corona. We may also see, however, other 
clusters in more advanced stages of evolution, and then 
we see that the mass and density of the nucleus is 
larger, its density being proportional to the square of 
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its mass. Our integrations have not proceeded fa 
enough to see what happens when the entire corona has 
been consumed, but we may expect that in this cas¢ 
also the cluster of larger mass will have the higher 
density. 

We now comment on the nearly homogeneous sini 
ture of the nucleus. In the nucleus we expect an | 
SRD balance between gravitation and presse 


tributions in Eq. (4): the gradient of the radial pressure 
and the term due to the anisotropy. Since the tangential j/ 
pressure is larger than the radial pressure, the aniso- 
tropic term already compensates part of the gravita- | 
tional force. Therefore. the gradient in the radial 
pressure need not be very large. Furthermore, Eq. (3) 
shows that the radial pressure depends very strongly 
on the density. Hence the density gradient can ie 
very small. 
Equation (4) may also be written in the form 


2 ~ (" - ¢ +2). amy | 


f 


dV P op 


dl r p” Or 


This equation shows that, apart from the term con- | 
tributed by the density gradient, there is always an { 4 
outward pressure, unless p and p happen to be exactly | 
equal. The term with the pressure gradient, moreover, { 
is provided with a factor 3, as if this were the ratio of } 
specific heats. Disregarding the last term in (11), the | | 
equilibrium structure would be a polytrope n=4; the ; | 
actual configurations should be still closer to homo- | 
geneity. 

We conclude this section with a remark about | 
influence which our various approximations may have 
had on these results. The most dangerous approxima- é 
tion is probably the neglect of the ‘thermal flow.” The 

“thermal flow” would tend to reduce the pressure 
gradient and thus have two effects: The cluster would. 
tend to contract to higher densities and the nucleus © 
would not quite so closely approach homogeneity. 
Only detailed calculations could show just how large 
these differences would be. ad 


IV. PULSATIONS AND WAVE PHENOMENA / 


In the preceding section we described the develop- 
ment of the nucleus of the cluster as a series of sub- 
sequent equilibrium structures. The actual computa- 
tions show, however, that such an equilibrium configura- 
tion can only be considered as a kind of average 
condition. 

In Fig. 2 we show a series of curves giving y as a 
function of k& for various values of x. Only the part of — 
the integration for kE <0.54 is shown, because this is 
the region where the interesting phenomena occur. 

At the left-hand side of the figure most of the lines 
x=const have a regular downward slope. The spacings 
between subsequent lines «=0.0 to «=1.2 increase 
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Fic. 3. y as a function of Ré. x is steps of 0.2. 


only very gradually, but for larger values of « the 
spacing rapidly increases. This phenomenon indicates 


_ that the nucleus of the cluster is already well developed. 


Its boundary is near «= 1.2. 

Near the center of the configuration, the line x=0.1 
and, to a lesser degree, also ~=0.2, shows waves. Here 
we observe the expected oscillation about the equi- 
librium configuration. 

In order to see how the finite step used in the inte- 
gration influence the results, we also have made inte- 
grations with steps in x equal to 0.2 and to 0.05. The 
integration with the coarse step showed very little of 
the pulsation. With step 0.05, the pulsation started 
earlier and extended farther into the nucleus. It thus 
seems that the use of a finite step width has reduced 
the importance of the pulsation. 

Nevertheless, it is not quite clear what significance 
should be attached to this phenomenon. First of all, 
the number of galaxies inside x=0.1 is very small, so 


-small mdeed, that it is very doubtful whether we can 


attach any real significance to the behavior of this 
point. In the second place, the assumption of spherical 
symmetry may have had considerable influence on this 
result. If spherical symmetry is assumed, it is evident 
that waves moving away from the center disperse 
rapidly, and hence possible pulsations must be limited 
to the very center of the configuration. If there is no 
perfect’ spherical symmetry, there is no reason why 
density fluctuations should not occur at other points 
as well. Perhaps all that can be concluded from this 
phenomenon of pulsation is that the structure of the 
nucleus may not be entirely smooth, but that local 
congestions may occur. This may have a bearing on the 
formation of subgroups inside’ the cluster. For the 
moment, however, we cannot consider this more than 
a suggestion. 

At the right-hand side of the figure we see how the 
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galaxies which come in from the corona produce strong 
waves when they enter the nucleus. These waves proceed 
towards the center of the configuration and become 
stronger in the same proportion as the wave front con- 
tracts. Arriving at the center, they induce an exceed- 
ingly strong compression. After this the wave moves 
out again and then becomes gradually weaker. The 
figure shows, however, the production of secondary 
waves, which collide with the primary waves: The 
pattern of motions becomes exceedingly complicated. 
We may add that the details are meaningless: The finite 
step simulates galaxies from the corona coming in 
bunches instead of in a gradual stream. A comparison 
with Fig. 3, where a step 0.2 in x has been used, shows 
an entirely different pattern in detail. The integration 
with Ax=0.05 and with correspondingly smaller steps 
in time is in progress but it proceeds slowly and has not 
been continued far enough to reach the stage where the 
waves from the corona appear. Level and slope of the 
curves for Ax=0.2 do not agree with those for Av=0.1. 
The agreement between the series Ax=0.1 and Av=0.05 
is much better in this respect. 

As it stands, we can only say that we have here an 
additional and much stronger reason to believe that 
the structure of the nucleus cannot be smooth. We do 
not know whether the pressure waves would still occur 
if we could solve the differential equation instead of the 
difference equation. This is of little interest, however, 
since in reality the stream of galaxies from the corona 
will never be smooth. Our computations indicate that 
density fluctuations in the incoming stream will be 
bunched and enhanced as the stream penetrates deeper 
into the nucleus. In our computations, which treat this 
problem as a problem of gas motion, we find how the 
pressure gradients which assume very large values tend 
to disperse the mass concentrations, but are not large 
enough to be really effective. If we would have taken 
into account the ‘“‘thermal flow,” the pressure gradients 
would be reduced and the bunching might become even 
more pronounced. Dynamically, the bunching can be 
understood as the result of the convergence of orbits 
towards the center; the increase in the orbital velocity 
is not sufficient to compensate this effect. 

Thus the nucleus of the cluster might be a place 
where groups of galaxies are formed. After leaving the 
nuclear region, these groups will be partially dispersed, 
but some groups which have acquired a stable structure 
may perhaps remain. We must stress, however, the 
tentative character of this explanation of the formation 
of groups. 


V. INTERNAL VELOCITIES AND THE VIRIAL THEOREM 


Our integrations do not only give results for the 
density inside the cluster, but also for the velocities of 
expansion and contraction and for the velocity dis- 
persion. 

A glance at Fig. 2 shows that the mass motions in 
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Fre. 4. Theoretical velocity of contraction and 
velocity dispersions. 


the nucleus are very complicated. There is no point in 
studying these expansions and contractions in detail. 
It is important to note, however, that their velocities 
are smaller than the local velocity dispersions. The 
mass motions in the nucleus are subsonic. 

Because of the over-all homogeneity of the nucleus, 
the over-all pressure is almost constant and the dif- 
ference between P and (Q is small. 

When we proceed from the nucleus into the corona, 
the density 
Eqs. (2) or (3), this drop is accompanied by a large 
drop iN yaa. Ttan also decreases, but more slowly. 

The mass motion in the corona is a contraction. The 
velocity of contraction is “supersonic” in the corona, 
but becomes “‘‘subsonic”’ inside the nuclear region. This 
is due to the rapid change in oyaa. As we have seen, the 
“velocity of sound” is equal to oraaV3. 

We may compare these results with the data obtained 
by Mayall (1960) in the Coma cluster. We have not 
made a projection of the models on the sky, but give 
results for the radial and tangential motions separately 
(Fig. 4). 

For the nucleus, where the velocities change chaoti- 
cally from point to point, the average values of ((o7tan))? 
and ((o7:a)+(V?))? are indicated. Outside the nucleus, 
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drops with a large factor. As we see from ~ 
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we show gtan and V-toraa as a function of y. All 
velocities are given in units ¢, the velocity dispersion 
of “field” galaxies, which may be of the order of 5a 
km/sec. 

In the corona, V is negative (contraction). Its | 
absolute value is oe Lee aes OraaV3, hence the 
mass motions are “‘supersonic.”’ This is no longer true 
in the nucleus where in this model ((V2))? and ((o°raa))# " 
are about equal. 

In comparing with the observations, it should be 
noted that also V contributes to the observed velocity 
dispersion. In addition it should be taken into account 
that we observe a mixture of radial and tangential 
motions, in a ratio which depends on the distance from — 
the center. 

It is clear that the theoretical curves show a great 
similarity to Mayall’s diagram of observed velocities in 
the Coma cluster (Fig. 5). § 

Attempts to determine the mass of clusters of galaxies 
have always been based on an application of the virial 
theorem. Our integrations can now be used to estimate 
the possible errors in these determinations. 

In order to calculate the correction factors, we have — 
assumed that in the application of the virial theorem 
the space density of the cluster has been evaluated 
exactly, as can be done in principle. We also have 
assumed that the cluster was cut off at a given distance 
from the center, either near the boundary of the nucleus, 
or well within the corona. We further assumed that the 
discrimination between cluster members and non- 
members was perfect. Under these ideal conditions the 
total observed velocity dispersion would be 

Foose = (V7) +37 rad) + 37 tan).- (12) 5 

Tf then the virial theorem is applied in the usual way a 
—the gravitational energy for the mass inside the given 
boundary is assumed to be evaluated exactly—the mass _ 
of the cluster will be overestimated by. a factor a, where _ 


a 


There is no point in listing the exact results which 
we found for a, because these values depend on many 
circumstances. If the cluster is cut off at the boundary 
of the nucleus, a is usually larger than unity. It increases 
when the nucleus contracts. We found values ranging 
from 1.5 for a very “‘young” nucleus to about 3 for the 
most condensed states which were considered. How 
much larger the value of a might be for still more 
advanced models is hard to say, but it is difficult to 
imagine that a could become very large. 
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If the cluster is cut off somewhere in the corona, the 
value of a obtained is considerably smaller. For clusters 
with a very extended corona, a may become smaller 
than unity. The values which we found ranged from 
Orosto.2: 

It is impossible, therefore, to give any general rules 
about the correction factor which has to be applied to 
a mass which is determined from the virial theorem. Only 
detailed comparisons of individual clusters with dynami- 
cal models could lead to a determination of this factor. 
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VI. DIMENSIONS AND TIME SCALE 


Up to now we have given a semiqualitative descrip- 
tion of the structure of clusters of galaxies as it follows 
| from our models. What is still lacking is a determination 
_of the scale of these formations. 

_ From our transformation formulas it may be derived 
| that the unit of length of our y scale is equal to 
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Here a is the velocity dispersion for “field” galaxies 
at the present epoch, and H is the Hubble constant. If, 
| as in paper I we write c=507 km/sec, H=75 h km/sec 
| Mpc, we find 
Bolg ke 


h (Po) 


A= Mpc. (15) 


As an example, we cite our final model of the main 
series of integrations. For this model, the boundary of 
the nucleus occurs near y=0.07. Since kE=0.53, «=0, 
we find for the radius of the nucleus 0.3 Mpc (assuming 
j/h=1), If the distance of the Coma cluster is 89 Mpc 
and if the radius of the nucleus is 20’, as determined 
from Mayall’s plot, we find a diameter of 0.5 Mpc. For 
_ the corona no definite boundary can be indicated. If we 

choose the point «=2.0, where the density is still 10 
times higher than the mean density of the universe, we 
have y=0.7, corresponding to a distance of 3 Mpc. In 
the Coma cluster, this distance would correspond to 
about two degrees from the center. Thus the dimensions 
found for the clusters are at least of the right order of 
magnitude. The example which we cited was, of course, 
completely arbitrary. 

As to the time scale, we can choose any model from 
our series for an existing cluster. In doing so, we choose 
the time scale arbitrarily, but fix the distance scale 
through the formulas given above. It then becomes a 
point, however, how long the various stages in the 
evolution of the cluster have lasted~ If, e.g., we choose 
our final model for an existing cluster, RE=0.53 cor- 
responds to the present epoch. Since this model applies 
to a Euclidean universe and because of our choice of H, 
this corresponds to an “absolute time” of 9X 10° years. 
Then the first occurrence of gravitational instability 
in this region, at RE=6', occurred at an “absolute time” 
9X10’ years (¢ is proportional to é~*). The first develop- 
ment of.the nucleus occurred around k€=0.55, or about 
10° years ago. 

From these calculations we see that our final model 
represents a cluster with a still rather “young”’ nucleus. 
Nevertheless, the small difference between k&=0.55 
and 0.53 represents a much greater amount of time 
then one would be inclined to think: The time interval 
corresponds to a fraction 3X0.02/0.53 of the present 
age of the universe. In our final model the galaxies are 
still streaming in from the corona, and if the numerical 


CURUsS (eb Re EA Vi Ole U: lan OuN 


597 


mean +6920 km/sec 
(47 galaxies) 
. 


+7000b, 


+4000 


+3000 


+2000 


+1000 


#3 20 40 60 80 100 120 140 160 180 200 
min of arc 


Fic. 5. Mayall’s radial velocity measures in Coma. 


difficulties can be overcome, more advanced models 
may certainly be determined. 

An interesting question is, whether the cluster will 
ultimately disintegrate. The increase of the ‘virial 
factor” from 1 to 3 in our models indicates that this is 
very likely to occur; in our final model the nucleus has 
already acquired positive energy. 


VII. SOME FINAL CONSIDERATIONS 


In the preceding sections we have referred only to 
models calculated for a Euclidean universe. We have 
also calculated some cluster models for a spherical and 
for a hyperbolic universe, but it would be premature 
to make a comparison with the other models. There are 
so many variables in the problem that a discussion of 
the influence of the universe model will be possible only — 
after many more integrations have been made. 

Several serious problems face us when we want to 
continue this series of integrations and improve on the 
results. Of these we mention: 


(1) The complications arising from “thermal flow.” 
The system of differential equations to be solved will 
be of the order six instead of two when ‘“‘thermal flow” 
is taken into account. Nevertheless, the inclusion of 
this phenomenon is probably essential. 

(2) The great variety in the initial conditions. As we 
have seen, a mere change in the amplitude of the initial 
perturbation already changes the solution drastically. 
We also have to consider the possibility of “nonmono- 
chromatic” initial perturbations and the influence of 
the model of the universe. 

(3) Deviations from spherical symmetry may have 
serious consequences already for a single cluster, espe- 
cially in connection with the problem of the formation 
of subgroups. Another important problem is the mutual 
influence of disturbances in neighboring regions which 


5908 Goce 


may be connected with the problem of multiple clus- 
tering. 

(4) The very steep density gradients which occur in 
part of the integrations do not have a physical meaning, 
except perhaps in as far as they indicate the possible 
formation of subgroups. These steep gradients com- 
plicate the numerical solution greatly. They may have 
been enhanced by shortcomings in the technique of the 
integration process. It will be necessary to find better 
methods to deal with this situation. 

For these reasons, the computations whose results 
have been presented here can only be regarded as 
provisional. Nevertheless, the results seem to indicate 
that clusters of galaxies can be formed by “gravita- 
tional amplification” of statistical density fluctuations 
in an initial homogeneous field of galaxies. The general 
similarity of the structures which were derived theo- 
retically with actual clusters, the general agreement of 
the calculated dimensions, the conformity of the pattern 
of internal motions with the observational results 
obtained by Mayall for the Coma cluster all favor this 
explanation. The attempt to continue and to improve 
these provisional computations therefore seems to be- 
justified. 
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DISCUSSION 


In answer to questions by G. BuRBIDGE ‘and Pace, 
VAN ALBaADA explained that his analysis starts with 
galaxies condensed sufficiently so that they may be 
treated as mass pomts. Tidal forces and any effects 
of intergalactic gas are ignored. NEYMAN complimented 
this paper on its interesting theory and pointed out 
that some of its predictions appear to be consistent 
with empirical findings presented in the paper by 
NExYMaN and Scott (the Coma cluster taken with 
outliers appears to be expanding; the Coma cluster 
taken without outliers appears to be contracting). He 
asked what the theory predicted for the distribution 
of numbers of galaxies in a cluster and was told that 
the theory could not properly account for small groups 
as independent units because they imply much smaller 
relative velocities than those assumed (which corre- 


AN 


ALBADA 


spond to a mean of 50 km/sec for a “homogenized” 
universe). 

LEMAITRE asked whether the cosmological constant 
could be nonzero in this theory and VAN ALBADA said 
that it had been tried but favored the occurrence | 
large-scale instabilities. 

ABELL proposed that galaxies farther than 100’ from 
the center of the Coma cluster may be field galaxies 
whose redshifts happen to coincide with the general 
motion of the cluster. If so, the comparison between 
the theory and Mayall’s plot of observed velocities in 
Fig. 5 is invalid, but vAN ALBapDaA felt that the pro- 
visional fit within 100’ of the center is sufficient cor 
roboration. The elimination of some galaxies at larger © 
distances would not spoil the comparison. 

Von HoERNER asked which assumed parameters set 
the predicted dimensions of a cluster in this theory. — 
Van Atpapba replied: (1) the mean density—here 

ssumed to be such that space is flat (Euclidean 
universe) ; (2) the excess density above the mean—here 
assumed to be from 2 to 7%; and (3) the “homogenized” 
velocity distribution (that which is left if matter were 
distributed uniformly )—here assumed to be 50 km/sec. - 
Changing these assumed values has only a moderate 
effect on the predicted dimensions of a cluster; a factor 
of 10 is certainly out of the question. In answer to- 
G. BuRBIDGE, he said that the derived time scale for a 
cluster like the Coma cluster is of the order of the 
present age of the universe. The Virgo cluster may have - 
started from different initial conditions, evolved faster, 
and now be disintegrating. ’ 

HECKMANN felt that the assumption of sphericity is 
an oversimplification. He expects that initial fluctua- 
tions of a different shape could have a completely 
different evolution as well as different time scale. 

McCrae found it remarkable that the initial density 
should be so uniform after galaxies (which are devia- 
tions from uniformity) have condensed. VAN ALBADA 
related this to the earlier state of the primordial ~ 
material, which was kept uniform by high radiation 
density. 

Micute asked whether the transport of energy had © 
been studied, since the nucleus of a cluster gains energy 
in time on this theory. VAN ALBADA said that this has 
not yet been done for technical reasons, but that the 
effect is likely to be of importance (see paper). 

Der VAUCOULEURS raised the question of whether the 
nucleus of the Coma cluster could be recognized. The 
disagreement between counts of various observers was 
ascribed by Pace and ABELL to different limiting 
magnitudes and different methods of drawing in the 
background field beyond 100’ from the center. It was 
agreed that projection would tend to smooth out the © 
nuclear peak of density predicted by van Albada’s 
theory. 
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HEN in the late twenties and early thirties of our 
_ century the idea of an expanding universe 
gained more and more support theoretically as well as 
observationally, there was no unanimity concerning the 
cosmogonical importance of the singularity shown in the 
basic equations. Eddington and some of his pupils tried 
to understand the origin of cosmical condensations as 
the catalytic factor which caused the unstable static 
Einstein universe to expand. This hypothetical picture 
of the early stages of the universe is almost forgotten 
today. Lemaitre very early developed the picture of the 
primeval atom out of which the expansion started, 
whereas the large scale condensations—according to 
him—were formed during that intermediary stage, when 
the cosmical repulsion of the A force and the normal 
gravitational attractions almost neutralized one 
another. 

Both Eddington and Lemaitre needed the A term of 
Einstein’s field equations. But this term became un- 
fashionable in the course of time by reasons almost as 
irrational as reasons of fashion used to be. Excluding 
the term from the basic equations then seemed to leave 
the only possibility of considering the singularity, the 
“big bang,’ as an inevitable and inescapable event 
which theorists had to take seriously. One result was 
the ‘“a-6-y theory” about the origin of chemical ele- 
ments. For a while a tendency prevailed to make the 
ages of rocks and meteorites coincide with “the” age of 
the universe (as derived from the inverse of Hubble’s 
constant). 

The steady-state theory, as a by-product of its fight 
against relativistic cosmology, brought forward new 
ideas about the stellar origin of elements which never- 


theless could have been combined with relativistic 


cosmology as well. 
At present two main difficulties are felt: 


(1) The age of the oldest star clusters, computed 
along current evolutionary ideas, is considerably larger 
than “the” age of the universe derived from Hubble’s 
constant. How could they have survived in that narrow 
“bottle neck” of the universe? 

(2) We do not yet have a generally accepted theory 
connecting the dynamics of galaxies or any stellar 
systems with the theory of an expanding universe. Yet 
we have indications (Lifshitz 1946; Bonner 1957; 
Adams ef al. 1958) that condensations in an approxi- 
mately homogeneous universe will find it difficult to 
increase in the course of expansion on purely gravita- 


‘tional reasons, whereas gravitational ‘‘instabilities” 


could have played an effective role during a stage of a 
universal contraction. [For a different approach, com- 


pare Lemaitre (see quotation Adams ef al., 1958, p. 1), 
and van Albada (1960). ] 


Il 


In the following paragraphs I am going to look at the 
“big bang” somewhat more closely. Is it an inescapable 
consequence of our theoretical ideas? Or is it a special 
feature only occurring in oversimplified models? 

We are going to use classical mechanics throughout 
the analysis, indicating at the same time corrections 
which could possibly be caused by relativity theory. 
Our main result will be that possibly the “big bang” 
might be avoided and that the narrowness of the “‘bottle 
neck” might be much less dangerous than has been 
thought before, so that condensations, which easily 
originated gravitationally during a contraction prior to 
the state of maximum density, might go unaffected 
through that phase of the universe. 

It is usual to describe the matter in the universe as 
a continuous compressible medium. This description 
involves far-reaching assumptions which ought to be 
enumerated carefully. May it suffice here, however, to 
state that the treatment of cosmological problems as 
hydrodynamical ones is so general in the literature of 
the past 30-40 years that we content ourselves with the 
same basic concepts and laws. If and when we aim at 
treating cosmology in its proper sense we have to use 
the basic concepts and laws in such a way as not to 
exclude the treatment of infinite systems. [See Layzer 
(1954) and McCrea (1955). These authors doubt the 
legitimacy of infinite homogeneous Newtonian systems. 
But it was pointed out by Heckmann and Schiicking 
(1955, 1956) that the difficulties disappear with 
adequate boundary conditions. | 

Let x; be Cartesian coordinates in Euclidean 3-space, 
t the Newtonian time. The density of matter p(1;,t), the 
flow vector v;(x;,¢), the pressure tensor p;;, (as respective 
moments of the order zero, one, and two in the distribu- 
tion function of particles which constitute the cosmic 
medium), obey the hydrodynamic equations (in Euler’s 
form) 


piot (pv) \:=9, (1) 

and 
Do; / Dt= 0;)0+0:)40~= — Py i— (1/p) Prxix (2) 

with 
P i= Pik tngir- (2a) 


® will later be identified with the gravitational poten- 
tial. p;, will degenerate in special cases into 6;.p, where p 
is an isotropic pressure. giz is the shear tensor, defined by 
(2b) 


Qik=3F (VijetVE|3)— 30x15; Qiui=O. 
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n is the coefficient of internal friction. The theory of 7 is 
not without complications but need not be considered 
here. Obviously we write pjo Instead of dp/dt and fis 
instead of df/dx,;. Einstein’s summing convention is 
used and 6;, is Kronecker’s 6 

The equations (1) and (2) do not only show the well- 
known invariance against Galilei transformations, but 
a more general one with respect to the group 


x= 2 +4;, (3) 


where the vector components a; are arbitrary functions 
of ¢. This invariance demands that we let ® be trans- 
formed into 

(4) 


the dots indicating ordinary derivatives with respect to 
time. In order to make ® the gravitational potential of 
those masses which constitute the material system 
considered, we have to combine ® and p by Poisson’s 
equation. If we include the so called Ao term, the 
classical analogue to Einstein’s corresponding term, 
we have 


® : s+ Ao= 4rGp = 


oD’ = + GXx, 


G= gravitational constant. 


Ao may be positive, zero, or negative. Its value is un- 
known, yet must be small in order to leave uninfluenced 
the representation of gravitational phenomena in our 
neighborhood. Equation (5) remains invariant under 
the transformation (3) because of (4). If we want to 
extend the validity of (1), (2), and (5) to infinite 
systems we have to abandon the usual boundary condi- 
tions 6— 0 if r— o«. Instead we have to introduce 
boundary conditions which—in addition to the validity 
of (5)—concern only the second derivatives ®);); of ®. 
Consequently, we allow ® to contain an arbitrary linear 
term in x;. This corresponds exactly to the transforma- 
tion of the potential given by (4), where such a linear 
term is produced by (3). The linear term represents a 
homogeneous gravitational field and is unobservable by 
any experimental means because in it all bodies are 
falling with the same acceleration. Now (1), (2), and (5) 
together with boundary conditions at infinity for ®);; 
provide the apparatus which allows the description of 
finite and infinite systems. 

Another form of (d), (2), and (5) will be useful in the 
following: Let us decompose the derivatives of the flow 


vector into the three parts, shear, rotation, and 
expansion : 
Vipk= Qin t+ Wixt 30; j0ir- (6) 
gix 1s defined by (2b), and 
Wee= J (Vi) k—Ve|s) = — Wei (6a) 


are the components of the angular velocity. Without loss 
of generality we can define an always positive scalar 
function R(x;,t) by 

1 DR 


5 4=3 
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where D/Dt represents here and in all following cases 
the substantial derivative 


DR/Dt= Riot Rj 303. 


This brings the equation (1) of continuity into the form — 
(9). 


the integration of which gives 


(41/3)pR?=M=const>0. (10) 
i 


The interpretation is (independent of pressure, shear, — 
rotation, and potential) that the mass content remains 
constant in each volume the surface of which is co- 
moving with the flow 2. 

If next we make use of the fact that the gradient ®); — 
has a vanishing rotation, ®);;,=®););, we get after some 
lengthy algebra 


Ds; Di Qik Sk +3 RF; [ny €izk- (11) 


Here we have introduced the completely skew sym- — 
metric pseudotensor e;;, whose nonvanishing com- 
ponents are 


€123= €931= €312= — €213= — €132= —€s21= 1. (11a) 
Further we have put 


(11b) 
(11c) 


Si= Re ijeWije, 
ri= (1/p) Pasi. 


r; contains all terms describing pressure and density 
gradients as well as the influence of friction. If the 
pressure is isotropic, and if there exists an equation of - 
state p= f(), the friction term in 7; is the only remain- 
ing one. 


T(j| kK =Ti|k—Tklj5 


The last fundamental equation is gained simply by — 


inserting (2) into (5). After a few reductions we get 


3 D°R Me 
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(3) 


(12) & 
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The set (10), (11), and (12) is completely equivalent 
to (1), (2), and (5). Equations (11) express the vortex 
theorems of Helmholtz. Equation (12) shows how the 
temporal expansion of a comoving element is influenced 
by the cosmic Ao force, ordinary gravitation, shear, 
rotation, gradients of density and pressure,.and friction. 


Til 


Theoretical cosmology is a very rudimentary form of 
hydrodynamics. Its basic idea is that cosmic phenomena 
are more and more simplified if we take averages over 
larger and larger volume elements. 

Empirically there is some (necessarily inexact) 
evidence that: 
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(1) The density of the observable part of the universe 
can be considered as roughly homogeneous. Though the 
stochastic fluctuations are large, it seems to be sufficient 
to consider them as limited in volume and amount [see 
Neyman and Scott (1959) and Zwicky (1958) ]. 

(2) There is no dependence of the redshift on spatial 
directions. Until now it seems to be sufficient to consider 
the redshift as isotropic. [Apparent deviations from 
isotropy are discussed by de Vaucouleurs (1958). ] If we 
want to express these statements with the help of our 
hydrodynamic apparatus we have to average Eqs. (10), 
(11), and (12) over sufficiently large volume elements 
in order to make the density homogeneous and the flow 
isotropic. About the random motions, expressed by Pix, 
we know very little; but we have no empirical evidence 
that they depend considerably on the space coordinates. 


Consequently the interpretation of (10), (11), and 
(12) as describing the behavior of cosmic matter 
averaged over sufficiently large volumes allows us to 
state: (a) Eq. (10) will remain unchanged, but R is a 
function of ¢ only; (b) all terms depending on qi, have 
to be neglected, so that (11) is simplified to s;=a; 
=const, and (12) becomes with a,a;= K?, 


R Wt 2K? 
3-—= Ao— 3G + 5 
R Ri Re 


A rotation therefore expressed by K0 is the remaining 
feature besides an isotropic expansion or contraction. 
From a kinematic standpoint, without the use of (10), 


(41), (12), it would have been sufficient to assume that 


the gi are zero in order to prove that R is a function of 
time only. 

The last equation can immediately be integrated and 
gives 
iL 1 ee 
+h; h=const=0. (13) 
A 


a Ao GIN 
ie 
6 R 


“It contains the law of conservation of energy, stating 


how kinetic and potential energy of matter in a co- 
moving (=coexpanding) volume are counterbalanced 
by the energy of the A» force and of rotation. The most 
remarkable feature in our connection is the rotation 
term: Eq. (13) has no singularity for R— 0; the left 
side is always positive; the rotation term is always 
negative. Its value is limited by that value of R which 
makes the right-hand side of (13) equal to zero. This 
minimum value of R describes the maximum contraction 
of the universe. [The importance of a universal rotation 
was first indicated by Heckmann and Schiicking (1956). ] 

Equation (10) retains its form exactly in Einstein’s 
theory. If one neglects the term with r;, the same is true 
for (11) and (12). If in Einstein’s theory we specialize 
for homogeneity and let the rotation term vanish, the 
corresponding anisotropic models all have more or less 
complicated singularities [compare Heckmann and 
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Schiicking (see quotation Adams ef al., 1958, p. 149) ]. 
But it is not possible in Einstein’s theory to make the 
shear terms vanish independently of the rotation terms 
[see Schiicking (1957) ]. This is the reason why in rela- 
tivistic mechanics the influence of the rotational term 
on the singularities of (12) is not yet understood. The 
following considerations suffer, therefore, from a lack of 
consistency. We shall have to use a few relativistic 
concepts (e.g., the notion of the gravitational energy of 
isotropic radiation). But we have no exact knowledge 
about the mutual relativistic influence of shear and rota- 
tion. Instead we shall use (12) in its classical context. 


IV 


We are going to estimate the possible amount of a 
universal rotation in two different ways: The first one 
starts by comparing the term 43(K?/R?) with the 
gravitational influence of isotropic radiation. The 
density pr and the pressure fz of this radiation fulfill the 
equation of state 


pr=3pr. (14) 


Combining this with the (relativistic!) equation of 
continuity in a homogeneous substratum 


6+3(R/R)(pt+p)=0, (15) 


p and p being density and pressure of any gravitating 
substance (matter and/or field), we get 


prR*=const>0. (16) 


Consequently the gravitating mass JJ? may be con- 
sidered as composed of matter (with density pir) and 
radiation (with density pr): 


W= (4rr/3)R*(ou+pr). (17) 


The second term on the right-hand side of (13) then 
becomes 

GINt/R= (4rG/3)R?(partpr). (18) 
The part 


(19) 


will now permanently compete with the rotation term 
—4(K?/R?): Both contain the same power —2 of R and 
both are the only terms which remain important in case 
of small R, when compared to all other terms in (13). 
In order to avoid the singularity, it is necessary to 
postulate that permanently the inequality 


(4G, 3)pr <4 (K?/R*) = poe 


R’pr=const/R? 


(20) 


is valid. Here we have designated with w the square 
w;;W;; of the angular velocity. Indicating the present 
moment of the universe with index 1 we have 


wr >4rGppri. (21) 


Let us choose pri=10-** g cm~*, following Sandage 
(1961). Equation (21) gives in seconds of arc per 
century 


@>2X10-°. (22) 
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This estimate is extremely rough. If its physical founda- 
tion is at all correct it says that (21) [or (22) ] makes 
the “big bang” as a singularity impossible. It does not 
tell us anything about the maximum amount of energy 
density at the minimum of R. 

The second estimate can dispense with relativity. It 
considers the possibility that the amount of angular 
momentum could be appreciably larger than indicated 
by (21). In this case it could be possible that the 
minimum R, of R(é) is reached at such a state of 
compression that the density of matter and the rotation 
compensate one another. If Ro is essentially smaller 
than Ry, the present value of R, the inequality 


3(K?/R*)> (4nG/3) px (23) 


should always be valid for R>Ro; pa<paro; for the 
minimum R= R, and the maximum py3;=pmo, however, 
we have the equality 


$(K2/Ro*)= (42G/3) pmo. 
Because of 

F?=PRi*; pao= (Ri*/Ro*)pm 
(in the case of vanishing material pressure, which we 
assume) we get from (23) 


@y 2> 4rG (Ro/R 


(25) 


(26) 


1)pM1- 


This should be understood in the sense that, with given 
present material density pin, and a given “bottle neck” 
Ro/ Ri, the possible rotation has to obey (26). 

If we assume pari= 10! g cm™ (Sandage 1961) and 
Ro/Ri=1/10, we get 


w1>6X10-° 


seconds of arc per century. The value of Ro/R, is com- 
pletely arbitrary. But it is sufficiently harmless, leaving 
the maximum density of the universe only 10° times 
larger than its present value. It is easy for stars or star 
clusters to pass the minimum, and even single galaxies 
need scarcely be damaged. Only clusters of galaxies 
could probably be influenced to a larger extent. 

Both numbers pri=10-** and pisi1=10-*" may have 
an uncertainty of a factor 100 or more. Probably both 
are lower limits. But w; increases only as the square root 
of the uncertainty. There seems to be no hope of making 
#1 observable by any method of classical astronomy. In 
principle, a comparison of the constant of precession as 
determined relative to the extragalactic nebulae with 
the same constant as determined relative to the in- 
variable directions of the planetary system would give 
directly the absolute rotation of the whole system of 
extragalactic nebulae. But the present uncertainty in 
our knowledge of the precession is 104-10° times too 
large. 

Our present cosmological theories, whether in their 
classical or in their relativistic form, apparently do not 
favor a picture of the temporal development of the 
irregularities in the universe starting with an homo- 
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geneous state out of which irregularities are slowly | 
formed by gravitational instabilities. On the contrary, | 
states of higher average density are states of higher } 
irregularities; contraction favors temporal concentra- } 
tion, expansion favors temporal dispersion. But there | 
seems to be a chance that a certain amount of angular | 
momentum evenly distributed over the whole cosmos |} 
could prevent a state of arbitrarily high density. The 
amount necessary seems to be astonishingly small. 
There seems to be not necessarily a contradiction } 
between an age of a star cluster which comes out larger’ } 
than “‘the” age of the universe as derived from Hubble’s. } 
constant. At any rate the present arguments need a | 
careful investigation in’ the frame of relativistic cos- 
mology which, however, until now seems to be very 
complicated. Any theoretical considerations of the | 
origin of double and multiple galaxies depend on the 
result of such an investigation. If singularities of the 
type of the “big bang” exist always, the theory of all 
cosmic forms has to take this fact into account. If the 
possibility and probability of nonsingular world models 
should be established, the theory of larger cosmic forms 
could possibly remain uninfluenced by the state of 
maximum density of the universe. 
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DISCUSSION “a 


A series of questions were concerned with the problem 
of replacing the discontinuity (infinite density) with a 
mild compression in Heckmann’s cosmological model. 
WEYMANN and PacE stressed the point that irreversible 
processes such as the conversion of hydrogen to helium 
and the formation of white dwarfs would then have no 
limit in the past, as provided in other: evolutionary 
models. LEMAITRE, while agreeing that a mathematical 
discontinuity of infinite initial velocity is too extreme, 
emphasized other advantages of his ‘‘primeval atom” of” 
very high density, from which cosmic rays may be ex- 
plained. Von HoERNER and SANDAGE were concerned 
that the reciprocal Hubble constant, or ‘‘age of the 
universe,” would on this theory be within a factor of 2 of 
separately observed ages of clusters entirely by chance. 

HECKMANN explained that his compression ratio of 


| 


} 


: 
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1000 (maximum density relative to present mean 


| density) was chosen quite arbitrarily ; it could be much 


larger—so that star clusters, at any rate, would be 
reorganized—but he felt that the approximate coinci- 
dence of 1/H with ages of clusters need not be particu- 
larly significant. He saw no reason to suppose that stars, 
clusters, and galaxies were not in existence and in the 
process of formation before the maximum density state 
in his model, but pleaded ignorance of the consequences. 
He does not claim that this model explains the thermo- 
dynamical history of the universe, and feels that many 
of the theoretical and speculative concepts must be 
carefully re-examined. His paper shows that it is 
“incorrect to conclude from the Hubble law that there 
must have been a ‘big bang’ in the strict sense.” In 
answer to Gopart he explained that no friction is in- 
volved as the shear is zero. 

Just reported that, without rotation, he has found it 
impossible to avoid the singularity of infinite density 
under any reasonable assumptions of density and 
pressure. SCHUECKING added that a negative value of 
the deceleration parameter RR/R? excludes the steady- 
state theory and leads to a singularity in the Friedmann 
models for any arbitrary value of the cosmological 
constant. With Sandage’s value of the Hubble constant 
we obtain an age of the universe less than 13 X 10° years. 
The age of halo globular clusters on the other hand is 
given by Sandage as 24X10° years. If these results 
can be confirmed, the following alternatives arise: (1) 
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breakdown of Einstein’s theory of gravitation or (2) 
introduction of a general rotation of the universe. 

In answer to SANDAGE, HECKMANN defined absolute 
rotation of the universe in terms of observations on a 
Foucault pendulum. Micute added that it is also 
possible in principle to detect it from observations on 
light, and HEcKMANN explained once more that the 
constant of precession would be different relative to 
planetary orbits (defining an inertial reference frame) 
than relative to extragalactic nebulae (defining a kine- 
matical reference frame). He pointed out that Mach’s 
principle, denying this distinction, has been brought into 
doubt by field theory which allows measurement of 
motion relative to a field as well as relative to any 
matter in the universe. In answer to PAGE, he made clear 
that his provisional value of the present rotation (6” in 
107 years) is beyond detection by any known method. 
Any effect on the isotropy of density of field galaxies or 
clusters of galaxies, as suggested by G. BURBIDGE is also 
too small to detect. Anisotropy in the expansion 
(different Hubble constant in different directions) 
would indicate the shear that must accompany rotation, 
but would not prove rotation of the universe since shear 
can exist without rotation. McCrea claimed that 
universal rotation introduces difficulties with boundary 
conditions in relativistic cosmology that shear can 
eliminate. He also expected rotational effects to depend 
upon a cylindrical coordinate, but HECKMANN denied 
both statements. 
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Exchange of Galaxies between Clusters and Field 


G. LEMAITRE 
Louvain, Belgium 


HAVE been led to a theory which involves a con- 

tinuous exchange of galaxies between clusters and 
the general field of galaxies in which they are imbedded. 
This theory arose from a study of the instability of the 
Einstein universe. Such a universe is in equilibrium be- 
tween gravitational attraction and the cosmic repulsion 
corresponding to a positive cosmological constant 
lambda in the field equations of general relativity. 

My model of the universe is not supposed to have 
started from the state of equilibrium (as was considered, 
for a time, by Eddington); it is assumed, rather, to have 
followed the well-known Friedman equation in which 

‘the radius of space started from zero, remained for a 


- period of some 10" years in a state of equilibrium be- 


tween gravitation and cosmic repulsion, and finally 
resumed expansion at an accelerated pace as a conse- 
quence of the cosmic repulsion. It is realized that this 


model, proposed some 30 years ago, may be considered 
an “old fashioned cosmology.” This is not the place to 
discuss the strong prejudices that have arisen against 
it due to reverence of an authority whose influence can 
only be compared to that of Aristotle in older times. 

My cosmology can only be properly discussed when 
it is coupled with the primaeval atom hypothesis in- 
volving a beginning of the world, not only as a beginning 
of space, but also as a beginning of all multiplicity. It 
thus suppresses metaphysical questions about this 
beginning—the bottom of space-time and of all physics 
for which no origin can be conceived. 

T also leave aside here any discussion of the first stage 
of evolution and of the products of disintegration of the 
primaeval atom which may be identified with the cosmic 
rays. First there must have been formed individual 
clouds of gas, similar to those which are now observed as 
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halos of the galaxies. I suppose that such was the state 
of matter when the universe was hesitating in the state 
of unstable equilibrium. 

For the present discussion, we may confine our 
attention to a region of space of a size comparable to 
that part of the universe now accessible to astronomical 
observation. In such a region, and if fine details are 
ignored, it is permissible to use the Newtonian approxi- 
mation of the relativistic field equations and Euclidean 
geometry. Newtonian mechanics may be safely used 
with a simple modification that describes the change 
introduced, even at this level of approximation, by the 
positive cosmological constant A. If po is the density in 
an Einstein universe for the assumed value of A and p is 
the real density, the Poisson equation must be modified 
to read 


AQ=41G(p—po). (1) 


One of the effects of the fluctuations of density from 
place to place is to divide space into attractive regions 
and repellent regions. The attractive regions will exert 
a selection effect on the gaseous clouds that fill space 
and have a distribution of velocities up to a high limit. 
The clouds that have a velocity not too different from 
that of an attractive region will remain in or near it and 
form an assembly from which a galaxy later evolves. 
The important point is that these protogalaxies do not 
arise, aS in other theories, from some effect due to 
numerous collisions, but only from a selection effect. 
Collisions would, of course, reduce the velocities, while 
a selection produces protogalaxies with the same 
velocities as the attractive regions. These velocities arise 
from fluctuations of density in the swarm of the swiftly 
moving clouds and may therefore be expected to be 
fairly large. 

This brief discussion of the background of the theory 
does not intend to carry conviction or to replace more 
detailed expositions given elsewhere. It is probably 
sufficient to make clear the hypotheses involved in the 
present discussion of the instability of an Einstein 
universe filled with particles (the protogalaxies) moving 
at high relative velocities. 

So much for the physics of the problem. In order to 
get a mathematical solution, we now introduce simpli- 
fications of a mathematical nature. These simplifications 
must define some mathematical model that retains the 
essential features of the physical problem and at the 
same time allows an exact solution. Some of these are 
quite classical; they are essentially the same as those 
introduced as early as 1915 by Eddington in his classical 
paper on the “Dynamics of a globular stellar system.” 
The protogalaxies are supposed to move in a gravita- 
tional field without interfering with one another, like 
the particles of a Gibbs ensemble. The gravitational 
field itself is defined from the density of this ensemble 
by the modified Poisson equation (1). . 

In such a case the Liouville theorem applies and as- 
serts that, if the distribution of the particles is given by 
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a distribution function f, the expression fdxdydzdududw 
is an invariant differential form, so that its value re- 
mains constant as the points move along their trajec- 
tories. A great simplification arises in the application of - 
this theorem when, as we shall suppose, the function f 
is a step function that allows only two values: one and 
zero. 


In order to avoid mathematical complications, it is | 
well to assume that f is not strictly discontinuous but ~ 


that it varies quickly from one to zero in a small 
domain. Then all the intermediate values are carried 


along the trajectories, and in the limiting case of a dis | 


continuity itself is carried along the trajectories. In 
fact, these ‘‘limiting trajectories” are the only ones 
necessary to consider. The other, internal-value trajec- 
tories (which specify the way in which interior points are 
exchanged during the motion) have no relevancy be- 
cause the value of /, the only thing we are interested in, 
is precisely the same on the trajectories so exchanged. 

The density in space p is such that the population of 
the assembly is simply pdxdydz, and it follows that, up 
to a numerical factor, the space density is given by 


p= / / - dudvdw, (2) 


where the integral is extended to the whole domain of 
existing particles at the point considered and up to the 
velocities #,7,~ of the limiting trajectories. 

This special aspect of the Liouville theorem is well 
known from the theory of the effect of the earth’s 
magnetic field on cosmic rays. Of course, the cosmic-ray . 
case does not involve an assumption—it describes the — 
actual physical situation—while in this theory a definite ~ 
assumption is used that reduces the generality of the 
investigation with the hope of obtaining a more definite 
solution. i? 

Furthermore, we shall also assume spherical sym-— 
metry, as a consequence of which the force is central and 
the angular momentum & is a further invariant for each — 
trajectory. It follows that the transverse velocity is 
given by 

W=k/r: (3) 


We can assume that for each value of II or & there 
are only two limiting trajectories P’ and P” that are 
functions of the distance 7 to the center of symmetry, 
the time ¢, and k. These variables may be replaced with 
some advantage by two others, both functions of r, ¢ 
and k: 

V=3(P PD (4) 
and W such that 


IP+[3(P'— P’”) P=. (5) 


It is then possible to write the fundamental equations 
of the problem in terms of V and W. For the particular 
case of Einstein’s universe, and even for the Friedman 
case of uniform disruption of equilibrium by expansion 
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of the universe without any local condensation, we 
obtain W? depending only on ¢ which is, of course, 
proportional to 1/R, R being the radius of the universe 
occurring in the Friedman equation, and V=rdR/Rdi 
(Hubble’s law). 

There exist stationary solutions of the equations— 
solutions which do not depend on time—describing 
spherical condensations in the Einstein universe. We 
say “stationary” and not static to emphasize the fact 
that the situation is not strictly static because the 
protogalaxies are continually moving through space. 
They accelerate toward the center of the cluster and 
pass there with greater velocity and, therefore, with 
greater density. Their distribution remains constant, 


however, as in stationary waves, where the amplitude 


of the wave remains constant in spite of individual 
velocities in the medium that carries the waves. 
The suggestion is made that such standing waves 


arose while the universe was approximately in the 


Einstein equilibrium, and have been the cause or one of 
the causes responsible for the clusters of galaxies. In 
order to test this hypothesis it will be necessary to 
investigate how such stationary waves might arise and 
develop during the equilibrium phase, and how they will 
be affected by the subsequent expansion. These aspects 
of the problem are very far from being solved. I wish to 
report some preliminary results and also to discuss the 
methods by which further progress might be obtained. 

A great number of stationary solutions can be ob- 
tained. The elliptical distributions of Eddington (1915) 
are easily adapted to our particular application of the 
Liouville theorem; there is no difficulty in including the 
cosmological term, which can be neglected when the 
densities are large. (Of course, one cannot go back, as 
a check, from our general theory to the elliptical distri- 
butions of Eddington.) 

When the shape of the velocity Aistrbation 3 is con- 
strained to remain roughly spherical, the central con- 
densation of the cluster remains moderate. On the other 
hand, if the motion is supposed to be exclusively radial, 


- interesting models are obtained with infinite central 


density, building up a kind of nucleus. These models 
may be of use in the theory of galactic structure, be- 
cause the predicted law of density variation is very 
similar to that obtained by Hubble in 1930 for elliptical 
galaxies. But they do-not seem to be applicable to the 
present problem of the clusters. 

If there were some way to make a choice between the 
many stationary solutions, it would not be too difficult 
to work out the effect of the expansion of the universe 
on any one of them. We shall return later on to this 
question. 

It is first necessary to study how the clustering could 
arise in the Einstein equilibrium. Some insight into that 


question can be obtained by studying solutions which 


differ from the conditions of equilibrium by infinitesimal 
quantities. This has been done, and it turns out that 
solutions may be defined formally by power series in 
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two variables, r and k, the time entering only in an 
exponential factor e*. Solutions may be computed 
which correspond to each value of 6. In fact, it seems 
that the general case can be analyzed as a sum of such 
elementary solutions. If fine details of the initial condi- 
tions must be represented, it would be necessary to 
include imaginary values of 0. 

But even if we consider only one particular value of 8, 
the essential point from a mathematical point of view 
is that the solution can be defined only if we introduce 
convenient boundary conditions. It is not sufficient to 
consider one cluster in infinite space ; this does not corre- 
spond to the actual case. A cluster does not stand alone; 
it is surrounded by other clusters; and even if we 
imagine some indefinite region between the clusters 
which may be called the field, this field cannot be con- 
sidered to be an open region extending indefinitely. 

To deal with this boundary condition in an exact 
manner would lead to abandoning spherical symmetry ; 
it would require information on the distribution of the 
surrounding clusters which is unknown and probably 
irrelevant for the general features of the theory. But 
notwithstanding the fact that a boundary condition 
must be highly idealized to allow a mathematical solu- 
tion, it must be introduced in a perfectly defined way 
if we want to obtain a definite solution. The actual 
solution would finally depend on how realistic a bound- 
ary condition has been defined. 

The condition to be used is suggested by similar 
processes in physics—in the theory of molecules, for 
instance. We must consider a sphere, generally of vari- 
able radius, which defines the domain of the condensa- 
tion under consideration. The surrounding clusters are 
supposed to be averaged in order to keep the necessary 
spherical symmetry. Then two conditions are imposed ; 
first, that the boundary sphere moves under the general 
gravitational force, and second that the number of 
protogalaxies going out of the boundary would be pre- 
cisely equal to the number entering it. Mathematically 
it is convenient to think of the protogalaxies that enter 
as exchanging their identity with those that leave, and 
thus to speak of the boundary condition as a “‘rebound- 
ing condition.”” This condition must be fulfilled separ- 
ately for each value of the angular momentum k. 

The difficulty is to find the precise value of the radius 
of the rebounding sphere, which comes out in this 
problem as a kind of characteristic value allowing the 
solution of a system of linear equations. Its value is set 
with precision in order to get a solution. Nevertheless, 
due to the approximations involved, the precise value 
is only significant to a general order of magnitude. 

Units have been introduced in such a way that @=1 
corresponds to uniform expansion of the universe—that 
is, radius of rebound infinite. The time unit has been 
taken as 3 Ty, where Ty is the inverse Hubble constant. 
The unit of length depends on the value of the velocity 
W? in the Einstein universe; it is the distance traveled 
with this velocity during unit time. 
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With this choice of the units, and for @=0.5 (the case 
that has been chiefly studied, and the only one hitherto 
published), the radius of rebound is roughly four. It is 
difficult to say whether this is to be compared with the 
size of the clusters or with half the distance between 
clusters. In any case, it is of the expected order of magni- 
tude, possibly somewhat too large. It increases with the 
value of 6, and when @ approaches the limiting value, 
one, the investigation presents special difficulties. This 
may be of interest in the study of clustering or anti- 
clustering on a large scale. 

Further research will be concentrated on some 
definite, moderate value of 6. We shall compute about 
100 individual trajectories, building up at each stage 
the corresponding volume defined by these trajectories. 
There are a number of problems of interpolation to be 
solved on which only preliminary results have been 
obtained. 

It is expected that it will be possible to follow up the 
development of such typical condensations while the 
radius of the universe is still unchanging. It is hoped 
that this will lead to a stationary solution around which 


oscillations take place. Then we shall endeavor to ~ 


suppress arbitrarily these oscillations which physically 
must be expected to dissipate by some process which 
has been excluded by the constraints defined above for 
mathematical simplicity. After this simplification, or 
some alternative, the radius of the boundary sphere will 
be allowed to vary according to Friedman’s equation, 
and it should be possible to compute the effect of this 
expansion on the cluster. If the cluster happens to 
dissipate in a more or less uniform way, the theory 
would have no application to real clusters. However, 
if the cluster dissipates chiefly from the edge, keeping 
a fairly large central density, it will diminish in size 
without fading out at the center, and will provide a 
possible explanation of observed clusters. 

Such a theory would explain the positive energy 
which is found in large clusters, not as a dissipation of 
the cluster, but as an exchange of the individual 
members of the cluster with those of the surrounding 
clusters or those of the general field. 


DISCUSSION 


In answer to AMBARTSUMIAN, LEMAITRE Stated that 
there are only two adjustable parameters in the theory: 
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the cosmological constant and the velocity dispersion 
relative to local rest in the Einstein universe. He ad- 
mitted that the real world probably requires more than 
two parameters to represent its many complexities, but 
wanted to keep this mathematical model as simple as 
possible. He agreed further with AMBARTSUMIAN that 
the assumption of a simple expression for the phase 
density / is not essential, but was made to simplify the 
mathematics. It should not affect the conclusions 
significantly. 

AMBARTSUMIAN pointed out that the proposed inter- 
change between clusters and field does not allow the 
ratios between different types of galaxies to be different | 
in the clusters thanin the fields. More specifically, as 
agreed by LEMAITRE in an exchange with SprnraD, the 
theory predicts that the ratio of ellipticals to spirals is 
the same in clusters as in the field—contrary to observa- 
tion. However, in answer to DE VAUCOULEURS, he 
pointed out that the velocity dispersion is predicted to. 
be higher in clusters than in the field in proportion 
to (p—po)'. 

McCrea argued that the cosmological constant is 
simply an arbitrary constant in Einstein’s field equation 
analogous to the absolute value of a stress and therefore 
trivial, since it is the gradient of a stress that has 
observable significance. He asked why this quantity, so | 
trivial in origin, should have fundamental significance | 
in this theory of clusters. LEMAITRE replied that the 

| 


cosmological constant allows the condition of unstable | 
equilibrium in which density fluctuations can be — 
amplified to lead to the formation of clusters. He 
considers this unstable equilibrium the most important - 
“tool” for cosmology remaining from the Einstein™ 
static universe. 

Van ALBADA asked whether very large clusters can «| 
have a place in this theory. LeEMAITRE answered that ~ 
further investigation is necessary, perhaps using new 
initial conditions such as nonspherical symmetry. In - 
fact, he expects from this approach generally that there, — 
should be large scale inhomogeneities in the universe. 
Van ALBADA then proposed that the occurrence or 
absence of large-scale clustering might be used to argue 
for or against a positive cosmological constant, but 
LreMAITRE and HEcKMANN felt that other models with 
zero cosmological constant might also lead to large- 
scale clustering. 
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The evidence for the existence of second-order clusters is reviewed. A statistical analysis of the distribution 
of the rich clusters identified on the Palomar Sky Survey, the observed extent of 17 typical apparent 


groupings of galaxies, and de Vaucouleurs’ study of the Local Supercluster all indicate a mean linear diameter 
of the order of 50X 10° pc for second-order clusters. Typical masses for these systems are estimated at from 
107° to 10" solar masses. If the systems are gravitationally stable, they should have internal root-mean-square 


velocity dispersions in the range 1-3 10% km/sec. The possible influence of second-order clusters upon the 
observations relevant to the stability of systems of galaxies is discussed. 


ECENT investigations of the masses of groups and 
clusters of galaxies have indicated values for the 
mass-light ratios of galaxies in those systems that are 
several times higher than the ratios for galaxies of the 
corresponding types whose masses have been deter- 


mined from their rotations or internal motions, or for 


members of double galaxy systems (e.g., Burbidge and 
Burbidge 1959; de Vaucouleurs 1960; Noonan 1961; 
Burbidge and Burbidge 1961). The improbably high 
mass-light ratios found for many systems of galaxies 
provide the principal evidence in support of the hy- 
pothesis that those systems are unstable. The only 
other supporting evidence is the weak and rather in- 
conclusive correlation between the magnitudes and 
velocities of galaxies in several clusters (Neyman and 
Scott 1961). On the other hand, if groups and clusters 
are actually expanding they must be very young. A 
conclusion of such profound importance should be ac- 
cepted only after all possible effects that might influence 
the interpretation of the observations have been 
thoroughly considered and eliminated. It is the purpose 
of this paper to investigate the evidence for second- 
order clustering of galaxies, and how superclusters, if 
they exist, can be expected to affect the relevant 
observations. 


I. DISTRIBUTION OF RICH CLUSTERS 


Striking evidence for the existence of second-order 
clusters is provided by the distribution of the rich 
clusters of galaxies identified on the National 
Geographic Society-Palomar Observatory Sky Survey 
(Abell 1958). Figure 1 shows the surface distribution of 
a homogeneous statistical sample of 1682 clusters 
chosen from those in the writer’s catalogue. The red- 
shift of each cluster has been estimated by comparing 
its tenth-brightest member to a step scale of galaxian 
images that had previously been calibrated against the 
tenth-brightest members of clusters of known redshift. 
On the basis of their estimated redshifts the clusters 
were divided into six distance groups or classes; the 
type of symbol that represents“each cluster plotted in 
Fig. 1 refers to the distance class of that cluster. 
Table I gives the mean value of 2(=d\/A) for the 
clusters of each class. 


A superficial examination of Fig. 1 shows that the 
clusters do not appear to be distributed at random over 
the sky. Rather, there appear to be clumps or groups of 
clusters; particularly conspicuous, for example, are two 
concentrations of clusters near /'=8°, 6'=—66° and 
J1=11°, bt'=—70° (old system of galactic coordinates). 
To test the distribution of the clusters statistically, 
they were counted in cells formed by a rectangular grid 
superimposed over Fig. 1. Each grid cell corresponded 
to an area of 13.2 square degrees in the sky. The fre- 
quency distribution \V(¢) of cells containing ¢ clusters 
each was compared to the Poisson distribution 


PO=E "m'/t!, (1) 


which would be expected for a random distribution of 
noninteracting objects. Here the mean number m of 
clusters per cell was computed from the sample. The 
probability that the observed distribution is a random 
sampling from a Poisson distribution, computed with 
a x? test, was found to be 10~%. 

If the area of the grid cells is made very small, so that 
a cell can contain at most one cluster, V(t) becomes 
indistinguishable from P(t). The observed distribution 
may also be expected to approach a random one if the 
grid cells are made so large that the irregularities in the 
cluster distribution are smoothed out. NV (¢) will show the 
greatest departure from P(t) for cells whose area most 
nearly corresponds to the scale of the ‘“‘clumpiness”’ of 
the observed distribution. To establish whether a 
unique scale of the clumpiness exists, the frequency dis- 
tribution V(t) was determined as a function of cell size 
separately for the clusters within each distance class 
(the nearest four distance groups were lumped together 
to obtain a significant sample size). In each case the 


TABLE I. Mean redshifts of clusters in each distance group. 


Distance Mean 
group z=dn/n 
1 0.027 
2 0.038 
3 0.067 
4 0.090 
&) 0.140 
6 0.180 
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Fic. 1. The distribution in galactic coordinates (old system) of the clusters in Abell’s catalogue. Those clusters closer to the galactic 
equator than the dotted line are not part of the homogeneous statistical sample. The plot is on an Aitoff equal-area projection. 


observed and Poisson distributions were compared with 
a x’? test. The computed probability that V(t) is a 
chance sampling from a population of randomly dis- 
tributed noninteracting objects is taken as a measure 
of the departure of the cluster distribution from ran- 
domness. The results are exhibited in Fig. 2. The ordi- 
nates are the logarithms of the probabilities that the 
observed frequency distributions are Poisson, plotted 
in the sense that larger ordinates correspond to greater 
deviations from randomness. It is seen that for clusters 
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Fic. 2. Probabilities that the observed frequency distributions 
of clusters among cells of various sizes would be obtained in 
random samplings from populations distributed with a Poisson 
law. 


in each distance group there is a cell size for which there 
is a maximum departure from randomness, and that this 
cell size is smaller (in angular units) for larger distances. 
The reciprocal of the cell diameter, in deg, for which 
the frequency distribution in each distance group 
departs most from a random one is plotted against — 
the mean estimated redshift of the clusters within that 
group in Fig. 3. The observed approximate propor-_ 
tionality suggests that the clumpiness in the cluster 
distribution has about the same linear scale for clusters 


of all distances; for a value of the Hubble constant H 


of 75 km/secX10° pe (a value which will be assumed _ 
throughout in this paper), that linear size is 58 10° pc. 
Zwicky (e.g., 1957b) has suggested that the apparent. 

nonrandomness of the cluster distribution may result — 
from intergalactic obscuration. Of course, galactic ob- 
scuration certainly contributes to the lack of random- 
ness, particularly at low galactic latitudes. In addition, 
extragalactic absorption may well be present, especially, 
as Zwicky suggests, within the rich clusters. Neither 
galactic nor extragalactic obscuration, however, can 
account for most of the relatively small-scale clumpi-- 
ness in the observed cluster distribution. If, for example, 
the apparent clumps of clusters of distance group 5 
were really portions of a random cluster distribution 
seen through “‘holes” in a galactic or extragalactic ab- 
sorbing medium, one would also expect to find clusters 
of group 6 appearing through these same holes, but — 
certainly not between them. Inspection of Fig. 1, how- 
ever, shows that there is no strong correlation between 
the positions of clumps of clusters at different distances ; 
on the contrary, many apparent groupings of clusters 
of group 6 occur in regions comparatively sparse in 
group 5 clusters, and conversely. 


Il. DISTRIBUTION OF GALAXIES ON THE LICK 
ASTROGRAPHIC SURVEY 


Shane and his associates have been investigating the 
‘distribution of galaxies brighter than m,,~18 on the 
‘photographs taken for the Lick Asitrographic Survey. 
In their first report (Shane and Wirtanen 1954) they 
| described six clouds of larger size than typical clusters 
» and each of which contains more than one center of 
condensation. Three of the Shane-Wirtanen clouds 
(Nos. 4, 5, and 6) correspond to apparent groupings of 

two or more clusters in the writer’s catalogue of those 
identified on the Palomar Sky Survey. Two of their 
clouds (Nos. 2 and 3) correspond to single clusters in 
the writer’s catalogue. The other Shane-Wirtanen 
clusters in the six clouds apparently are not rich enough 
for inclusion in the writer’s cluster catalogue. It should 
_ be noted that this catalogue is complete only for un- 
usually rich clusters—those that contain at least 50 
galaxies not more than two magnitudes fainter than 
their third brightest members. 

In the second report on the distribution of galaxies 
on the Lick Survey (Shane 1956), attention is again 
called to “a considerable number of rich aggregations” 
of galaxies, ‘‘some of which contain several centers of 
condensation, suggesting multiple clusters.” 


{ 


ul. “LOCAL SUPERCLUSTER” 


De Vaucouleurs (1953), from an analysis of the dis- 
tribution of bright galaxies both in direction and mag- 
nitude, concluded that the Local Group is part of a 
large “‘supercluster,” a flattened system centered on 
the Virgo cluster, and containing also the Ursa Major 
cloud, and many other smaller groups and clusters of 
galaxies. More recently he has investigated the distri- 
bution of the radial velocities of galaxies in the Local 
Supercluster (or “Supergalaxy”’), and has shown that 
the data are (at least) consistent with the hypothesis 
that the entire system is both rotating and expanding 
(de Vaucouleurs 1958). De Vaucouleurs estimates the 
-diameter of the Local Supercluster to be from 20 to 30 
megaparsecs, but this estimate corresponds to a larger 
value of the Hubble constant than the one used in the 
present paper; for H=75 km/sec 10° pc, the diameter 
of the system would be about 50X 10° pc. 

R. L. Carpenter (1961) has attempted to verify the 
existence of the Local Supercluster from the distribution 
of galaxies brighter than m,,=16 in the northern 
galactic hemisphere. Carpenter conducted his survey 
on the blue prints of the Palomar Sky Atlas, and esti- 
mated magnitudes (to 0.5 mag.) by comparing the 
galaxian images with a step scale of one-magnitude 
intervals. The step scale consisted of a sequence of 
galaxy images taken from the Atlas prints and whose 
magnitudes had been measured by Sandage (Humason, 
Mayall, and Sandage 1956). In a preliminary analysis 
of his data, Carpenter has considered three strips in the 
sky, each 18° wide, straddling a 90-deg sector along the 
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Fic. 3. Reciprocals of the sizes of the cells for which the ob- 
served frequency distributions deviate most from a Poisson dis- 
tribution as a function of redshift. 


supergalactic equator, as defined by de Vaucouleurs. 
There is a highly significant concentration of galaxies 
along the central strip (along the supergalactic equator) 
in comparison to the adjacent strips. The excess con- 
centration diminishes, however, at fainter magnitudes; 
for mpg <12.5 the number of galaxies per square degree 
in the central strip is about three times that in the ad- 
jacent strips, but the excess is less than 20% at 
Myz= 15.5. Moreover, in the interval mp,= 13.5 to 14.5, 
the logarithms of the numbers of galaxies in all three 
strips increase by far less than 0.6, as would be ex- 
pected for a uniform distribution of galaxies in space, 
a circumstance that indicates a thinning out of galaxies 
beyond a nearby concentration (the Local Supercluster). 
For mpg> 14.5, on the other hand, the increase in the 
numbers of galaxies in all three strips approaches that 
expected for a uniform distribution; these numbers, 
apparently, refer to intrinsically luminous galaxies in 
the more remote background. Carpenter’s preliminary 
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Fic. 4. Numbers of galaxies brighter than various photographic 
magnitudes. Solid line: galaxies in the strip along the super- 
galactic equator; dotted lines: galaxies in strips adjacent to 
supergalactic equator. The heavy straight line has a slope of 0.6. 
(Adapted from Carpenter.) 
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TaB_e II. Some characteristics of probable second-order clusters. 

number total cdd/d maximum 

of sample number of (107) diameter 

No. a (1950) 6 b It pil clusters _ clusters km/sec (X 107 pe) 
1 0h26™ —11}° —73° (fue? 103° 10 10 60.2 61.5 
2 9 18 +78 +34 102 134 15 19 537 74.6 
3 10 16 +503 +53 132 164 10 10 49.0 38.7 
4 11 39 +543 +60 111 143 6 10 21.4 $35 
5 11 40 +12 +68 221 253 9 9 44.6 ep sel 
6 11 45 +293 +76 169 201 5 6 8.7 60.2 
7 14 5 +27 +73 4 36 26 29 44.6 96.5 
8 14 7 + 63 +62 316 348 5 6 43.6 45.7 
9 14 33 +564 +55 66 98 5 6 43.6 50.8 
10 14 39 +303 +66 15 47 11 11 56.2 49.7 
11 14 53 +224 +62 358 30 10 14 43.6 55.9 
12 15 10 +7 +51 336 8 5 9 24.0 27.4 
13 15 16 +295 +57 14 46 8 9 25.0 58.4 
14 15 32 +70 +41 74 106 12 12 Se) 47.4 
15 16 14 +29 +45 16 48 5 6 10.0 52.0 
16 23 6 —22 — 66 8 40 23 26 43.6 SPADE 
17 23 24 —223 —70 11 43 15 _& 46.7 47.8 


results appear to provide a striking confirmation of 
de Vaucouleurs’ hypothesis of a flattened Local Super- 
cluster. The data just described are exhibited graphi- 


cally in Fig. 4. (The writer is indebted to Mr. Carpenter- 


for permission to discuss and exhibit these unpublished 
data.) 


IV. EXAMPLES OF SECOND-ORDER CLUSTERS 


About 50 apparent groupings of clusters—probable 
second-order clusters—can be identified in the distri- 
bution of clusters in the writer’s catalogue (e.g., on 
Fig. 1). Some of the characteristics of 17 of these 
groupings are given in Table IJ. The equatorial and 
galactic coordinates refer to the approximate center of 
each configuration. Galactic longitudes are given both 
for the old system of galactic coordinates (J), and for 
the new IAU system (/!"); Fig. 1 is plotted on the old 
system. The ‘‘number of clusters” is the number of 
clusters in each grouping that belong to the homo- 
geneous statistical sample of clusters that contain at 
least 50 galaxies not more than 2 mag. fainter than the 
third brightest members—that is, clusters for which the 
writer’s catalogue is essentially complete. The cata- 
logue contains, in addition, a large number of clusters 
that contain less than 50 galaxies in the stated magni- 
tude interval—clusters not rich enough to have been 
completely identified. The “total number of clusters” 
refers to the number in each second-order grouping that 
appear in the catalogue, whether or not they are part of 
the homogeneous sample. The tabulated redshift, in 
thousands of kilometers per second, is the mean of the 
redshifts estimated for the member clusters in each 
second-order group. The ‘‘diameter” is the maximum 
linear diameter, projected onto the plane of the sky, for 
each group of clusters; it is computed from the ob- 
served angular size of the group, the tabulated redshift, 
and the value of the Hubble constant adopted in this 


paper. 


The mean number of sample clusters per second-order 


group is 10.6+6.0 (s.d.). It must be remembered, 
however, that this figure refers only to the number of © 


very rich clusters. The total number of clusters and 


groups of all kinds in a typical second-order cluster — 


might be greater by one or two orders of magnitude. 
The mean linear diameter for these 17 groups of clusters 
(corresponding to the assumed Hubble constant) is 
52.0+15.9 (s.d.) megaparsecs. 


Figure 5 is a reproduction from a portion of a red. | 


print of the Palomar Sky Atlas, which shows part of 
the supercluster No. 4 in Table II. 


V. DYNAMICS OF SECOND-ORDER CLUSTERS 


Zwicky (1957a, 1957b) has argued that second-order 


clustering does not exist, and that the absence of super- 


clusters implies that gravitational interactions must not 
extend beyond the dimensions of a single cluster. As 


further evidence for the absence of gravitational forces © 


over intercluster distances, he has referred to the low 
dispersion of velocities between clusters, aside from the 
apparent velocities associated with the general expan- 
sion of the universe. Actually, the only available evi- 
dence on the dispersion of velocities between clusters 
comes from the data published by Humason, Mayall, 
and Sandage (1956). The spread of velocities of clusters 
can be determined from the spread of points about the 
smooth curve in Sandage’s relation between cd\/A and 
Mpyy; the root-mean-square deviation of velocities is 
found to be about 3700 km/sec. From his analysis of 
the luminosity functions of galaxies in rich clusters, 
however, the writer has found that most of this dis- 
persion is probably in the magnitudes (both apparent 
and absolute) of the 10 brightest members of different 
clusters. The intrinsic dispersion of velocities among 
the clusters studied by Sandage may well be less than 
1000 km/sec. On the other hand, most of the clusters 
chosen for the purpose of determining the velocity- 
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Fic. 5. A portion of the red print of the Palomar Sky Atlas field at a=11 24™, 5=+54°. Part of the second-order cluster No. 4 
(Table II) appears on the photograph. (Scale: 1 mm=99”.) Copyright, National Geographic Society—Palomar Observatory Sky 


_ Survey. 


distance relation are rich and apparently isolated from 
other clusters, a selection effect that would tend to 
lower the observed dispersion of velocities between 
clusters. It is of interest, therefore, to determine what 
velocity dispersion would be expected between the 
members in a typical second-order cluster, on the 
assumption that the system is dynamically stable, and 
_ that Newton’s laws describe the forces within it. 
The mass that is obtained from the application of the 
virial theorem to a typical rich cluster is of the order of 
10" solar masses (e.g., Noonan 1961). Even if the virial 
theorem does not apply and this mass should be higher 
_ than the true value, as some investigators have sug- 
_ gested, it is still the appropriate mass to use in pre- 
dicting the velocity dispersion within second-order 
clusters. A lower limit to the mass of a typical second- 
order cluster, which contains 10 such rich clusters, 
would then be 10° solar masses. An upper limit to the 
_ mass can be estimated by assuming that the lesser 
"clusters and groups in the system add up to an equiva- 
lence of 100 rich clusters, in which case we obtain 10!” 
solar masses. 


To estimate the diameter of a typical supercluster, 


we note the following results: (1) The mean scale of 
“clumpiness” found from the statistical analysis of the 
distribution of rich clusters is 58X10° pc; (2) the ap- 
proximate size of the Local Supercluster is about 50 X 10° 
pe; (3) the mean size of several individual groupings of 
clusters is 52X10° pc. The available evidence suggests, 
therefore, that the mean size for a typical supercluster 
(for our assumed distance scale) is in the range 50 to 
60 megaparsecs. We shall adopt for a characteristic 
radius (which corresponds to the mean separation of 
members in the supercluster) the value R= 20X 10° pe. 

If the second-order cluster is in a steady state, the 
virial theorem predicts for the root-mean-square ve- 
locity dispersion (e.g., Chandrasekhar 1942) : 


((V2))= 
where M and R are in solar units and parsecs, respec- 
tively. On the other hand, the velocity of escape of a 
body from the edge of a system of mass M and radius 
R is of the order of 


4.6X10(M/R)* km/sec, (2) 


V esc= 9.2 X10-2(M/R)* km/sec, (3) 
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Fic. 6. Second-order cluster No. 15 in Table IL. Four-digit 
numbers refer to catalogue numbers of clusters in Abell’s cata- 
logue of rich clusters. Numbers in parentheses are mean velocities 
of clusters, in units of 103 km/sec. 


where the same units are used for M and Ras in Eq. (2). 
Whether or not a supercluster is in a steady state, 
therefore, the velocity dispersion among its member 


clusters should be within a factor of 2 or 3 of the value. 


predicted by Eq. (2), provided that the system is 
gravitationally stable. We find, then, the following 
values of ((V2))? corresponding to our estimates for the 
lower and upper limits to the mass of a supercluster: 


for M=10'*: ((V?))? ~108 km/sec; 


4 
for M=10"": ((V2))? ~3 X10 km/sec. @) 


Zwicky (1957b) estimates that the root-mean-square 
dispersion of velocities in a second-order cluster should 
be from 5 X10? to 10* km/sec. However, there may be a 
misunderstanding about what is meant by a “‘second- 
order” cluster. It is possibly significant that Zwicky 
(1938) has estimated for the mean diameter of a 
“cluster cell’’—the region of space allocated to a single 
cluster on the assumption that all galaxies are in 
clusters—the value 7.510° pc. This figure was based 
upon Hubble’s early distance scale; for H=75 
km/sec X 10° pe, Zwicky’s cluster cells would also have 
a diameter of the order of 50 Mpc. It may be that what 
we call “‘second-order clusters,” he-refers to as. single 
clusters with multiple condensations or ‘‘nuclei’ of 
galaxies. 


VI. VELOCITY DATA FOR ONE POSSIBLE SUPERCLUSTER 


At the time of writing, velocity data are available for 
only one suspected second-order cluster (except for the 
Local Supercluster). The group of clusters (No. 15 in 
Table II) contains six clusters in the writer’s catalogue: 
Nos. 2147, 2151, 2152, 2162, 2197, and 2199. All but 
cluster 2162 are in the homogeneous sample. In addi- 
tion there are several dozen clusters and groups that can 
be recognized on the Sky Survey photographs that 
probably belong to the system. The group of clusters 
covers an elongated region centered near: a=16"14™; 
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6=+29°. The heaviest concentrations of clusters are 
at opposite ends of the region, and the identity of the 
group as a single second-order system is in question. 
On the other hand, the clusters and groups included all 
appear at about the same distance, and the entire group 
seems to be well isolated from other clusters of a similar 
distance. Moreover, the system has a maximum linear 
diameter that is typical of those of other suspected 
second-order clusters. 

Cluster 2151 is the Hercules cluster, for which ve- 
locities have been given by Humason e¢ a/. (1956) and 
by Burbidge and Burbidge (1959). Cluster 2199 is a 
system centered on NGC 6166; velocities in that cluster. 
have been measured by~Minkowski (1961). The writer 
has obtained velocities for 12 galaxies in other clusters 
in the system at the 100-inch telescope. The velocity 
data are summarized in Fig. 6, which is a plot of the 
rich clusters in the system. Mean velocities, in thousands 
of killometers per second, are given beside each point 
representing a cluster for which two or more velocities 
are available. There are not. enough velocity data to 
estimate accurately the velocity dispersion of the 
supercluster, and we cannot draw definite conclusions 
about the gravitational stability of the system. At 
least, however, the data are not incompatible with the 
assumption of gravitational interactions between its 
members. 


VII. DISCUSSION AND SUMMARY 


Available evidence appears to be quite conclusive for 
the existence of second-order clusters with diameters of 
the order of 50 megaparsecs. Whether these super- 
clusters are dynamically stable systems, however, is 
not established at present. If they are gravitationally 
stable, we can expect internal root-mean-square ye- 
locity dispersions of the order of 1-3 X10* km/sec, and ~ 
possibly superimposed upon this a velocity spread due 
to the general expansion of the universe. If the ap-- 
parent superclusters are not stable systems, on the 
other hand, they must represent the regions in space 
where cluster formation has occurred, and may reflect 
something of the distribution of the primordial pre- 
galaxian material. 

If gravitational forces between members of second- 
order clusters are absent or negligible, these systems 
must be expected to be expanding at least with the 
rate of the general universal expansion. The corre- 
sponding spread of velocities across a second-order 
cluster would then be 


AV~HXD=75 X50= 3750 km/sec. (5) 


Since our estimate of the value of D, the linear diameter 
of a second-order cluster, is proportional to H~, the 
derived value of AV is independent of the value assumed 
for H. 

The presence of second-order clusters enhances the 
probability that what appears to be a single cluster 
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may actually be two or more clusters of the same super 
system seen in projection. Spurious root-mean-square 
velocity dispersions, ranging up to nearly 4000 km/sec, 
could thus be obtained. The possibility is particularly 
high, for example, in the clusters in Hercules and Virgo, 
both of which are suspected of being associated with 
second-order clusters. 

It is not likely, however, that the hypothesis of 
second-order clustering can remove completely the 
discrepancy between the high mass-light ratios found 
for galaxies in clusters and for individual objects. In 
particular, the rich, symmetrical, apparently isolated 
systems such as the clusters in Coma and Corona 
Borealis can hardly be multiple systems seen in pro- 
jection. One must look for other effects—dark inter- 
galactic matter, a grossly incorrect distance scale, ex- 
pansion of the clusters, etc. The probability of the exist- 
ence of superclusters, on the other hand, may well 
account for part of the mass-light ratio discrepancy in 
‘the case of many clusters and groups, and should be 
thoroughly investigated before the hypothesis of the 
instability of clusters of galaxies is adopted, with all of 
its ramifications. 
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DISCUSSION 


Mrs. BurBIDGE asked about the distances of clusters 
in the Hercules region and was told that cluster A 2199 
and others nearby are all at the same distance as the 
Hercules cluster as far as can be told from the available 
magnitude measures. 

In answer to PAGE, ABELL said that the root-mean- 
square deviation of cluster velocities from the Hubble 
law, assuming no dispersion in absolute magnitude of 
the tenth brightest member, is about 4000 km/sec. He 
considers that a large part of this is due to dispersion in 
absolute magnitude. ScHUECKING noted that this 
velocity dispersion must be reduced by the factor 
1/(1+z) to get the velocity dispersion relative to the 
cluster center at the time of light emission, and possibly 
by another factor 1/(1+2) to correct for change in 
scale during the light travel time. Of course, for the 
redshifts considered here (s=6\/A=0.2) these correc- 
tions are negligible relative to the observational errors. 

Mitts observed that his latest survey shows a 
clustering of radio sources near the south galactic pole, 
and asked if clusters of galaxies were also concentrated 
there, and ABELL replied that this is one of the densest 
second-order clusters, with estimated distance corre- 
sponding to 35 000 to 50 000 km/sec redshift. 

Just mentioned work of his underway on a correlation 
between diameters and distances of superclusters in 
Abell’s catalogue with the purpose of studying whether 
they are participating in the Hubble expansion. It was 
noted by HormBeErc that some of Abell’s results confirm 
an early study of his (Lund Ann. 6, 1937) in which a 
density curve for the local ‘““metagalaxy” was derived 
from less homogeneous data. 
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Statistical formulas are developed for the expected number of chance pairs among galaxies of various 
local surface densities, and it is shown that counts of double galaxies in regions of varying space density 
of galaxies (in and out of the major clusters) may provide evidence about the process of formation of pairs. 
Preliminary counts in three regions totaling about 270 square degrees on the Palomar Atlas prints show the 
expected correlation between density of pairs and the square of the density of galaxies as a whole. However, 
the pairs counted to 18™5 turn out to be mostly chance pairs, and there is only imperfect evidence that, 
after correction for such chance pairs, the space density of the remaining physical pairs is proportional to 
the square of the space density of galaxies. If this fact is confirmed by further counts, it may indicate that 


double galaxies are formed by capture. 


MONG other things, the study of pairs of galaxies 
offers promise of information on the masses of 
galaxies, their luminosity distribution, their formation, 
and their evolution. Most of these were suggested by 
Holmberg (1937) in his classic paper and catalogue. 
More recent work by Page (1952, 1960, 1961) and Holm- 
berg (1954) has been devoted to mass determinations; 
this paper concerns the question of the formation. 


DEFINITIONS: CRITERIA 


It is first necessary to define precisely and practically 
what is to be considered a double galaxy. By far the 
simplest criterion in practice is the one used by 
Holmberg (1937): 


S <c(Ait+ A»), (1) 


where S is the angular separation between centers, Ai 
and A» are the major axes or largest angular dimension 
of the two galaxies, and ¢ is an arbitrarily chosen 
constant, for which Holmberg used 2.0. 

Equation (1) is not sufficient. There is a background 
of faint galaxies that increases according to Hubble’s 
law of numbers (1936): 


log 1(m) =0.6(m—Am—K)+Ci, (2) 


where ’,(m) is the number of galaxies per square degree 
brighter than magnitude m; K the correction for red- 
shift, Am the correction for galactic obscuration, and C; 
a constant. Therefore, there are a very large number of 
fainter galaxies within a circle of radius cA; about any 
galaxy, and it is necessary to specify a limiting mag- 
nitude my, or a magnitude difference m.—m, that is not 
to be exceeded. Because we are interested in “physical 
pairs’”’—galaxies with small space separations—it would 
be well to relate this magnitude criterion to the dis- 
tribution of absolute magnitudes of galaxies—the 
luminosity function. But since the luminosity function 
has not yet been determined on the fainter side of the 
mean, it provides no sound basis for a criterion. For 
instance, limiting m2:—m, to two or three magnitudes 
would exclude the well-recognized triple system M31- 
M32-NGC 205 with magnitudes 4.3, 9.1, 8.9. 

An alternative criterion would be a limitation on 


A»,— Aj, but there is no evidence to show that the dis-, 
persion in diameters of galaxies is less than that in 
magnitude. From a statistical point of view it may 
therefore be preferable simply to apply a limit on mo, 
the fainter magnitude in a pair. 

In 1954 Holmberg provided a basis for selecting the 
constant ¢ in Eq. (1). From counts of faint galaxies up 
to 1° away from selected bright galaxies (m=12.1 to 
13.0), and correcting for chance pairs in the manner. 
outlined below, he found a cutoff in separation of 
physical pairs at 45’ (minutes of arc) and a distribution. 
of projected separations that implies a space distri- 
bution | 
f(R)= kL 1—(R/Rn)*I (3) 


where R is the space separation, R= (2.3/h) 10° pe, 
corresponding to 45’ separation at the distance of a 
12.6-mag. galaxy, dis the Hubble constant in km/sec/10# 
pe (near 1.0), and & is a constant. The relation between 
angular diameters and magnitude (Hubble 1936) shows 
that, on photographs of the type Hubble and Holmberg 
were using, A=6/0 at m=12.6; hence Eq. (3) implies 
that the separation criterion should be S=7.5(A1+4A)), 
or c=7.5. ' ; a 

However, counts of double galaxies on Palomar Atlas 
prints soon showed that a criterion as loose as this led 
to “chaining”; that is, there were often two or more 
galaxies within 7.5(4;+ A.) of a given galaxy and others 
within that separation from them, and so on. For this. 
purely practical reason it was necessary to tighten the 
criterion to c=3.0. 

The remainder of this discussion therefore refers to 
double galaxies of magnitudes m;<m:<18.5 (approx) 
and separations S<3(Ai+Az)). 


POSSIBLE EXPLANATIONS OF DOUBLE GALAXIES 


It is clear that the explanation of any given pair 
selected according to the above criteria falls into a 
series of dichotomies; first, it is either a physical pair 
or a chance pair. If it is a physical pair, it may be 
stable or, if it has positive total energy as Ambartsumian 
(1957) has postulated, it may be flying apart. If it is 
stable, it may have been formed by capture or by two 
condensations in a single protogalaxy. 
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Mass determinations (Page 1952, 1960) have been 
made on the assumption that double galaxies are stable; 
the results show a large difference between the mean 
mass of elliptical galaxies and that of spirals, as might 
be expected on other grounds. Moreover, the mean 
mass of all galaxies in 52 pairs is consistent with the 
(many fewer) determinations from internal rotation of 
nearby single galaxies. In a sense, these results argue 
for the interpretation of double galaxies as stable, 
physical pairs. 


CHANCE PAIRS 


Of course, the existence of chance pairs cannot be 
denied or ignored. Holmberg (1937) originally argued 
that they are a small fraction of the total by comparing 
the observed distribution of close separations f(.S), with 
that expected from a random distribution of galaxies 
over the sky. This argument led him to the conclusion 
that less than 13% of the double galaxies brighter than 

/ 14th mag. and separated by less than 10’ are chance 
pairs. 

However, this reasoning ignores the fact that the 
55 000 galaxies brighter than 14th mag. show strong 
evidence of clustering, a fact obvious from Shane’s area 
counts (Shane ef al. 1959), and also implied by Hubble’s 
counts (1936), which show a normal distribution in 
logV. (NV is the number of galaxies per plate.) A more 
correct procedure is to compute the number of chance 
pairs in small regions of the sky from the actual number 
of single galaxies, the distribution being assumed random 
in each region. 

The basic formula, due to Polya (1919), gives the 
probability that, if 7 points are distributed at random on 
a sphere, none of them will fall within angle 6 from an 
(n+1)st point: 


p(0,n) = cos’"50—~exp (— 6”). (4) 


The approximation is very good for n large and @ small; 
e.g., #=3 500 000 galaxies brighter than 18th mag., and 
6=0.001 radian or less is typical of observed separations. 
_ In differential form, thé probability of a galaxy’s 
nearest neighbor being between 6 and 6+dé@ from it 
(by chance) is 


—dp(6,n) = (3n0) exp(—4n6?)dd (5) 


and the expected number of separations from the 
closest galaxy between 6 and 6-++-d#, over the whole sky is 


dn(0,n)= —(n+1)dp(0,n)—~(3n"0) exp(—jn?)d9. (6) 


In an area of one square degree, the expected number 
of chance separations from the closest galaxy between 
s and s+ds degrees is then 


dN ,(s,Ni1)= —Nidp(0,n) = 20 N ?s exp(—mN5)ds, (7) 


where N,=n7/4(180)? is the total number of galaxies 
‘in the square degree, and s=180 6/7 is the separation 
in degrees. The integral of Eq. (7) is the number of 
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galaxies from which the nearest galaxy is less than or 
equal to s, 


Ne (s,N 1) = N,{1 = exp(—a N18") Jen 2s. (8) 


Consider three galaxies, a, 6, and c, such that the 
separations ab <bc <ac, and noother galaxies are nearby. 
Equations (7) and (8) include 6 as the closest companion 
to a, aas the closest companion to 8, and b as the closest 
companion to c. That is, the close pair ab is counted 
twice. This consideration leads to a convenient definition 
of an unambiguous pair (in this case ab) as a pair of 
galaxies of separation s with no other galaxy brighter 
than the limiting magnitude within s of either member 
of the pair. The expected number of such pairs separated 
by s to s+ds is approximately half the number of 
closest separations given in Eq. (7) multiplied by the 
probability that no other galaxy be within s, from Eq. 
(4): 
dN2(s,N1)=3dN ,(s,N1) exp(—aM152) 

~rN Ys exp(—27Ns?)ds. (9) 


Equation (9) is not rigorously correct because, after 
a pair is selected, the positions of other galaxies nearby 
are not independent; that is, Eq. (4) does not apply 
exactly. In a more refined analysis, the effect of such 
cross correlation should be included; for present pur- 
poses it is appropriate to integrate Eq. (9) to obtain the 
number of unambiguous pairs of separation less than s, 


N2(s,N1)= (GN 1)[1—exp(— 2715?) 3arN 57. (10) 


The approximation is valid for Nis’<<1, under which 
circumstances JV» is just half of V,, and the influence of 
triples and higher-order groups is neglible. 

As was to be expected, the number of chance close 
pairs of galaxies in a given area of the sky is roughly 
proportional to the square of the total number of 
galaxies in that area, and it is because V2 is proportional 
to \V,?, that clustering can cause more chance pairs than 
Holmberg (1937) estimated for 55 000 single galaxies 
randomly distributed over the whole sky. [Actually, it 
appears that Holmberg overlooked the factor-of-two 
difference between Eq. (10) and (8), and computed 
twice as many chance pairs as he should have, for a 
uniform distribution.] For instance, if m=55 000, 
N,=1.3 galaxies per square degree, and NV.(0.1, 1.3) 
~0.028 unambiguous pairs per square degree of sepa- 
ration s<0°1=6’. That is, 97 such pairs are expected 
over approximately 3400 square degrees of unobscured 
sky covered by Holmberg’s catalog, in which 695 
simple pairs are listed. However, if the variance in .\V; 
is large, as shown below, so that in 10% of the 1-deg 
squares V; is as large as 4, then NV» is in these cases 0.25, 
and the total number of chance pairs will be 150 or 
higher. 


ORIGIN OF PHYSICAL PAIRS 


Statistically, then, the number of physical pairs can 
be derived by subtracting the number of chance pairs 
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of separation s, dV. in Eq. (9), from the number 
counted in a square degree where the total number of 
galaxies is Vy. The criterion, Eq. (1), as well as Ni, 
depends on magnitude, and it is therefore necessary to 
consider the data in separate magnitude classes, in each 
of which the limiting separation S is approximately 
constant. The counts are grouped, furthermore, in 
“regions,” for each of which .V;(m) has approximately 
the same value. 

After subtracting the chance pairs, the space density 
of the remaining physical pairs is expected to be cor- 
related with the space density of galaxies as a whole, 
and the nature of this correlation should provide 
evidence on the process of pair formation. If most, or 
all of the pairs of galaxies were formed from condensing 
clouds of gas, in just the same way as single galaxies, 
it is to be expected that the pairs form a roughly 
constant proportion of all galaxies, or that V2 is propor- 
tional to Vy. Similarly, if the second galaxy of a pair 
is formed in the ‘“‘wake”’ of the first as it moves through 
an intergalactic cloud as proposed by Sciama (1954), 
No» is again expected to be proportional to i. Finally, 
if pairs result from cataclysmic explosions within single 
galaxies or protogalaxies, as postulated by Ambart- 
sumian (1957), we again expect V2 « Vj. 

However, if pairs are formed by capture, the number 
of captures will depend on the square of the space 
density of galaxies, and V»« V7. It should be noted 
that “incomplete captures,’ or random hyperbolic 
passages, or collisions are eliminated, statistically, by 
the procedure of subtracting chance pairs from the 
counted number of pairs; here we are dealing only with 
average numbers of stable pairs—galaxies in closed 
orbits. 

It is to be noted, also, that other statistical tests may 
be possible, using the measured radial velocities of 
galaxies in pairs. In the case of stable orbits, the orbital 
velocities are roughly perpendicular to the line of 
centers of a pair, while in the case of hyperbolic orbits, 
or of Ambartsumian’s postulated explosions, the 
velocities would be more nearly radial. However, the 
statistical discrimination between these cases is com- 
plicated by the unknown distribution of space sepa- 
rations, masses, and energies among pairs (Page 1960). 


COUNTS OF CLOSE GALAXIES 


Two of the authors (Dahn and Morrison) have 
undertaken to locate and measure close pairs and 
groups of galaxies in selected areas of the Palomar Sky 
Atlas. Two of the areas were chosen in the Coma and 
Virgo clusters in order to obtain high Vy, and another 
area near 22> 40™+40° 30’ was chosen for low Vy. A 
1-cm reseau was placed in contact with each Palomar 
Atlas red, or ““E” print, and the number of galaxies 
brighter than limiting magnitude of about 18™5 were 
counted in each square. All pairs and groups of 
galaxies that satisfied the criterion of Eq. (1) were 
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separately listed, together with coordinates, separation, 
major diameters, and estimated magnitudes. Altogether, 
322 close separations were counted in areas totaling 
270 square degrees, 254 of them being unambiguous 
pairs. In the same areas there were about 8500 galaxies 
brighter than about 18™5, 38 of them brighter than 
14™0. 

The magnitude scale was established by comparison 
with images of galaxies of various types on the red 
Palomar Atlas prints (both spiral and elliptical) of 
magnitudes measured elsewhere. (Ames 1930; Holmberg 
1958). A rough check indicated that estimated mag-' 
nitudes are accurate to about +0™5. No correction was’ 
made for edge effect. ~ ‘a 

The counts in 1-cm squares (11/2 X11‘2 in the sky, 
or about 1/30 square degrees), are subject to consider- 
able fluctuation; hence they were averaged by fours. 
D denotes the average density of galaxies (number per 
square cm) brighter than 18™5 obtained in this way. 
Values of D varied from 0 in 1300 squares to 20.5 in 
one square. 

The pairs and small separations (30 triples) satis- 
fying Eq. (1) were then each associated with a square; 
in cases where a pair bridged two squares it was counted 
as half in each square. D, denotes the number of close 
separations associated with each square. All squares 
with D equal to 0, 0.25, 0.50, 0.75, etc. were grouped 
in “regions,” and the average counted pair density D,; 
was computed for each region. These raw data are 
plotted as a regression, D, vs D? in Fig. 1 and asa log-log 
plot in Fig. 2. 

In this first, preliminary analysis of the counts, no 
attempt has been made to associate regions of high D 
with known clusters of galaxies. All the variance was 
attributed to D,, and, weights were assigned to each 
point according to the number of counted squares 
included in D,. Least-squares solutions then gave the 
following results, together with standard deviations: 


D,= (0.0279-+0.0043)D*— (0.001340.0028)D, (11) 
D,= (0.0265-£0.0031)D», (12) 
D.= (0.0288-0.0018) D®. (13) 


In Eq. (13) only the first 13 points were used, omitting 
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the remaining 34 points of high D, and low weight that 
together account for only 2% of the squares counted. 

It is reasoned from the appearance of Fig. 2 and the 
low weight of the second coefficient in Eq. (11), that 
D, is proportional to D? within the accuracy of the 
_ counts. Vertical bars through the plotted points on 
Fig. 1 are proportional to the standard deviation of D, 
at each point. 

Since the counted density of close pairs is therefore 
proportional to the square of the surface density of 
galaxies and, by Eq. (8) and (10), the expected density 
of chance pairs is also proportional to D?, the difference, 
representing physical pairs, will also be proportional to 
D*. It remains to calculate the proportion of the 
counted pairs that are due to chance. 

Since the selection criterion, Eq. (1), required 
separations of galaxies to be less than S$, which depends 
on angular diameter, and therefore on magnitude, it 
was necessary to divide the data into six magnitude 
classes, as shown in Table I. The geometric mean major 
diameter of each class of galaxies is related to estimated 
mean magnitude by the empirical relation 


logA ;=3.6—0.2m;+0.1, (14) 


and the selection criterion within each magnitude class 
S;; is obtained from Eq. (1). The selection criterion 
between magnitude classes S;; is obtained in similar 
fashion. 

The proportion of galaxies brighter than 18™5 in 
each class is defined as 0;=D;/D, and estimated from 


the interpolation formula 
logD(m)=0.5m-+const, (15) 


_m being the estimated magnitude uncorrected for 
redshift. Hence 


logl (D—Ds)/D]=log(1—b¢) = —0.75, 
logl (D—D.—Ds)/D]=log(1—bs—bs)=—1.5, (16) 


and so on, leading to the values of b; in Table I. 
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Consider four 1-cm squares on the Palomar Atlas 
over which the galaxy count is 4D. Chance pairs in this 
area may include galaxies within an area a including a 
strip of width S outside the 2X2 cm? square; 


a=4485-+-4S2 (17) 


If there are m galaxies in this “‘significant area’”’ a the 
expected number of separations less than S among 
them is 


E(4D,)=4rS?n(n—1)/a. (18) 


The expected value of 7 is aD, and the expected value 
of the density of chance close separations is therefore 


E(D,)=7SLD(D—1/a)+¢,2/a?] 


I rS2D[ 1 = 1/aD+ (c2/a2D?) |, (19) 


where o,” is the variance in 7 due to fluctuations in D 
from one square to the next. Equation (19) is to be 
compared with Eq. (8), with D replacing Vi. 

If the density D is considered in six magnitude classes, 
D=D,+D2+ ---+Ds=D(b1+824+ ---+b6), Eq. (19) 
can be applied to pairs formed between galaxies of all 
six classes, so that 


1 Cont 
E(D,)= Dr >> stb] 1-( )+( )} (20) 
ij a;;D a;;°D? 


Equation (20) counts twice all chance separations less 
than S with doth the galaxies in the 2X2 cm? square, 
and counts once all chance separations with one galaxy 
in the 2X2 cm? square and one outside. Since the pairs 
totally within a square were counted once, and the 
bridging pairs considered to be one-half in each square, 
Eq. (20) must be divided by two, and the coefficient of 
D> in the relation between D and the chance pairs is 


T 1 oe 
“eo ( a) 
bes ij a,;D a;;7-D? 


When D >1, the last term in the bracket of Eq. (20) 
can be neglected, since a;;7> 20, and g,? is of the order 
of 1. The first term in the bracket produces deviations 
from D, « D? of —5% at D=4, —10% at D=2, —22% 
at D=1 and —60% at D=0.5, but this has very little 
influence on the fit of Figs. 1 and 2. The coefficient of 


(21) 


TABLE I. Magnitude classes. 


Max Signi- 

Major sepa- __ Propor- ficant 

diameter ration tion of area 

Class Magnitude A; Si galaxies Gi; 

1 m (mm) (mm) b; (cm?) 
1 18™5-17"0 0.1-0.2 0.85 0.823 4.7 
2 17.0-15.5 0.2-0.4 1.69 0.146 5.4 
3 15.5-14.0 0.4-0.8 3.36 0.0260 7.0 
4 14.0-12.5 0.8-1.6 6.72 0.0040 10.8 
5 12.5-11.0 1.6-3.2 13.44 0.00082 20.4 
6 11.0- 9.5 3.2-6.4 26.88 0.00014 48.2 


PAGE, DAHN, 
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Eq. (21) is thus determined to be 0.0239 for D>4, 
0.0228 for D=4, 0.0217 for D=2 and 0.0200 for D=1. 
The difference between these values and the regres- 
sion of Fig. 1 or Eq. (13) indicates that physical pairs 
form about 20% of the pairs counted to 18™5, and the 
correlation of physical pairs with surface density of 
galaxies is 
D,= (0.006-0.002) D?. (22) 
Further work is necessary in order to refine this 
correlation and to relate it with space densities in the 
clusters. Unless the cluster is submerged by background 
galaxies, the projection of space densities to surface 
densities of galaxies and pairs of galaxies should not 
alter the form of Eq. (22). 
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DISCUSSION 


AMBARTSUMIAN agreed that the close pairs of galaxies 
have negative energy and are in stable orbits. Pairs 
with positive energy would increase their separation in 
a relatively short time and not be recognized as pairs. 
Therefore Page’s closed-orbit model for determination 
of average masses need not be doubted. 

G. BuRBIDGE presented a summary of the values of 
masses of individual galaxies determined from internal 
motions (Table II) showing that Page’s statistical deter- 
minations from double galaxies (Astrophys. J. 132, 910, 
1960) are not inconsistent, except in the values of M/L. 
PaGE explained this as possibly due to the inaccurate 
magnitudes used in his determination, over a third of 
which were early estimates by Holmberg (Lund Ann. 
6, 1937). 

Kerr referred to recent 21-cm radio observations of 
the Magellanic Clouds that show both are embedded in 
a hydrogen envelope, and asked whether such an inter- 
galactic cloud of material would change Page’s derived 
masses. He also noted that the sharp edge of the 
hydrogen emission around the two diametrically op- 
posite edges of the Magellanic Clouds suggests that 
they are moving apart rather than in a circular orbit. 


PaGE replied that he had considered the possibility - 


of intergalactic matter in the double galaxies, but that 
a density of 10~° g/cm’ or more is necessary in order 
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to change the mean masses in Table II by a factor of 
2 downward. The discrepancy in M/L would then be 
worse for spirals. 

ABELL asked whether the selection criterion should 
not exclude pairs differing widely in radial velocity. 
When Pace pointed out the circularity in reasoning 
that this would introduce, he suggested a limit to the 
difference in magnitude. PacE agreed that this would 
be desirable, but in view of the lack of a definite 
luminosity function he had included in the present 
study all pairs with both members brighter than 185 
in order not to impose an arbitrary limitation. He added 
that the earlier investigation of mean masses was based 
on much brighter objects, most of them less than 14™, 
among which the expected proportion of chance pairs 
is only a few percent. 

VoRONTSOV-VELYAMINOV warned that the selection 
criterion S<3(4,+A.2) will include elliptical galaxies 
that in general are actually overlapping, since the 
diameters A; and A» measured on Palomar Atlas prints 
are underestimates of the actual diameters. For spirals 
this effect is much smaller, and the constant in the 
selection criterion should therefore be different for 
spirals and for ellipticals. Pace said that the list of 
pairs counted can be revised to try various modifi- 
cations of the selection criterion. SCHUECKING pointed 
out that the selection criterion S is also dependent on 
distance or redshift, and may need to be modified by a 
factor of almost 3 at 18™. No such allowance for cosmo-~'_ 
logical evolutionary effects was made, however. 

Curisty asked whether the pairs counted could not 
all be due to chance, and PAGE admitted that the cal« 
culation of chance pairs, complicated by the change of 
selection criterion with magnitude, may need revision. 
In answer to NEYMAN and Scott, he stressed that Fig. 1 
is a plot of total pairs counted, from which chance pairs 
(also proportional to V2) must be subtracted. NEYMAN 
and Scorr felt that the conclusions drawn after this- 
subtraction is done need not coincide with the present — 
conclusions. 

McCrea pointed out that higher-order systems 
would also result from capture, modifying the V? corre- 
lation, and PaGE said that only pairs were counted in 
order to avoid complex mathematics. DE VAUCOULEURS 
recalled a tabulation published by Holmberg (1940) 
indicating that the number of galaxies in systems is 
proportional to ($)", where 7 is the multiplicity (w=1 
for isolated galaxies, »=2 for pairs, 3 for triples, etc.). 

AMBARTSUMIAN criticized the correlation of surface 
densities, since a capture process would imply that 
the space densities would be correlated. PAGE claimed 
that if one could isolate the regions of high density, 
such as clusters, separate from foreground and back- 
ground objects, the projection would make little dif- 
ference, but admitted that the counts for different 
clusters should be treated separately, with different 
magnitude limits. 

CARPENTER asked how positive energy could be: 
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TaBLeE II. Summary of mass determinations (in solar units, reduced to H=75 km/sec/Mpc). 

Galaxy Type Method* Reference M/10" M/L 
M82 Irr Ls. Mayall, Ann. d’ Astrophys. 23, 344, 1960 iS 7.4 
NGC 55 Irr Mu de Vaucouleurs, Astrophys. J. 133, 405, 1961 ~4 ~6. 
NGC 3556 Irr-Sc l.s. (em) BBP, Astrophys. J. 131, 549, 1960 1.4 1.4 
LMC Irr-Sm Hur; 21 cm de Vaucouleurs, Astrophys. J. 131, 265, 1960 ES 4. 
NGC 3646 Sb-Sc(p) ls. (em) BBP, Astrophys. J. 134, 237, 1951 > 20-30 >2.5-4. 
NGC 2146 Sep l.s. (em) BBP, Astrophys. J. 130, 739, 1959 1.8 oF 
M33 Sc 21 cm Volders, Bull. Astron. Inst. Neth. 14, 323, 1959 1.8 1h 
NGC 157 Sc ls. (em) BBP, Astrophys. J. (in press) 6.0 1.9 
NGC 3504 SBb l.s.(em) BBP, Astrophys. J. 132, 661, 1960 0.3-0.9 <1. 
NGC 5055 Sb-Sc l.s. (em) BBP, Astrophys. J. 131, 383, 1960 ae) 2.8 
NGC 2903 Sb l.s. (em) BBP, Astrophys. J. 132, 640, 1960 4.9 4.2 
M101 Sc 21 cm Volders, Bull. Astron. Inst. Neth. 14, 323, 1959 1.4 132 
NGC 5005 Sb l.s. (em) BBP, Astrophys. J. 133, 814, 1961 9. 6. 
M31 Sb 21 cm van de Hulst e al., Bull. Astron. Inst. Neth. 14, 

: 1, 1957 34. 23 .-10 
‘M81 Sb Hu Miinch, Publs. Astron. Soc. Pacific 71, 101, 1959 15. 20. 
NGC 3623 Sa-Sb l.s. (em) BBP, Astrophys. J. 134, 232, 1961 20.-30 10.—20. 
Mean Sy lige 16 Single galaxies (all from rotation curves) 8.6 7.4 
14 pairs S. Irr Circular orbits Page, Astrophys. J. 132, 910, 1960 2.81.3 0.25=£0.17 
M87 E dispersion in V Minkowski (unpublished) 100. 50. 
NGC 3115 E rotation curve Minkowski and Oort (unpublished) dite, 19. 
NGC 3379 E dispersion in V Fish and Burbidge, Astrophys. J. 134, 251 10. 12e 
NGC 4111 E rotation curve Humason and Oort (unpublished) 2 13. 
Mean E 4 Single galaxies 30. 24. 
13 pairs E, SO Circular orbits Page, Astrophys. J. 132, 910, 1960 80.+13. 71.+20 


® 1s. =long slit; l.s.(em) =long slit, emission lines; BBP =Burbidge, Burbidge, and Prendergast. Hi1 =measure of individual Ht regions; 21 cm =radio 


measure, by 21-cm H line. 


dissipated in the capture process, tidal distortions either 
_ being inadequately minute, or in some cases not ob- 
servable. PAGE thought the tidal effects of a capture 
might be expected to damp out in a few rotation 
periods. Von HorrneR felt that the dissipation of 
energy is a serious difficulty. He questioned whether an 
observed correlation between NV» and NV,’ necessarily 
implies a capture process since the unknown process 


of forming double galaxies could possibly depend on 
the square of the density, as in the case of single star 
formation. In answer to G. BURBIDGE, it was mentioned 
by HormBerc that the relaxation time in a capture 
process depends on the velocity dispersion among the 
field galaxies. It was clear that further theoretical 
investigation is needed of captures of galaxies, and the 
resulting tidal distortions. 
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A detailed analysis of the observational material available for the Virgo cluster of galaxies leads to the — 
conclusion that the high redshift dispersion can be satisfactorily explained as a result of orbital motions 
(especially orbital motions within the subgroups of the cluster), systematic errors in the measured redshifts, 
and disturbance by optical members. Each of these three sources may be responsible for about one-third 
of the observed square dispersion. Accordingly, there is no need to introduce any additional dispersion- 
increasing effects, such as a rapid expansion of the cluster, or a strong gravitational field due to nonluminous 


intergalactic matter. The results are applicable also to other clusters and agg 


lomerations of galaxies. 


A detailed summary of the results, and of the conclusions to be reached, is given in Sec. 6. 


1. OBSERVATIONAL MATERIAL 


HE present investigation, based on an analysis of 
all the observational data available, gives the 
results of a theoretical study of the dynamical properties 
of the Virgo cluster of galaxies. The observational mate- 
rial refers to the redshifts, magnitudes, and types of the 
member galaxies; observational data also give informa- 
tion about the transverse extensions of the cluster, and 
about its distance modulus. It is a well-known fact that 
previous studies of the dynamics of the Virgo cluster 
(and of other clusters) have encountered serious diffi- 
culties in trying to find a satisfactory agreement be- 
tween theory and observations, the dispersion in the 
redshifts of the cluster members seemingly being much 
too high. The main purpose of this paper is to investigate 
more closely the possibilities of finding an adequate 
explanation of the excessive redshift dispersion, that is, 
an explanation that is uncomplicated and free from any 
unwarranted assumptions. In the successive sections of 
the paper, the various dispersion sources will be 
analyzed separately in some detail. 
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Fic. 1. Area covered by the Virgo cluster. The upper curve 
gives, for the declination zone +5° to +16°, the number of 
galaxies in successive 4™ intervals of right ascension. The lower 
curve shows the corresponding distribution in declination for 
galaxies of the right ascension zone 12516™ to 12»40™. Both curves 
based on the Reinmuth catalogue (coordinates reduced to 1950). 
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In Table I we find;~with two exceptions, all the 


galaxies which have been measured by Humason (Mt. 
Wilson-Palomar observatories) and which by him are 
referred to the Virgo cluster; on account of missing data 
as regards magnitudes, IC 3483 and Anon (a= 12" 30™1) 
have been omitted. The table also includes all the 
additional objects in the same area which have been 
measured by Mayall (Lick Observatory). The observed 
redshifts, as listed in the redshift catalogue (Humason 


table; in those cases where measurements are available 
from both Humason and Mayall, the arithmetical mean 
has been accepted. The second column gives the type of 
each galaxy, according to the redshift observer. The 
total photographic magnitudes in the third column have 
in order of preference, been taken from the catalogues 
by the writer (1958), by Stebbins and Whitford (1952), 
by Sandage (1956), and by Shapley and Ames (1932). 
The magnitudes by the writer (two decimals) and by 


Sandage are accepted without corrections; the S-W- 
—0™1 (diaphragm 


magnitudes have been corrected by 
somewhat too small), whereas the S-A magnitudes (in 


brackets) have been reduced to a correct photometric — | 
system by a correction formula previously derived Py) 


the writer (1958). 


Whereas most of the galaxies listed in Table I are nae 4 
of the main body of the ee cluster, a few are located: 


in the “southern extension.” For some of the following 
analyses it is necessary to have access to a representative 


- et al. 1956), are contained in the last column of the ~ 


mean value as regards the radius of the cluster, and we © 


thus have to determine the angular extensions of the 
main cluster body. For this purpose we may con- 
veniently use the survey catalogue by Reinmuth (1926). 
As appears from Fig. 1, the statistical distribution. 
curves obtained from this catalogue indicate that the 


main cluster body extends in right ascension from. 
12 8™ to 12" 48™, and in declination from +2°5 to: 
+18°5 (1950). The cluster thus seems to cover a more- 


or less elliptical area of the sky with diameters of 10° 


and 16°, the minor diameter being parallel to the 


equator. It may be added that the shape of the distribu- 


tion curves indicate that the space density (number of 


galaxies per unit volume) is approximately constant 
throughout the cluster. 


As regards the distance of the Virgo cluster, the writer’ 


620 


DEAN ANE ES Or VERGO Gln US PER 


Taxte I. Galaxies in the Virgo cluster area, for which redshifts 
and magnitudes are available. The successive columns list the 
type, the total photographic magnitude, and the observed redshift 
(km/sec). 


NGC Type m J NGC Type mt V 
4179 E 11.7 +1149 4517 Sc 11.10 +1098 
4192 Sb 10.89 — 202 4519 Sc Ws PMP 1123 
4212 Sc 11.71 +2047 4526 SO 10.6 357 
4216 Sb 10.88 — 34 4527 Sb 1529 1615 
4254 Sc 10.37 +2390 4535 Sc 10.38 1925 
4261 E 11.6 2094 4536 Sb 10.94 1819 
4267 SO 11.9 1179 4546 SO 11.4 882 
4270 E t3a13 2236 4548 Sb 10.86 372 
A213 SC AZ 235 2191 4550 E 12.6 280 
4281 SO 12.32 2492 4551 E 12.9 908 
4293 Sa (11.1) 693 , 4552 E 11.0 194 
4303 Sc 10.01 1557 Si 
4567 Sc 11.98 2206 
4321 Sc 10.07 1551 zs 
© 4568 Sc 11.66 2335 
4324 Sa (12.3) 1605 4569 Sb 10.11 806 
4339 EK /12.5 1173 2 
4570 E 11.8 1640 
4343 SO 14.16 614 . 
4350 SO 11.9 1122 4578 E 12.3 2201 
4365 E 11.0 1130 4579 Sb 10.32 1679 
4374 SO 10.21 880 4594 Sb 9.18 1035 
4382 SO 10.05 721 4621 E 11.0 339 
4636 E 10.6 858 
4387 E 13.0 439 
4394 Sb 11.81 + 720 4638 E Peps 1011 
4406 E 10.10 — 418 4643 SO (11.6) 1324 
4421 Sa 11.8 +1628 4647 Sc 12.05 1379 
4425 Sa 12.84 1809 4049 E 9.88 1248 
i 4000 _E eet 950 
4429 SO 11.09 1027 
4435 SO 11.86 + 796 | 4665 Sa (11.9) 684 
4438 Sap 10.92 — 105 4666 Sc 11.40 1531 
4442 SO 11.61 + 493 4697 E 10.4 1177 
4450 Sb 10.81 = 1995 4698 Sa 11.56 955 
4458 E 13.0 309 4699 Sb 10.2 1370 
4459 SO 11.5 1042 4713 Sc (11.8) 574 
4461 SO 1250 1813 = 
2 4742 E 1225 1176 
4404 E 13.5 1104 = = 
4467 E 155 1379 4753 SOp 10.7 1256 
i ae 4754 SO 11.6 1398 
4472 E 9.33 918 4762 Sa 11.0 870 
4473 E #153 2173 Sol ss 
4474 SO 1207 1458 4775 Sc (11.4) 1555 
4477 SO. 11.4 1195 4781 Sc (11.4) 751 
4478 E 12.3 1410 4856 Sa 11.4 1095 
4866 Sa 12.0 1862 
4479 SO 13.6 153. 4900 Sc 11.9 958 
- Anon E 15.4 1414 
4480 E 9.56 1171 4941 Sa 12.0 729 
4492 Sa 13.2 1642 4958 E i bi be te} 1389 
4501 Sc 10.07 +2060 4995 Sb 11.9 +1715 


has in a previous paper (1958) advanced several argu- 
ments pointing to an apparent distance modulus of 
about 30.2; with a mean galactic absorption in the 
cluster area of 0.26 mag., the distance of the cluster 
would thus be 9.7 X 10° pc. One of the arguments is that, 
with this distance modulus, the absolute total magni- 
tudes of the very brightest spiral galaxies in the cluster 
would be nearly the same as the absolute magnitude of 
NGC 224 (dist. mod. assumed to be 24.25). Secondly, 
the neighbor galaxies NGC 224, NGC 598 (dist. mod. 
= 24.15), and NGC 3031 (dist. mod.=27.1) would fit 
rather nicely into the correlation diagram of total 
magnitude versus surface magnitude obtained for 
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spiral objects in the cluster. For the third, the distance 
modulus adopted would lead to an agreement between 
the luminosity curve of Virgo cluster members and the 
luminosity curve representing members of the local 
group of galaxies and the groups around NGC 3031 and 
NGC 5457. It should be noted that the derived cluster 
modulus in the first place depends on the distance 
modulus adopted for NGC 224, and that any change in 
the latter modulus would lead to a corresponding change 
in the cluster modulus. 


2. VELOCITY DISPERSION DUE TO ORBITAL MOTIONS 


For the determination of the radial velocity dispersion 
corresponding to the orbital motions of the cluster 
members it is necessary to try to estimate the total mass 
of the cluster. Such an estimate may be based on the 
absolute luminosities of the individual members. 

For galaxies of the same integrated color index 
(corrected for internal absorption), or of the same type, 
there seems to be a more or less constant ratio of mass 
to lumimosity. According to an investigation by the 
writer (to be published) the mean ratios (solar units) 
amount to 80 (type E-SO), 20 (type Sa-b), and 2 (type 
Sc); the two latter values, of rather small importance 
i the present connection, are still somewhat uncertain. 
The results are based (a) on nearby galaxies for which 
rotational masses are available, (b) on the orbital 
motions of close double objects, and (c) on a theoretical 
study of the evolutionary changes in total luminosity 
of the stellar contents of extragalactic systems. The 
mass-luminosity ratios, being inversely proportional to 
the distances adopted, are calibrated on the distance 
scale defined by the Virgo cluster; that is, the results are 
based on the assumption that the apparent cluster 
modulus is 30.2 (cf. Sec. 1). It is interesting to note that, 
for the same distance scale, the result derived by Page 
(1960) for type E-SO is practically the same as that 
obtained by the writer. 

Of the galaxies listed in Table I, 52 are to be found 
within the elliptical cluster area as defined in Sec. 1 
(12 suspected optical members omitted; cf. Table V). 
The distribution of these objects as regards types 
appears from Table IT; the majority belongs to the class 
E-SO. The third column gives, for each type class, the 
total absolute photographic luminosity, in solar units; 
listed values are based on the apparent magnitudes of 


Tase II. Number of galaxies of different types in the main 
cluster area. Columns 3-5 list the total absolute pg luminosities 
(solar units), the adopted mass-luminosity ratios, and the resulting 
total masses (solar units). 


Type No. ZL m/L =I 

E-SO 31 169X 10° 80 135 10"! 

Sa-b 11 68 20 14 

Sc 10 86 2 2 
Sum: 52 323 109 15110" 
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Taste I. Mean-square redshift deviations (square disper- 
sions) in a number of subgroups within the Virgo cluster. Unit 


= (km/sec)*. 
Observed Corrected 
Subgroup square disp. square disp. 

4374-87, 4425 49 10+ 25X10# 
4433-53-61 59 54 
4459-74-77-79 9 12 
4464-67-72-92 10 3 
4478-86, Anon 2 5 
4550-51-52 15 16 
4621-38-47—4-60 16 14 

Means: 23X 10+ 18X 10* 


Table I, on a distance modulus of 30.2, and on an 
absolute pg magnitude of the sun equal to +5.37 
(Stebbins and Kron 1957). With the mass-luminosity 
ratios given in column 4, the lummosities are trans- 
formed into the masses (solar units) of the last column. 
The total mass of all the 52 cluster members thus 
amounts to 1.5X10* solar units. In a previous investiga- 
tion (1958), the writer has determined the total 


apparent pg magnitude of all cluster members within’ 


the elliptical area defining the main cluster body; the 
result is #io:=+6.0. With the above distance modulus, 
the total absolute magnitude thus amounts to —24.2, 
corresponding to 673X10* solar units. Accordingly, the 
galaxies of Table II represent only 48% of the total 
cluster luminosity. If the famter cluster members not 
included in the table are assumed to have the same 
distribution of types, the resulting total mass of the 
main body of the Virgo cluster would thus be 3.1 10% 
solar masses. 

The determination of the mean square redshift devia- 
tion (=square dispersion of the radial velocities) that 
corresponds to the orbital motions of the cluster mem- 
bers may, as is traditionally done, be based on the virial 
theorem of classical mechanics (Zwicky 1937). The 
application of the theorem has to be based on the 
assumptions (a) that the cluster is a stationary sy$tem, 
(b) that the cluster members are uniformly distributed 
in space, and (c) that the distribution of space velocities 
is spherically symmetrical. If the radius of the cluster 
(assumed to be spherical) is denoted by R, and the 
cluster mass by Iz, the virial theorem leads to a square 
dispersion in radial velocity V equal to 


(V?)= (Ar? /SR)Mect- (1a) 


The units are the solar mass, the a.u., and the year. 
According to Sec. 1, the half-axes of the elliptical 
cluster area are 5° and 8°; in the present case we may 
accept the geometrical mean, or 6°3. With a distance 
of 9.7X10* pc, this radius corresponds to 2.210" a.u. 
On the assumption that the extension of the cluster 
along the line of sight is comparable to the transverse 


extensions, the latter figure may be adopted to represent _ 


the parameter R. With the total cluster mass found 
above, the virial theorem then leads to a square disper- 
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sion in radial velocity of about 1100 (a.u./year? ~ |! 
=2.5X10! (km/sec)?. In view of the possibility that é 
the cluster may contain a certain amount of inter- 
galactic nonluminous matter, tending to increase the — 
total mass, the result may be rounded off to 3X10# 
(km/sec). ; 
The square dispersion derived by the above procedure 
is surprisingly small compared to the square dispersion, 
39X10! (km/sec)*, of all the redshifts listed in Table L- 
Seemingly, there is thus a serious disagreement between 
the “dynamical mass” and the “‘luminous mass” of the ~ 
cluster. A more detailed analysis leads, however, to the 
result that one of the main reasons for this conflict § isan ‘ 
incorrect application of the virial theorem. 
The theorem, as traditionally applied to clusters (and 
groups) of galaxies, is based on the tacit assumption that — 
the gravitational force acting on a mass element in the 
cluster can be represented by a smooth, continuous 
function of the space coordinates; in the case of a 
uniform space distribution, the force would be propor- 
tional to the distance from the center of the cluster. 
Local irregularities in the mass distribution are thus | 
not taken into account. However, the gravitational | 
, 
| 
7 


interactions between nearby galaxies cannot be neg- — 
lected in the present case. An inspection of the Virgo 
cluster indicates that the space distribution of the — 
members, although more or less uniform from a statisti- 
cal point of view, is rather irregular, most objects being — 
members of narrow double systems or groups. It is. } 
quite clear that the existence of such local concentra- — 
tions will affect the analysis of the velocity distribution. 
For a cluster model of given size and given total mass 
it would apparently be possible to increase the orbital — 
velocities by almost any amount by a suitable arrange- _ 
ment of the members in small groups. If, for instance, ~ 
the cluster is assumed to be composed of a number of | 
equally large subgroups (radius=7;; population=m), — 
and if each of these is divided in a number of subgroups _ 4 
of the second order (radius=r2; population= 2), and 
so on, the above equation apparently would have to be — 
replaced by 4 
4? = 
(y= am( et) a 


Tie EHS 


< 


the quantity (IM) representing the mean mass of the 
cluster members. The sum of the second and following 
terms within the brackets could obviously be much 
larger than the first term. 

The complicated structure of the Virgo cluster, the 
detailed features of which are inaccessible on account — 
of the difficulty in separating the fainter cluster mem- 
bers from the background, apparently cannot be ade-_ 
quately represented by a simple theoretical expression. 
It seems, however, possible to use the observational 
data for an estimate of the increase in the velocity 
dispersion that is caused by the grouping tendencies. 

In Table III, the internal redshift dispersions have 
been computed for a number of subgroups (at least 
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| three members) identified in the cluster. The square 
_ dispersions, as derived from the redshifts listed in 


Table I, are given in the second column. The members 
selected for each group, which are denoted by their 
NGC numbers (suspected optical cluster members 
omitted ; cf. Table V), are situated quite close together, 
and it seems likely that they are gravitationally associ- 
ated. The mean square redshift dispersion amounts to 
23X10* (km/sec)?. If the observed redshifts are cor- 
rected for systematic errors (cf. Sec. 4), the mean 
square dispersion is reduced to 18104 (column 3). 
Since only part of the systematic errors can be removed 
by the correction procedure used by the writer (cf. 
Sec. 6), it seems however likely that the final result will 
be of the order of 13%10* (km/sec)?. The velocity 
dispersion within the individual groups is thus consider- 
ably larger than the dispersion derived by means of 
Eq. (1a). For comparison, it may be noted that an 


Investigation of physical pairs of galaxies outside the 


Virgo cluster (unpublished paper), with a distribution 
of types corresponding to that of Table II, gives a 
square radial velocity dispersion due to orbital motions 
of 6X 104 (km/sec)?. In view of the fact that the groups 
of Table III contain 3-5 members, the square dispersion 
derived above does not seem to be unreasonably large. 

Some information about the grouping tendencies in 
the Virgo cluster can be obtained by a statistical 
analysis of the distributions of galaxies within circular 
survey areas centered on cluster members. As centers of 
the survey areas we may conveniently choose those 
objects of Table I that are located in the central part of 
the main cluster area (a border zone with a width of 
1°5 being left out), whereas the Reinmuth catalogue 
(1926) may be used to supply the data. Figure 2 gives 
the combined result as obtained from altogether 44 
survey areas with a radius of 2°. The total number of 
galaxies in circular strips, corresponding to distance 
intervals of 10’, ranges from 27 (0’—10’) to 190 (110’— 
120’). For distances larger than about 30’ the statistical 
distribution seems to be a more or less uniform one, and 


‘the observed frequencies have accordingly been repre- 


sented by a straight line. For distances smaller than 30’ 
there is apparently an excess of objects, the difference 
between the observed number (full line) and the 
number corresponding to a uniform distribution (dashed 
line) amounting to 73. We thus arrive at the conclusion 
that, on an average, each of the 44 selected cluster 
members has 1.7 physical companions (listed in the 
Reinmuth catalogue). 

The results of the above analyses seem to indicate 
that the mean square radial velocity dispersion within 


_ the subgroups of the Virgo cluster has a numerical value 


between 6104 and 13X10! (km/sec), the most prob- 
able value being approximately 10° (km/sec)*. The 
total square dispersion corresponding to all kinds of 
orbital motions of the cluster members is thus about 
four times larger than the square dispersion derived 
from Eq. (1a). 
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Fic. 2. Grouping tendencies in the Virgo cluster. Distribution 
of galaxies in circular survey areas (radius=120’), centered on 
44 objects belonging to the redshift list. 


3. VELOCITY DISPERSION AS A RESULT OF EXPANSION 


An expansion (or contraction) of the Virgo cluster 
would naturally tend to increase the dispersion in the 
radial velocities of the member galaxies. It is, however, 
easily shown that a moderately fast expansion would 
not change the observed dispersion by any appreciable 
amount. In fact, an expansion of the cluster at a con- 
stant rate from a very contracted size to the present 
volume during a time interval corresponding to the 
universal time scale could not be established from the 
observational data available, the increase in the disper- 
sion being negligible compared to the mean error of the 
observed dispersion. 

In order to demonstrate the effect of an expansion, 
we will start from the rather natural assumption that 
the space velocity due to expansion W of a cluster 
member is proportional to the distance 7 from the 
center of the cluster; thus W=ér. On the additional 
assumption that the space density in the cluster is 
constant, which implies that the statistical distribution 
of the distances 7 can be represented by a function 
proportional to 7”, we find 


R R 
= [ wr-rér | | rdr=2k?R?. 
/ 0 J 0 


The cluster radius (cluster assumed to be spherical) is 
denoted by R. On the condition that the distribution 
of space velocities is spherically symmetrical, the mean 
square radial velocity is then obtained from the relation 


(2b) 


(2a) 


(V2)=4{W) = BER 


In the above expression, the quantity &R represents 
the outward space motion of an object located at the 
edge of the cluster, or the maximum expansion velocity. 
If the radius of the cluster has increased at a constant 
rate during the expansion, this maximum velocity 
apparently is equal to R/(t;—), where ¢; represents the 
present epoch, and f the point of time when the expan- 
sion started (original size of the cluster supposedly very 
small). Thus, we arrive at a radial velocity dispersion, 


oy=0.45R (t:—to). (2c) 
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Taste IV. Mean observed redshifts (km/sec), with mean errors, 
for different types of members of the Virgo cluster. 


Type No. Mean redshift 
E-SO 41 +1002+ 61 
Sa-b 21 1276 108 
Sc 14 1669 137 
All 76 +1200+ 54 


As in the preceding section, we will assume that the 
angular radius of the Virgo cluster is 6°3. With a dis- 
tance of 9.7108 pc (cf. Sec. 1), this radius corresponds 
to 1.1X10° pc. If 4—¢o is put equal to the universal time 
scale, Eq. (2c) leads to a very small ‘“‘expansion dis- 
persion”; thus, for ¢;—f=10" years, cy will be 4.9 
X10~* pc/year=50 km/sec. If, on the other hand, the 
cluster expansion is assumed to be responsible for the 
main part of the high velocity dispersion observed, the 
expansion time #;—/) will be extremely short. For 
ay=600 km/sec, the expansion time would be only 
8X 108 years. 


The above numerical analysis, the main results of 


which are applicable also to other clusters, seems to 
indicate that, in all probability, the effects of a possible 
expansion can be entirely neglected in our attempts to 
find an adequate explanation of the excessive velocity 
dispersion in the Virgo cluster. An explanation based 
on the expansion hypothesis would lead to an impossibly 
short lifetime of the cluster. Generally, the observed 
frequency of clusters and agglomerations in our extra- 
galactic neighborhood is, according to the writer’s 
opinion, not compatible with the assumption of life- 
times of the order of 10° years. 


4. VELOCITY DISPERSION RESULTING FROM 
SYSTEMATIC REDSHIFT ERRORS 


A detailed analysis of the redshift data available for 
members of the Virgo cluster definitely indicates the 
presence of very peculiar systematic effects. As will be 
shown below, it seems highly probable that a consider- 
able part of the excessive redshift dispersion can be 
explained as a result of systematic errors in the observa- 
tions. 

Already a superficial examination of the redshifts 
listed in Table I reveals the unexpected fact that the 
measured redshift apparently depends on the type of 
the galaxy; the redshift increases systematically as the 
type changes from E-SO over Sa-b to Sc. According to 
the means listed in Table IV there is a difference of 
almost 700 km/sec between classes E-SO and Sc, a 
difference that can hardly be explained as a result of 
accidental deviations. It should be noted that in the 
computation of the tabulated means, 12 suspected 
optical members (cf. Table V) have been omitted; the 
result would however be more or less the same even if 
the latter objects were included. 

The systematic redshift deviations apparently cannot 
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be explained by assuming that the cluster is rapidly } 
expanding. We would in that case have to make the | 
additional assumption that members of type E-SO have | 
expansion velocities directed towards the sun, whereas | 
members of type Sc have velocities pointing in the | 


opposite direction. Accordingly, early-type galaxies 
would be confined to the nearer part of the cluster, and 
late-type galaxies to the back regions. 

According to the writer’s opinion, the most reasonable 
explanation of the above systematic effect is offered by 
the assumption that the measured displacements of the 
spectral lines are affected by systematic errors. Since 


the Mt. Wilson-Palomar and Lick redshift observations — 


represent a rather heterogeneous material, the observ- 
ing conditions, instrumental equipment, measuring 
procedure, etc. varying within quite wide limits, the 
systematic errors may have their origin in a number of 
different, possibly complex causes. It would apparently 
not be possible to reveal all these causes simply by a 
statistical analysis of the catalogued redshift data. Ina 
first approximation, we have to be satisfied if we can 
find one observational parameter that is, in a statisti- 
cally significant way, related to the hypothetical redshift 
errors. Since the central surface luminosity of galaxies 
of different types increases considerably along the 
sequence Sc over Sa-b to E-SO, the results of Table IV 
definitely point to the intensity of the light (reaching the 
spectrograph plate) as an important parameter in this 


connection. The systematic redshift errors would thus | 


be interpreted as a magnitude equation of some kind. 
The redshift observations in practically all cases refer 
to the nuclear regions of the galaxies, and in order to 
determine the intensity of the light entermg the spec- 
trograph slit (width of slit not taken into account) we 


are thus faced with the problem of determining nuclear — 


surface magnitudes. A reasonably good estimate of the 
sought magnitude, 


where m, represents the total magnitude and & is a 
function of the type. The latter relation may be deter- 
mined by means of the comprehensive photometric 
material brought together by the writer (1958); we 
arrive at the approximate results that, on an average, 
Rgap=ku-sotl, and kg.=Rn-sot4. Thus, 


m' =m, (type E-SO), m’=m,+1 (type Sa-b), 

m'=m,+4 (type Sc), 
where m’, apart from a constant (not needed in the sub- 
sequent analysis), represents the sought nuclear magni- 
tude. It should be emphasized that the quantity m’, 
although it proves to be a valuable statistical tool in 
the redshift analysis, gives only a very approximate 
numerical measure of the nuclear luminosity. 


sufficient at least for statistical 
purposes,-may be obtained if we assume that, for a given. 
type of galaxy, the central luminosity Correspan am to- 
the effective aperture of the average spectrograph slit 
is a constant fraction of the total luminosity of the — 
object. The magnitude would thus be equal to m;+k, 


_ We now turn to Fig. 3, where the observed redshifts 
of the 88 galaxies in the Virgo cluster area have been 
| plotted against the magnitude m’; it may be recollected 
| that the redshifts are listed in Table I. For galaxies of 
type E-SO the magnitude m’(=m,) ranges from 9.3 to 
15.4, whereas for types Sa-b (m/=m,+1) and Sc (m’ 
| =m,-+4) the intervals are 10.2-14.2 and 14.0-16.4, 
' respectively. In spite of the large redshift dispersion, a 
rather well-defined correlation between V and m’ is 
indicated ; on an average, the redshift increases by about 
700 km/sec as the nuclear magnitude changes from 10 
to 16. If all the 88 galaxies are included, a least-squares 
_ solution gives the following result (with mean errors) as 
regards the mean observed redshift corresponding to a 
given magnitude: 


V =888-+119(m’—10). 
+115 +36 


(3a) 


Among the 88 galaxies in the Virgo cluster area we 
have to expect a certain number of optical members. 
A separate discussion of possible foreground and back- 
ground objects is found in the next section; it is shown 

_that 12 of the 88 galaxies must be listed as very doubtful 
cases. If these objects are omitted (denoted by crosses 
in the figure) the above relation is changed to 


V=905+114(m’—10). 
sE08) Saul! 


(3b) 


In the figure, this relation is reproduced by the straight 
line. The significance of the result may be judged by 
means of the open circles, which represent the mean 
redshifts in five equally large classes; the diameter of 
each circle is equal to twice the mean error of the class 
mean. 

The above result indicates that the primary sources 
of redshift error, so far unknown, in some way are 
correlated with the nuclear magnitude m’. It would 
naturally be of a certain interest to examine whether, 
statistically speaking, a better result could be obtained 
if m’ is combined with other observational data, as, for 
instance, the apparent diameters. Since photometrically 
measured diameters are not available for all the objects 
of Table I, we will accept the apparent dimensions as 


‘Fic. 3. Relation between observed redshift (red. by 905 km/sec) 
and nuclear magnitude m’, as derived for 76 nebulae in the Virgo 
cluster area; 12 suspected optical members denoted by crosses. 
The mean redshifts in five equally large classes are represented by 
open circles (radius= mean error). 
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Fic. 4. Relation between redshift residual (as obtained from 
Fig. 3) and log product of apparent diameters; 12 suspected optical 
members denoted by NGC numbers. The broken lines represent 
deviations of +900 km/sec from the mean relation. 


listed by Reinmuth (1926) in his catalogue of the 
Herschel nebulae; although these diameters are esti- 
mated quantities, they supposedly form a rather 
homogeneous system. In Fig. 4 the residual redshifts 
AV, or V—905—114(m’—10), have been plotted 
against logab, the quantities a and 6 representing the 
apparent diameters in minutes of arc. As may have been 
expected, the figure indicates a correlation, the mean 
relation (12 optical members omitted) being AV= +109 
d; the quantity d stands for (2.5 logab—2.5(logab)). We 
thus arrive at the conclusion that a somewhat more 
pronounced correlation would have been obtained if, in 
Fig. 3, the magnitude m’ is replaced by m’-+d. In fact, 
a least-squares solution gives the result 


V =873+127(m’—10+d). (4) 
Say ese) 


Within the limits of the accidental errors, the numerical 
parameters of this relation agree with those of the 
previous equation. It may be noted that the inclination 
factor 127 is almost five times larger than its mean error, 
which indicates that the result can be accepted as 
statistically significant. 

By the above correction procedure, and by the 
exclusion of 12 projected objects, the dispersion in the 
redshifts of the Virgo cluster members has gone down 
from about 625 to about 450 km/sec, that is, the square 
of the dispersion has been reduced by 50%. 

It should be noted here that the existence of a 
systematic error (related to m’) in the observed red- 
shifts has been established not only for the Virgo 
cluster but also for other groups of galaxies. We beg to 
refer to a previous investigation by the writer (1961). 


5. DISTURBANCE CAUSED BY OPTICAL 
CLUSTER MEMBERS 


The elimination of projected objects will naturally 
reduce the redshift dispersion computed for a given 
cluster. As will be shown below, this source of error 
cannot be neglected in the case of the Virgo cluster. 
Since the apparent area covered by a cluster is inversely 
proportional to the square of the distance, whereas the 
number of field galaxies per square degree is directly 
proportional to the third power, the disturbance caused 
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Taste V. List of galaxies in the Virgo cluster area suspected of 
foreground objects (upper part), or background objects 
). The distance moduli contained i in the last oo are 


of the cluster =30.2) 
Vobs 
NGC Type me (km/sec) Dist. mod. 

4192 Sb 10.89 — 202 29.2 
4206 Se 12.69 - 29.4 
4216 Sb 10.88 — 34 29.4 
4406 E 10.10 — 418 (28.6) 
4438 Sap 10.92 — 105 28.6 
4517 Se 11.10 +1098 28.1 
Reinm. 80 Se 42.52 oe 29.4 
4713 Se 11.8) + 574 oe 
4261 E 11.6 +2094 (31.9) 
4270 E 13.13 +2236 (31.9) 
4273 Se 42-35 +2191 31.9 
4281 SO 12.32 +2492 (31.9) 
4473 E 11.3 +2173 tee 
4578 E 12.3 +2201 


by projected objects will, however, be more serious for 
more distant clusters. ; 
Before trying to sort out the background and fore- 
ground galaxies that may have been included in Table I, 
we will, as a preliminary step, analyze the problem from 
a statistical pomt of view. In a previous photometric 
investigation (1958), the writer has determined (a) the 
statistical distribution function for the apparent 
magnitudes of galaxies in the general field (outside 
clusters), and (b) the corresponding distribution for the 
brighter Virgo cluster members (m<13.5). By combin- 
ing these data we are able to derive, for each object of a 
given magnitude in the cluster area, the statistical 
probability of its being a physical cluster member. The 
computation gives the result that of the 88 galaxies 
listed in Table I about 14%, or. 12 objects, may be 
expected to belong either to the foreground or the back- 
ground. As regards the foreground, we may also 
approach the problem in the following way. Assuming a 
cluster distance of 9.7 10° pc, and an extension of the 
cluster along the line of sight comparable to the trans- 
verse extensions, we arrive at a foreground volume of 
about 20 X 10" pc*. On the other hand, the above magni- 
tude distribution curve referring to field objects, com- 
bined with certain reasonable assumptions as regards 
the mean and the dispersion of the absolute luminosities 
of galaxies [M,,=—19.3; cf. Table 6 in Holmberg 
(1961) ], leads to a space density (outside clusters) in 
the nearer parts of the extragalactic universe of approxi- 
mately 10~'* galaxies per pc?. Accordingly, the total 
number of galaxies located in front of the Virgo cluster 
would be about 20. Since only an estimated 40% of 
these would fall within the magnitude range of the 
redshift list, the number of objects likely to be picked 


up by the redshift observers is reduced to 8. Thus, 


possibly half the number of projected galaxies may 
belong to the foreground. 
_ With the results of the above analysis as a guide, we 
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will now try to pick out the individual optical members. 


As appears from Table V, six objects from the redshift | 
list (plus two objects not in the list) have been referred | 
to the foreground, and six to the background. The } 
selection has been based on (a) the distance moduli as } 


estimated from photometric data (fifth column; only 
spirals), and (b) the observed redshifts (fourth column). 
In the photometric investigation referred to above, the 
writer has shown that there is, for spiral galaxies, a 


rather pronounced correlation between total absolute j 
magnitude and surface magnitude (corr. for inclination — 


effect). Thus, the latter quantity may be used as an 


indicator of absolute. luminosity, the mean error of the 4 . 
absolute magnitude being about 0.8. On the assumption 


that the apparent distance modulus of the cluster is 
30.2, the absolute magnitudes lead to the individual 
distance moduli given in the table. As regards the red- 
shifts, we will refer to Fig. 4, where the objects of 
Table V are denoted by crosses and NGC numbers. In 
all but two cases, the suspected galaxies fall outside the 
dotted lines that represent distances from the mean 
relation equal to twice the dispersion i 
km/sec). 


A few explanations may be needed to justify thee 


selection of the objects listed in the table. It should be 
noted that 7 of the 14 objects are located close to the 
western boundary of the cluster area, a region where the 
density of cluster members is comparatively low. This 
is the case with NGC 4192; the position, combined with 
the low distance mes the small redshift, and the 
large major diameter, definitely indicates the fore- 
ground. The same arguments apply to NGC 4216, which 
very likely forms a double system together with 
NGC 4206 (sep.=12’). Another double system, also 


referred to the foreground, is probably formed by ~ 
NGC 4406-38 (sep.= 23’), two galaxies that are quite 


outstanding as regards total magnitudes and major 
diameters. It seems quite clear that the two spirals 


NGC 4517 and Reinmuth 80 (sep.=17’) are also- 


physically connected. The assumption of nonmember- 
ship (foreground) is in this case based on the two dis- 


tance moduli, 4517 fitting quite well into the diagram 


of Fig. 4; it should also be pointed out that 4517 has a 
larger major diameter than any other Sc spiral in the 
cluster area (Holmberg 1958). 
modulus is available for NGC 4713 (not included in the 
writer’s photometric catalogue), the assumption of non- 
membership is in this case based on the observed red- 


shift ; it may however be noted that this object is located — 


close to the eastern edge of the cluster area. As regards 
the suspected background objects, NGC 4261-70-73-81 


apparently form a physical group; the high distance 


modulus (for 4273), and the large redshifts, seem to 
exclude the possibility of cluster membership. Finally, 
NGC 4473 and 4578 have been referred to the back- 
ground on account of the large redshifts. 

By the exclusion of the above 12 objects from Table I, 
the observed redshift dispersion is reduced by almost 
20%. The result shows that even for a nearby cluster 
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Since no distance | 
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Tas _eE VI. Contributions to the square redshift dispersion 
from different sources. 


Source Square disp. 


Optical members 


1310! (km/sec)? 
Orbital motions I 3 


Orbital motions II 10+ 
Expansion O+ 
Systematic errors I 6 
Systematic errors II 6+ 
Accidental errors 1 


Sum: 39X10! (km/sec)? 


the disturbance caused by optical members cannot be 
neglected. If the Virgo cluster-had been located 10 times 
further out in space, in which case the number of 
projected objects would have surpassed the number of 
physical members, a reliable determination of the 
velocity dispersion in the cluster would apparently not 
have been possible. 


6. SUMMARY AND CONCLUSIONS 


According to the numerical analyses of the preceding 
‘sections, the excessive redshift dispersion found for the 
Virgo cluster can be explained as the combined result 
of a number of different effects. The most important of 
these are orbital motions (especially orbital motions in 
the small subgroups within the cluster), systematic 
errors in the measured redshifts, and disturbance by 
optical members that are inadvertently included in the 
material. It seems, in fact, possible to explain the entire 
amount of the observed dispersion as a result of the 
three effects mentioned. Accordingly, there is no need 
to introduce any additional dispersion-increasing effects, 
such as a rapid expansion of the cluster, or a strong 
gravitational field due to nonluminous intergalactic 
matter. 

The different results obtained in this investigation 
have been summed up in Table VI. Since the square of 
the total (observed) redshift dispersion must equal the 
sum of the squares of the partial dispersions, it has 
seemed appropriate to tabulate the squared dispersion 
values. The dispersion of the redshifts of all the 88 
galaxies listed in Table I amounts to about 625 km/sec, 
and the square of the total dispersion is thus equal to 
39 104 (km/sec)?. 

According to the table, the optical members included 
in the material are responsible for one third of the total 
square dispersion. The tabulated value represents the 
difference between the square dispersion of all the 88 
redshifts and that corresponding to the 76 objects 
accepted as physical members (cf. Sec. 5). Obviously, 
the elimination of optical members is a most important 
stép in all analyses of the redshifts of cluster galaxies. 
The sorting out of projected objects will unfortunately 
meet with very large difficulties in the case of distant 
clusters. Even in the Virgo cluster it has naturally not 
been possible to identify the optical members beyond 
possibility of doubt. 
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The tabulated square dispersion corresponding to 
orbital motions I represents the radial velocity dispersion 
corresponding to the orbital motions (virial theorem) 
that would be expected if no attention is paid to the 
grouping tendencies within the cluster, that is, if the 
local irregularities in the distribution of gravitational 
potential are neglected. The determination of this 
dispersion, which is based on a total mass as derived 
from the absolute luminosities of the individual cluster 
members, is described in Sec. 2. The small size of the 
dispersion (compared to the total dispersion) shows 
that it is practically impossible to derive the total mass 
of a cluster by means of the observed redshift dispersion. 

The square dispersion corresponding to orbital motions 
II represents the orbital motions within the numerous 
small groups in the cluster. It is, according to Sec. 2, 
estimated at 10X10* (km/sec)?. The estimate is some- 
what uncertain, the redshift material being too limited 
to permit a detailed study of the dynamics of the sub- 
groups; there seems however to be no doubt that the 
dispersion is larger than that corresponding to ‘‘orbital 
motions I.” 

The square dispersion referring to an expansion of the 
cluster has in the table been put equal to O+. If the 
cluster is assumed to participate in the general expan- 
sion of the universe, the resulting radial velocity disper- 
sion would, according to Sec. 3, be considerably less 
than 100 km/sec. It seems to the writer that, as long as 
no direct observational evidence is forthcoming, the 
hypothesis of a rapid disintegration represents an 
unwarranted complication. As was stated above, the 
present analysis does not furnish any evidence indicat- 
ing a disintegration. 

The dispersion source listed as systematic errors I 
represents the systematic errors analyzed in Sec. 4. 
According to Eq. (4) the observed redshifts are affected 
by systematic errors that, apart from a constant, can be 
approximated by +127(m’+d). The systematic errors 
apparently give rise to an increased redshift dispersion, 
the increase in the square dispersion being equal to 
(127)? multiplied by the square dispersion of (m’+d); 
the result is 5.9% 10* (km/sec)?. Since it has so far not 
been possible to ascertain the true nature of the sys- 
tematic errors (Holmberg 1961), it is quite obvious that 
the numerical results obtained in Sec. 4 only represent 
a first approximation. Accordingly, the computed in- 
crease in square redshift dispersion is certainly too 
small; if the true radial velocities were known, it would 
probably appear that the increase is at least twice as 
large. The probable increase in the square redshift 
dispersion due to unknown and so far inaccessible 
systematic errors, assumed to be of the same order of 
size as the increase corresponding to “‘systematic errors 
I,” is in the table listed under the title systematic 
errors II. 

Finally, it is also necessary to consider those errors in 
the observed redshifts that are of a purely accidental 
nature. According to Mayall (1956), a comparison 
between Lick and Mt. Wilson-Palomar redshifts meas- 
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ured for the same objects indicates a mean error in one 
determination of 60-70 km/sec. This result probably 
represents a minimum value, since the accidental errors 
of the two lists undoubtedly are to a certain degree 
correlated. In Table VI (accidental errors), the square 
mean error has been estimated at 10* (km/sec)?. 

Some of the square dispersions listed in Table VI, 
although presumably representing the best approxi- 
mations that can be arrived at for the present, are 
necessarily uncertain and may have to be corrected 
when further observational data become available. It 
should however be pointed out that no analysis of the 
velocity dispersion in a system of galaxies, whether a 
cluster or a small group, can be considered as complete 
if not all the dispersion sources listed in the table have 
been taken into consideration. 

Since the sum of the partial square dispersions listed 
in Table VI is equal to the square of the total (observed) 
redshift dispersion, there is obviously no need to intro- 
duce any additional dispersion sources in order to reach 
a satisfactory agreement between theory and observa- 
tion as regards the dynamical conditions in the Virgo 
cluster. We especially like to point out: (1) that the 
assumption of an exceptionally large additional mass in 
the form of intergalactic gas in the cluster (to increase 
the dispersion corresponding to “orbital motions I’) 
apparently is not supported by the observational data ; 
and (2) that the hypothesis of a very rapid disintegra- 
tion of the cluster (to increase the dispersion corre- 
sponding to ‘‘expansion’’) also seems to be unwarranted. 
It can in any case be stated that assumptions of this 
kind, although not disproved by the observations, 
represent altogether unnecessary complications. 

In conclusion, it should be remarked that the in- 
ferences reached above as regards the Virgo cluster are 
applicable also to other clusters of galaxies. The tabu- 
lated square dispersions will naturally not be the same. 
In the Coma cluster, for instance, we may expect the 
dispersion corresponding to ‘“‘systematic errors?’ to be 
smaller, the redshift observations referring to early-type 
galaxies of more or less the same apparent magnitudes. 
On the other hand, the “orbital motions II” will 
probably be more pronounced on account of the high 
space density in the cluster. The disturbance caused by 
optical members will also be much more troublesome 
than in the Virgo cluster; the relative number of pro- 
jected objects may very well be so high, and their 
identification so difficult, that a reliable determination 
of the redshift dispersion for cluster members proves 
practically impossible. In order to attain any results 
approaching significance, a statistical analysis of the 
dynamics of the Coma cluster (and other distant 
clusters) has in any case to await the accumulation of 
a more complete redshift material. 
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DISCUSSION 


It was agreed to postpone discussion of the systema 
errors in Humason’s and Mayall’s radial velocities 
IAU Symposium No. 15 (Proceedings, in press). Sco 
pointed out that the studies of NeymMan and Sco 
(reported above) assigned quite a different cause to 
positive correlation between measured velocity a 
magnitude; that is, this correlation is due to expansi 
of the cluster rather than systematic error. Furthermo: 
in about half of the eight clusters and fifteen grou 
studied the correlation between measured velocity ai 
magnitude is negative, interpreted as contraction, ai 
in the other half positive. Such a switch in sign appez 
inconsistent with any large systematic errors in veloci 
positively correlated with magnitude. De VAUCOULEU 
asked what would happen to the average masses deriv 
from differential velocities of double galaxies if the 
large systematic errors are taken into account a1 
HoLMBERG answered that he has recalculated Paci 
masses and found little difference because the differen 
in magnitude between galaxies in a pair is general 
small. Pacr added that his own velocity differences f 
30 pairs generally depend on measures of emission lin 
which would not be expected to suffer the same syste1 
atic errors as absorption-line measures. Moreover, t! 
error analysis reported in his full paper (Proceedings of | 
Fourth Berkeley Symposium on Mathematical Statist 
and Probability, Vol. III, in press) showed no inco 
sistencies between his measures and those of Humas: 
and Mayall. 

Dr VaucouLeurs asked how the alleged systemat 
errors would affect the velocity dispersion in the Cor 
cluster, for which about 50 velocities are now know 
HoimBErG replied that, again, the dispersion in mag! 
tude is small in the Coma cluster, so the systemat 
error in V would be minimal, but that foregrow 
objects would undoubtedly account for the appare 
instability. To this BuRBIDGE responded that, if t! 
Coma cluster is a member of a supercluster, foregrou1 
objects should also be members, and the stability of t 
supercluster comes into question. 

SPINRAD and Scumipt asked how the value M/L=: 
was calculated for elliptical galaxies from the theory 
star formation. HorMBERG said that the study is as y 
unpublished; he uses Salpeter and Schmidt’s distrib 
tion of initial masses and ageing process, and deriv 
M/L as a function of color index. He admitted th 
there are difficulties in correcting for interstell 
absorption in spirals, and other difficulties in the ca 
of ellipticals. 
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1. SUPERCLUSTERING 


HE question of the stability or instability of 
groups and clusters of galaxies is closely related 
the problem of the existence or nonexistence of 
ond-order clustering. More precisely, we are con- 
ned with the relative sizes of ordinary clusters and 
the large-scale density fluctuations in the universe. 
clusters are isolated, i.e., are imbedded in a statisti- 
ly uniform distribution of so-called “field” galaxies 
» only known forces determining their stability are 
- collective gravitational attraction of the cluster 
mbers and possibly the presumed universal cosmic 
yulsion, if gas and radiation pressure can be neglected 
the present time. 
[f, on the other hand, clusters are not isolated and 
lependent units, but are merely condensations in 
ger systems or superclusters, their dynamics may be 
npared to that of star clusters in the general gravi- 
ional field of the Galaxy; in particular, if the super- 
ster is centrally condensed and in a state of differ- 
jal rotation and expansion shearing and tidal forces 
y be operative which tend to reduce the stability of 
subunits. It should be well understood that the 
ulogy with the Galaxy is merely illustrative and that 
» over-all central condensation, general rotation, if 
y, and possible expansion refer only to a smoothed- 
t model. Because of the smaller population (~ 104-10° 
axies per supercluster vs ~ 10-10" stars per galaxy) 
d larger random velocities (~100-1000 km/sec vs 
-100 km/sec) the internal structure of the super- 
ster is expected to be essentially irregular and to 
1ibit considerable subclustering. However, it is not 
t complete chaos and its mean density is still higher 
in the over-all average density of the observable 
rion. 
This, in fact, is the main difference between the two 
‘wpoints; if clusters are the largest organized ag- 
merations of matter in the universe, the large-scale 
tribution of matter can be considered as already 
tistically uniform and isotropic in volumes of space 
the order of 10 Mpc’, since typical cluster diameters 
- of the order of 1 to 2 Mpc. The distance scale used 
such that at large distances H=150 km sec? Mpc. 
If on the other hand, the largest recognizable ag- 
merations of matter are superclusters with typical 
meters of the order of 20 or 30 Mpc, the presumed 
iform and isotropic large-scale distribution will not 
erge until volumes of space of the order of 100 Mpc? 
- considered. If so, considerable nonuniformity and 
isotropy will prevail in regions of radius less than 
Mpg, as indeed is actually observed. 
The argument about simple clustering vs super- 


clustering is to some extent based on a misunderstanding 
and reminds one of the futile debates of the 1930’s 
between the concepts of a general field and of extensive 
clustering. It is largely a question of scale, so that 
qualitative pronouncements are almost meaningless. 
The concept of a general field of isolated galaxies was 
the product of the small-field Newtonian telescope; 
the concept of a cluster field arose from the coverage of 
the Schmidt telescope and wide-field astrograph. In the 
first case we were dealing with characteristic volumes 
of the order of 0.5 Mpc’, in the second we are considering 
volumes of the order of 5 Mpc’. 

Now we have several independent lines of evidence 
pointing to the reality of large-scale irregularities of the 
distribution of groups and clusters of galaxies in volumes 
of the order of 50 Mpc’. This evidence comes from: 


(1) the analysis of the distribution of galaxies 
brighter than the 14th mag. in both hemispheres (de 
Vaucouleurs 1956a, 1960a) [additional supporting 
evidence from counts to the 16th mag. in the northern 
galactic hemisphere has been recently reported by 
Carpenter (1961) ]; 

(2) the large transverse gradients disclosed by 
Harvard counts (Shapley 1938) to the 17th mag. in the 
southern galactic hemisphere; 

(3) the statistical analysis of the Lick counts of 
individual galaxies to the 18th mag. in the northern 
hemisphere (Shane and Wirthanen 1954; Neyman, 
Scott and Shane 1956) ; 

(4) the statistical analysis of the Palomar counts of 
distant clusters to the 20th mag. (Abell 1958). 


It is remarkable that all four approaches lead to 
essentially the same characteristic length 2R~30 Mpc 
(on the present distance scale) for the maximum size of 
the large-scale irregularities. 

There is at present no evidence for clustering of the 
third order, either because any such supersupercluster- 
ing would be on a scale of the same order of size as the 
observable region (available counts stop at m= 18 to 20 
or 2R=200 to 500 Mpc) or perhaps because such a 
region would be too large for gravitational instability 
to be significant on the time scale available (van Albada 
1960). 


2. CLUSTER TYPES 


Our data are still too incomplete to permit a com- 
plete, detailed classification of clusters of galaxies; it is 
clear, however, that groups and clusters of different 
types exist which can be distinguished by differences 
in size, structure, and galaxy population. We recognize 
the following types. 
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A. Clusters of Spirals and Irregulars 


(1) Small, low-density groups of spirals and irregu- 
lars (with occasional dwarf elliptical companions) 
having typical diameters of the order of 0.5 Mpc; the 
total population is a dozen or less (excluding the very 
faint dwarfs, which are invisible, except in the nearest 
systems, and presumably contribute very little to the 
total mass); the velocity dispersion is of the order of 
200 km/sec. Very often the center of the group is empty, 
most of the bright members being scattered along its 
periphery. Examples are the Local Group (Humason 
and Wahlquist 1955; Kahn and Woltjer 1959), the 
Sculptor group (de Vaucouleurs 1959), the NGC 1023 
group, and several of the nearby groups in Leo, Ursa 
Major, etc. These groups are clearly not in stable 
statistical equilibrium; they are comparable to expand- 
ing associations of stars and have expansion ages of the 
order of 10° years or less (de Vaucouleurs 1959, 1960b). 

(2) Large elliptical clouds of spirals and irregular 
galaxies with very few or no ellipticals or lenticulars are 
characterized by a nearly uniform surface density out 
to the sharply defined edge of the system; there is no 
central condensation and occasionally an actual vacancy 
in the center. Diameters are of the order of 2 or 3 Mpc, 
with minor axes perhaps one third of the diameters, the 
total population in the first three magnitudes is a few 
dozen, the velocity dispersion is of the order of 300 
km/sec. Examples are the Ursa Major cloud (Morgan 
1959), the Canes Venatici cluster (van den Bergh 
1960a), the cloud in Grus (de Vaucouleurs 1956b) and 
the ‘‘S’’ component of the Virgo cluster (de Vaucouleurs 
1961 eh) Sec<3): 


B. Clusters of Ellipticals and Lenticulars 


(3) Small, dense clusters of elliptical and lenticular 
galaxies are characterized by a compact nuclear con- 
centration surrounded by an irregular “atmosphere” 
of much lower density; the diameters are of the order of 
1 Mpc; the total population is less than a hundred in 
the first three magnitudes; the velocity dispersion is of 
the order of 500 km/sec. Examples are the core of the 
Fornax cluster (dé Vaucouleurs 1956b; Hodge 1960) 
and the “E” component of the Virgo cluster (de 
Vaucouleurs 1961; cf. Sec. 3). 

(4) Large globularlike clusters of the Coma type are 
populated predominantly or exclusively by elliptical 
and lenticular galaxies; the diameters are of the order 
of several megaparsecs, the total population is several 
hundreds in the first three magnitudes, the velocity 
dispersion is of the order of 1000 km/sec. The density 
distribution in these clusters is closely similar to the 
density distribution in globular (EO) galaxies (de 
Vaucouleurs 1948). Examples are in Coma, Perseus, 
Pegasus, Cancer, Corona Borealis, Hydra (Zwicky 
1957). 
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C. Clouds of Mixed Types 


(5) Large ellipsoidal clouds or cloud complexes of | 
galaxies of mixed types on a scale somewhat larger than | 
the clouds of spirals and with a moderate degree of « 
central condensation form the transition with the large- © 
scale superclusters. These huge complexes often show 
a substantial degree of subclustering and type segrega- 
tion (Sec. 3). Typical diameters are of the order of 10 
Mpc with an axis ratio of the order of 4/1. The total 
population may be of several hundreds in the first three 
magnitudes, the velocity dispersion is of the order of - 
700 km/sec. Examples are the Hydra cloud (de- 
Vaucouleurs 1956a, b);.the multiple Hercules cluster | 
(Burbidge and Burbidge 1959), the Leo cloud complex | 
and the belt of galaxies contered in Fornax forming the 
so-called “Southern Supergalaxy” (de Vaucouleurs 
1956a). 

(6) Superclustering on the largest scale has typical 
diameters of the order of 20 or 30 Mpc, with axis ratios 
of perhaps 4/1, at least in some cases. The total popula- | 
tion may be several thousands in the first three mag- 
nitudes, the velocity dispersion is of the order of 1000 
km/sec. Examples are the Local Supercluster (de 
Vaucouleurs 1960a), the large supersystem centered in 
Hercules indicated by the Lick counts (Shane and | 
Wirtanen 1954), the elongated complex of clouds and 
clusters stretching across Perseus and Andromeda 
(Tombaugh 1937), the huge elongated cloud of galaxies 
fainter than m=16 extending from Dorado towards’ . 
Fornax and still incompletely covered by the Harvard — 
counts (de Vaucouleurs 1956a). 


A great deal of the confusion in the discussion of 
clustering can be avoided if one takes into account the 
great variety of scale, structure, and composition among © 
galaxy clusters. 7 


ee STRUCTURE OF THE VIRGO CLUSTER 


Because of its location in the general direction of the 
center of the Local Supercluster the Virgo cluster has — | 
been considered as its probable nucleus and the center 
of its presumed general rotation and differential ex- 
pansion (de Vaucouleurs 1958, 1960a). This location 
also raises the possibility that the cluster may be not a 
single isolated unit but, at least in part, an appearance 
caused by chance superposition of two or more inde- 
pendent clusters and groups on the same line of sight. 
A discussion of the surface distribution, morphologic 
types, apparent magnitudes, diameters, and radial — 
velocities of over 200 galaxies generally brighter than 
the 14th mag. between 12 and 13", and 0° and +20° 


suggests that such may well be the case. 1 

The evidence recently presented (de Vaucouleaaaa 
1961) need not be repeated here; it rests primarily on 
the contrasting surface and velocity distributions of _ 
elliptical-lenticular galaxies and of spiral-irregular 


galaxies in the area. In particular the Virgo cluster 
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TABLE I. Masses and densities of groups and clusters of galaxies. 


Mean mass Mean 
Distance Mean radius Total mass per galaxy density 
A R logR Population logV m* logar* logp* 

System (Mpc) (Mpc) (cm) logN;* (©) (©) gem? Notes 
Seyfert 29 0.008 22.4: 0.7 12s 1055: —23.3: b 
Stephan 45 0.024 22.80 0.7 127 12.0 —22.9 c 
Virgo E (core) Leo 0.12 23.6 13's 13.4 Ail —24.65 E 
Fornax (core) 10 0.17 Ryeyl 1.0: 1350 1220 —25.45 2 
Sculptor 1S 0.25 23.95 0.8 13.05 1253 —26.1 q 
G 5846 12 0.35 24.04 1.3 13.50 122 —25.9 = 
Pegasus 26 0.45 24.14 eas TEAS Ady —26.3 5 
G 1023 7 0.5 24.16 LEO: 29S MSs —26.2 Bs 
Fornax 10 OES: 24.19 15S 13.5 12.0 —26.4 B 
Canes 4.5 0.75 24.36 ied) 13.48 12.0 —26.9 5 
Virgo E U8; 0.75 24.36 DAVE 14.2 Poe, —26.2 Es 
‘Hercules 12 0.85 24.47 1.9 13.58 a bay/ —27.15 e 
Ursa Major 13 12, 24.57 ee USsap if 11.6 —28.3 B 
Virgo S 1225 125 24.58 208 <14.5 <A2:5 <—26.5 £ 
Coma 45 S15) 25.03 Deh 14.70 12.0 —27.15 : 
Local foc 10.: 255 4,.-? 14.7 LORE —29.1 il 

_ Supercluster \ (16.0) (12.0) (—27.8) we 
' Harvard i SSE SSF 26.0 4.6 (15.3) (10.5) (—30.2) ur 
counts \ (16.6) (12.0) (—28.7) os 
Lick counts W125; 125: 26.6 6.4 (16.9) (10.5) (—30.2) bn 
v (18.4) (12.0) (— 28.7) a 


vole Within 3 mag. from brightest. 
> This paper. 
© Burbidge, G. R. and Burbidge, E. M. 1959a, Astrophys. J. 130, 15. 
4 de Vaucouleurs, G. 1959, ibid. 130, 718. 
. . 1960, ibid. 131, 595. 
f van den Bergh, S. 1960, zbid. 131, 565. 
£ de Vaucouleurs, G. 1961, Astrophys. J. Suppl. VI, No. 56, 213. 
b Burbidge, G. R. and Burbidge, E. M. 1959b, Astrophys. J. 130, 629. 


i Schwarzschild, M. 1954, Astron. J. 59, 273; Zwicky, F. 1937, Astrophys. J. 86, 217; 1957, Morphological Astronomy (Springer-Verlag, Berlin), pp. 132, 


143. 
i de Vaucouleurs, G. 1958, Astron, J. 63, 253. 
k . 1960, Astrophys. J. 131, 588. 
' From rotation. 
™ For assumed value of SI*. 
» For assumed value of OM. 


itself seems to consist of two overlapping, but separate 
clouds, each about 12° in diameter: 


(1) a concentrated cluster of elliptical and lenticular 
galaxies centered at Cy(12" 26™5, +13°2) with a mean 
radial velocity V=950+70 p.e. km/sec and a line-of- 
sight velocity dispersion ¢~~550 km/sec, at a distance 
of the order of 7-8 Mpc; 

(2) a diffuse, ellipsoidal cloud of spiral and irregular 
galaxies centered at Cs(12> 275, +13°9) with a mean 
velocity Vs=1450+120 p.e. km/sec and a velocity 
dispersion ¢s~750 km/sec, at a distance of the order 
of 11-12 Mpc. 


The difference between the systemic velocities of the 
E and S clouds computed in various ways is from 3 to 4 
times its probable error, and the velocity distributions 
in each cloud are widely different. 

The mass of either cloud derived from velocity dis- 
persion, Vor*~10"©, and the mean mass per galaxy, 
Im*~ 10"© are not significantly reduced compared with 
previous estimates for both clusters taken together 
(Oort 1958, de Vaucouleurs 1960b, van den Bergh 
1960b). 


4. MEAN DENSITIES OF GROUPS, CLOUDS, CLUSTERS, 
AND SUPERCLUSTERS 


According to classical mechanics the stability or 
otherwise of groups and clusters depends by the virial 
theorem on whether the mean density p is greater or 
smaller than 


p*=30,7/4r R°G, 


where o, is the space velocity dispersion and R is a 
suitably defined mean radius. As is now well-known 
estimates of p* through the virial theorem are syste- 
matically from one to one-and-a-half order of magnitude 
larger than values derived from galaxy counts and 
plausible values of galaxy masses (or mass-luminosity 
ratios) derived from internal rotation (de Vaucouleurs 
1960b). The average logarithmic galaxy mass (in solar 
units) is log It~ 10.5 by the latter method, while it is 
logav*~12.0 by the former (on the present distance 
scale). Attempts to explain this difference by observa- 
tional selection, measuring errors, inclusion of non- 
members or multiple clustering have not been success- 
ful; attempts to account for it by invisible matter seem 
artificial. Some basic assumption must be wrong and 
the most likely to be in error is that the clusters are in 


632 Ga 


32 


2l 22 23 24 25 26 bgR 27 


Fic. 1. Density-radius for groups, clusters and superclusters of 
galaxies (cgs units for 7=150 km sec? Mpc"). Dots: apparent 
density p* derived from virial theorem; see text and Table I. 


stable statistical equilibrium; except perhaps for the 
large symmetrical globular clusters of the Coma type, 
the evidence for stable statistical equilibrium is weak 
and the evidence for instability and expansion is strong. 

Table I gives a summary of estimates of total mass 
and mean density for a number of groups and clusters. 
A plot of loge* vs logR indicates a linear relationship 
between density and radius 


loge*= —1.9(logR—10.5-40.5). (cgs units) 


The larger the region of space considered, the lower the 
average density p* (incidentally this relation can be 
extended some 23 orders of magnitude upwards to fit 
average stellar densities and radii). The form of this 
relation does not depend on the availability of o,; it 
can be established from simple galaxy counts 
(Carpenter 1931, 1938). There is no indication of a 
constant density level being reached in the observed 
range. If a constant “‘mean density” of matter in the 
universe exists it must be reached only for logR> 26, i.e., 
when a region at least one order of magnitude larger 
than the Local Supercluster is surveyed. Conversely this 
means that the universe in our vicinity and at least out 
to R~40 Mpc is a region of above-average density. In 
other words, regions much larger than single clusters 
have mean densities much greater than the mean 
density of the universe; presumably the latter emerges 
only when very large volumes of space, of the order of 
100 Mpc’, are surveyed. This is another expression of 
the presence of large-scale superclustering in our 
neighborhood. Note, however, that there is nothing 
peculiar or geocentric in the concept of the Local Super- 
cluster and the conclusion above does not depend on 
our location in it; the same conclusion would hold for 
any observer located in any supercluster, for instance 
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the same density out to logR=25 can be derived for the | 


large supercluster centered in Hercules. 


The prevalence of superclustering on the scale con- | 
sidered raises the possibility that the velocity dispersion + 
in subunits may not be determined primarily by the | 
gravitational potential of each individual group or | 
cluster, but perhaps by the potential of the larger | 
system as a whole. Alternatively, it might be related te | 


the physical mechanisms leading to the formation of 


galaxies and groups of galaxies in the larger system | 


(aie 


stellar associations). In either case the masses 


derived from the velocity dispersion through the virial - 
theorem will be illusory and larger than the actual | 


masses. 
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DISCUSSION 


CARPENTER pointed out, and DE VAUCOULEURS 
agreed, that clusters of low density (<10-** g/cm*) and 
small radius (r<103 cm) would not be detectable; 
therefore, the curve in Fig. 1 should be considered as an 
envelope or upper limit of a relation between density 


1956a, in Vistas in Astronomy (Pergamon Press, London 


and radius, as he had shown in 1938 (see Astrophys. J. 


88, 344, 1938 and 131, 593, 1960). 


In answer to ABELL, DE VAUCOULEURS agreed that 


“Type A Clusters” consist mosély of spirals and irregu- 
lars, but also contain dwarf elliptical galaxies. 
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TL, VEN if the Conference did not establish whether 

all systems of galaxies are stable, or whether at 
east some of them are expanding, it has raised a wide 
variety of questions. This summary is an attempt to 
sort out these questions and to connect the various 
deas expressed at the Conference; it may gain a certain 
yersepective on the proceedings, even though our im- 
pressions are undoubtedly subjective. In this process of 
ibstracting and re-ordering, the problem of the stability 
of systems of galaxies may emerge in better clarity. 

We begin by calling attention to the important new 
ybservations presented by the Burbidges and 
Minkowski. 

The analysis of the evidence for and against stability, 
resented in an extensive review by Ambartsumian and 
several other authors, suggests a subdivision of the 
systems of galaxies into several classes, for which the 
question of stability may well have different answers. 
At least four different classes appear necessary. A 
fentative classification, with even more tentative 
‘onclusions, is as follows: 


(i) Close pairs of galaxies: apart from optical systems, 
probably stable. 

(ii) Small groups with trapezoidal configuration 
(Stephan’s Quintet): prime suspects of expansion, 
particularly those containing peculiar objects, with jets, 
“projectiles,” etc. In some cases, the suspected expan- 
sion is of an explosive character. 

(iii) Loose irregular clusters (Virgo): some suspicion 
of instability, not violent. 

(iv) Compact regular clusters (Coma): indications 
of stability, negative total energy. 


We wish to emphasize the tentative character of the 
conclusions on stability, as representing our own im- 
pressions gained at the Conference. In addition, there 
are several difficulties with these conclusions, partic- 
ularly (ii), (iii), and (iv), described below. 

One of the main difficulties, mentioned by most of 
the speakers concerned with empirical evidence, is the 
assignment of particular galaxies to specified systems. 
Is NGC 7320 a physical member of Stephan’s Quintet, 
or is it a foreground object? If the former, then, in the 
words of Mrs. Burbidge, it is “literally exploding away 
from the other members” and the explanation ‘‘falls 
outside conventional ideas on the dynamics of systems 
of galaxies.”’ In a number of papers, efforts were made 
to reinforce confidence in the assignment of objects to 
membership in a particular group by- probability 
calculations. The weakness of this argumentation was 
pointed out by Joseph Bertrand and Emile Borel long 
ago; as a result we find the intuitive feelings of ex- 
perienced observers to be more persuasive than elab- 
orate probability calculations. Moreover, the studies of 
forms and projected configurations of small groups may 


be said to show primarily our ignorance of the processes 
whereby galaxies are formed and set in motion. Without 
such an understanding, many participants felt, we 
cannot speak meaningfully of the low probability of the 
chance occurrence of a given configuration. 

In addition to the classification of systems of galaxies, 
it appears desirable to classify also the kinds of in- 
stability that these systems may possess. Here we wish 
to distinguish three categories: 


(a) Explosive expansion, 

(b) Mild expansion, perhaps simply the general 
expansion of the universe, and 

(c) Contraction. 


To these should be added two distinct categories of 
stability : 


(d) Ordinary, dynamical stability to which the virial 
theorem applies, and 

(e) Stability of form, with exchange of galaxies be- 
tween clusters and the field, to which the virial 
theorem does not apply. 


Category (a), mentioned in the above quotation from 
Mrs. Burbidge, is the core of what is now known as the 
Ambartsumian hypothesis. Vorontsov-Velyaminov pre- 
sented a point-by-point formulation of this hypothesis, 
involving violent phenomena within nuclei of the giant 
galaxies, occasionally radio emissions, and jets and 
projectiles visible on photographs. While many details 
remain obscure, Vorontsov-Velyaminovy is inclined to 
believe that, in order to explain the many peculiarities 
observed by him for multiple galaxies, it is necessary to 
admit the existence of some unexplored forces in addi- 
tion to gravitation. 

Instability of category (b) suspected for loose clusters 
and clouds, if it exists at all, is visualized as a relatively 
slow process, not comparable to an explosion—perhaps 
a phase in the evolution of clusters. 

The possibility of category (c), predicted by the 
dynamical study of van Albada, is also visualized as a 
relatively slow process in the evolution of a cluster 
under gravitational forces. 

Category (e), investigated by Lemaitre, implies that 
the members of a cluster had no common origin, that 
clusters are maintained by the motions of galaxies in 
the general field, and that their cause is to be found in 
the earlier history of the expanding universe. 

The evidence adduced to substantiate the various 
opinions is essentially of the following five categories: 


(1) Radial velocities of individual members of the 
systems studied, 

(2) Configuration of the systems, 

(3) Association between clusters and radio sources, 

(4) Discrepancy between the masses of galaxies 
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estimated from internal rotations and also from double 
galaxies, and those obtained from the application of the 
virial theorem to clusters, 

(5) Correlation between radial velocities and lumi- 
nosities in groups and clusters of galaxies. 


Category 1 may be exemplified by differences in 
radial velocities of the order of 6000 km/sec or more 
observed for apparent members of Stephan’s Quintet by 
the Burbidges, and of the triple system IC 3481, Anon, 
and IC 3483 by Zwicky. 

The configuration of the system (category 2) is very 
relevant for asserting stability of close pairs and com- 
pact clusters and for asserting instability of trapezoidal 
multiples. In the case of pairs the argument is that if a 
pair of objects is disintegrating it cannot remain a close 
pair for an appreciable length of time. Thus, unless most 
or all of the close pairs were of unusual form suggestive 
of very recent creation, objects of this class are most 
likely stable. On the other hand, the formation of pairs 
by capture seems unlikely for dynamical reasons, and 
Page’s preliminary statistics, if confirmed, will probably 
be explained by another formation process. 

These arguments do not apply so clearly to the small 
groups of trapezoidal configuration that are found fre- 
quently among galaxies and infrequently among stars. 
Such groups are expected to lose members through 
perturbations even if they were not formed by some 
kind of explosion. Formation by capture is somewhat 
more likely than in the case of pairs. Nevertheless, the 
question of their age remains a problem as indicated 
below. 

Van den Bergh gives evidence that the extragalactic 
radio sources are associated with ellipticals in the rich 
clusters of galaxies (category 3). Tentative statistics 
show that the probability of a radio source occurring in 
a cluster is independent of the number of member 
galaxies, which argues against collisions of- galaxies 
causing the radio sources. In fact, Minkowski now finds 
no evidence that radio sources are specifically associated 
with double galaxies as formerly thought. Interestingly 
enough, more and more of the radio sources are found 
by Kerr and other to be double themselves, and as the 
precision of locating them improves, it appears that the 
radio emission often originates from regions sym- 
metrically on either side but quite far from the optical 
image of a galaxy. This adds weight to the evidence for 
intergalactic material and may later provide a clue to 
the process of formation of galaxies. 

Category 4 is the most frequently mentioned evidence 
of instability of systems of galaxies: Masses estimated 
from the virial theorem exceed those estimated other- 
wise by a considerable factor. Both types of estimate 
have been subject to doubt, but van den Bergh’s review 
of Page’s masses of the double galaxies, and the sum- 
mary of individual masses determined from rotations, 
tend to strengthen confidence in these estimates and to 
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throw suspicion on those obtained by application of the 
virial theorem. 

Several possible explanations of this mass discrepancy. 
were discussed at the Conference and are covered im 
more detail below. The magnitude of the discrepancy is 
emphasized by van den Bergh, whereas Holmberg seeks. 
to explain it away as a combination of observational: 
errors, misidentifications and misapplication of the 
virial theorem. Nevertheless, many of those present 
consider that it may be real and due to invisible inter 
galactic material in the clusters, totaling 90 to 99% of 
their mass. If these possibilities are excluded, however, 
the discrepancy in mass indicates positive total energy 
and instability of the system involved. | 

Category 5 is based on the consideration that, if a 
system is stable, its particles must approach the center 
with any given velocity as frequently as they recede 
from it with that velocity. That is, the correlation 
between the radial velocities of galaxies and their dis- 
tances from the observer would be zero for stability of 
this type, positive for expansion, and negative for con- 
traction. In principle, apparent magnitude can be 
substituted for distance in this correlation, but if there 
is no intergalactic absorption the apparent magnitude 
is a very poor distance indicator. However if we observe 
a significant correlation between magnitude and radial 
velocity, this is indicative both of instability and of 
intergalactic absorption—the latter adding further 
evidence of intergalactic material. Several types of error 
may invalidate such a conclusion, as noted below. 

Returning now to the question of the stability of the 
four different categories of systems of galaxies, the 
application of the five types of evidence just enumerated 
leads tentatively to the following conclusions: ; 


(i) The stability of close pairs-is generally accep yay 
Page’s calculations confirm that only a small fraction o} 
bright pairs can be optical, although this proportion 
rapidly increases with faintness. a 

(ii) Small groups of galaxies are the chief suspects of 
instability for the reasons of large dispersion in radial 
velocity, of unstable configuration, of the large masses. 
computed from application of the virial theorem, and 
of positive correlation between apparent magnitude and 
radial velocity. This conclusion is based on the unavoid— 
able assumption that objects assigned to the given 
systems are physical members. In a number of instances: 
this assumption was vigorously questioned at the 
Conference, although it was not clear that dropping on - 
or two “‘outliers” would always correct the situation. 

(iii) Analysis of motions in the Virgo cluster gives 
excessive mass from an application of the virial theore 
and a mild indication that the magnitude-redshift corr 
lation is positive. However, a strong counterargument 
is the evidence for subclustering suspected by Abell, 
de Vaucouleurs, and Holmberg. According to de 
Vaucouleurs, the Virgo cluster is in reality a super. 
position of at least two clusters, one composed of spiral: 
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nd irregulars and the other of ellipticals and SO 
jalaxies. The two clusters have substantially different 
adial velocities, and the application of the virial 
heorem cannot give correct estimates of the mass. Also, 
his combination of systems creates a _ spurious 
uminosity-redshift correlation even if the separate 
ystems are stable. 

According to Holmberg, the large radial velocity 
lispersions within the Virgo cluster has nothing to do 
vith expansion. He points out first that the Virgo 
luster contains a large number of small subsystems, 
ind that the motions within these subsystems should be 
ounted separately. (Some of these subsystems are small 
roups strongly suspected by Markarian of explosive 
nstability.) Second, Holmberg suspects the presence of 
. substantial number of foreground and background 
bjects, possibly 12, not belonging to the cluster. 
‘inally, the difference between radial velocities of the 
pirals and irregulars, on the one hand, and of the 
‘lliptical and SO galaxies, on the other, is attributed by 
dolmberg to systematic errors in measuring radial 
velocities. After allowing for the subsystems, the 12 
lonmember galaxies, and the presumed observational 
trors, Holmberg arrives at an M/Z ratio derived from 
he application of the virial theorem which agrees with 
hat estimated by other methods. His argument, in 
vhich no appeal is made to the hypothesis that the 
luster contains a large amount of invisible matter, 
nay also be applicable to other clusters of galaxies. 

Two of Holmberg’s points call for careful investiga- 
ion: first is the suspected systematic error in measured 
adial velocities which would affect a number of other 
tudies; the other is the elimination of suspected out- 
iers. Four of these ‘“‘outliers” are also suspected by 
le Vaucouleurs, who adds two others not suspected by 
tolmberg. 

(iv) Our assessment that there is less reason to 
uspect instability of compact clusters such as the Coma 
luster is based on several considerations: First, with 
eference to the configuration of the Coma cluster, even 
\mbartsumian felt that “it might be conjectured that 
yerhaps in the Coma cluster a negative total energy can 
till occur. . . .”” The symmetry of this cluster and the 
ime necessary for this to be achieved were also men- 
ioned frequently by other speakers. 

It is true that applications of the virial theorem, such 
is van den Bergh’s, yield excessive M/L ratios for the 
Soma cluster, but these findings should be considered 
n conjunction with Oort’s similar calculations which 
ed to lower values of M/L. Also, the theoretical study 
4 van Albada indicated that the evolution of a stable 
luster, subject to gravitational forces alone, is a 
omplicated process during which the usual application 
f the virial theorem may lead to biased results. In one 
Jhase of the evolution, the theory predicts contraction, 
ind the virial theorem would give estimates of the mass 
xaggerated by a factor as large as 3. Slight indications 
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of a contraction of the Coma cluster were found em- 
pirically by Neyman and Scott. 

Both Abell and de Vaucouleurs feel that super- 
clustering is established beyond doubt, and that the 
dimensions of second-order clusters (clusters of clusters 
of galaxies) are 30 to 60 Mpc. This means that clusters 
cannot be treated as isolated systems embedded in an 
isotropic, homogeneous medium of field galaxies, and the 
virial theorem must be modified. An estimate of the 
magnitude of this effect in accounting for the apparent 
instability of clusters has not yet been made. 

Another theoretical possibility of obtaining exagger- 
ated masses through the application of the virial 
theorem to essentially stable clusters of galaxies was 
presented by Lemaitre. According to him, clusters may 
be stable in form under a continuous exchange of 
galaxies, some evaporating from the cluster and some 
others entering it from the surrounding field. This 
model, which has yet to be shown rigorously to develop 
from reasonable conditions during a phase of instability 
in an evolutionary cosmology, was criticized because 
observed clusters appear to be constituted of a mix of 
galaxy types different from that of the field in which 
they are embedded. This difference is cited as evidence 
that the galaxies in a cluster had a common origin, 
though it must be admitted as slender evidence; 
morphological types are uncertain in many clusters, 
and the mix of field galaxies is indeterminate, in 
principle, without further knowledge of the luminosity 
function and its variation among morphological types. 
Ambartsumian’s argument that clusters must have a 
common origin because stable clusters could not be 
built by capture, does not apply to Lemaitre’s model, 
where galaxies in a cluster are not captured. 


The previous discussion was concerned with the 
dynamical aspects of particular systems of categories 
(i) to (iv); we now turn to how the hypothesis of wide- 
spread instability fits into the general picture provided 
by the rest of astrophysics. 

Limber, in his discussion of the local system and the 
M81 group, which are better explored than other 
systems, found it extremely difficult to interpret avail- 
able information either in terms of positive energy and 
disruption or in terms of stability. He concludes that 
the reconciliation of all the data will require “a signifi- 
cant revision of parameters that we had believed were 
reasonably well tied down,” perhaps admitting a large 
mass of unseen intergalactic matter, or some unknown 
process communicating large kinetic energies to newly 
formed galaxies. One particular difficulty with the 
hypothesis of expansion is that it implies an age of order 
of 2X10° years for the M81 group; it is difficult to 
believe that M81 can be nearly this young. 

The same time-scale argument against the hypothesis 
of widespread instability of clusters and groups was put 
forward by van den Bergh: The typical age of a super- 
compact cluster appears to be of the order of 10° 
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years—considerably less than the typical age attributed 
to the apparently normal giant elliptical galaxies con- 
tained in such a cluster. Furthermore, if a large propor- 
tion of the clusters are rapidly disintegrating, then the 
relative number of field galaxies would be much greater 
than is observed. Also there would have been among the 
field galaxies many more ellipticals than observed, 
since ellipticals are predominant in clusters. Finally, 
the redshift dispersion of field galaxies, many of which 
would then represent high-speed escapees from clusters, 
would have been much higher than observed. 

According to the Burbidges, if groups and clusters 
are predominantly unstable the major problem is that 
of the time scale. Can the members of expanding groups 
have evolutionary ages as small as the expansion ages 
of 10° to 10° years? Is the age of the universe, as 
currently estimated from the Hubble constant, sufficient 
for the development of the Coma-type clusters? Is it, 
indeed, sufficient for the oldest galactic star clusters? 
According to the Burbidges, no definite evidence exists 
against a positive answer to the first question. An in- 
direct answer to the second and third questions was 
provided in Heckmann’s paper. 

In this paper Heckmann takes another look at the 
concept of the “‘big bang” and, with it, the whole ques- 
tion of the age of the universe. By the established rou- 
tine of thought, the ‘“‘big bang”’ appears to be an in- 
escapable consequence of a well-founded theory. Con- 
trary to this, Heckmann finds that it is only a special 
feature of models he considers oversimplified ; by intro- 
ducing a general rotation (of unobservably small magni- 
tude at the present epoch) he finds that the discon- 
tinuity in density from which the ‘“‘primeval atom” and 
“big bang” theories are observed would be smoothed 
out to a compression of only a few powers of 10. That 
is, condensations, which may easily originate during the 
period of contraction prior to the state of maximum 


GALAXY SYMPOSIUM SUMMARY 


and of galaxies may exist that are older than the inverse} 
Hubble constant. However, this may in itself raise a] 
physical problem for any evolubonees cosmology in| 
such a rotating universe: If there were no high compres-| 
sion of matter at a finite time in the past, what has} 
limited the “ashes” of processes that are essentially! 
irreversible? Why isn’t all hydrogen used up in fusion | 
reactions that have gone on for an infinite time? Why} 
aren’t all stars white dwarfs or older? q 

It is just possible that the time-scale arguments are| 
particularly relevant. with reference to the prime | 
suspects of -explosive expansion. Are the interacting} 
galaxies all young? Could it be that the distant young | 
galaxies, as argued by Shklovskii, are frequently mis-| 
classified as old ellipticals? 

It must be admitted that more questions have been} 
raised than settled. To the question of the stability of | 
clusters and groups of galaxies, about which this) 
Conference was organized, we have added the following, 
among others: 


Hl 
i 
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What is the evidence that members of a cluster had! 
a common origin? 
Can the age of a galaxy be as little as 10° years? | | 
Are nongravitational forces necessary to understand | 
the dynamics and configurations of small groups of} 
galaxies? iy 
{ 
In what way are the extragalactic radio sources 
associated with individual galaxies or with clusters? 
What is the mechanism by which the galaxies were 
formed, and how does it account for clustering? 


| 
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lower and Cook Observatory, 
Pennsylvania, 1960-61 


Personnel. Dr. William M. Protheroe was promoted 
to Associate Professor of Astronomy, effective 1 July, 
1961. During the 1960-61 academic year, Dr. Protheroe 
also assumed the position of Vice-Dean of the Graduate 
School of Arts and Sciences. 

| Frank M. Bateson was appointed Research Asso- 
‘ciate. He will direct a survey of New Zealand to locate 
and to test sites for an astronomical observatory. 

| Miss Eva Novotny was appointed Instructor of 
Astronomy, effective September 1961. 

| Dr. Ernest G. Reuning was awarded the Ph.D. degree 
im February 1961. Dr. Reuning accepted a position as 
‘Assistant Professor of Astronomy at the University of 
South Florida. 

Stanley Sobieski and Mrs. Beverly B. Bookmyer each 
received the M. S. degree in June 1961. James Wanner 
received the M. S. degree in February 1961. 

Wiliam Klepezynski and Ronald Weiner each re- 
ceived the B.A. degree. Klepczynski accepted appoint- 
‘ment at the United States Naval Observatory. 

Kwan-Yu Chen and Sobieski served as Research 
Assistants. Kyong Chol Chou held the Pawling Fellow- 
ship. Mrs. Bookmyer held the Moore Fellowship. 
Henry Fhiegel held a National Science Foundation 
Fellowship. Fliegel spent the spring term at the Lowell 
Observatory making photoelectric observations of 
eclipsing variables. Sobieski spent the summer of 1961 
and Chen and Wanner spent the summer of 1960 at the 
National Radio Astronomy Observatory. 

Scientific Programs. Dr. Charles P. Olivier continued 
to serve as president of the American Meteor Society. 
He prepared an Annual Report of Meteors published by 
the American Meteor Society which appeared as Flower 
and Cook Observatory Reprint No. 119. 

_Dr. Leedert Binnendijk used the 28-inch reflector to 
continue photoelectric observations of W Ursae Majoris 
Systems in two wavelength regions. Light curves and 
orbital solutions of AH Virginis and AK Herculis were 
completed and published (Astron. J. 65, 358, 1960 and 
66, 27, 1961). The light curves and orbital solution of 
ER Orionis were completed and observations of FG 
Hydrae were begun. 

Dr. John E. Merrill continued to serve as Secretary 
of Commission 42 of the International Astronomical 
Union. Dr. Merrill also derived simplified methods of 
reaching approximate solutions of light curves of 
eclipsing variables. 

Dr. William Blitzstein began the study of the instru- 
mentation needed to convert the Pierce photometer into 
a fully automatic recording unit by modifying it so that 
it will punch all pertinent data on cards to be reduced 
by an electronic computer. Miscellaneous experiments 
were performed on the photometer as part of a systems 
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analysis aimed at improvement of techniques and in- 
creased accuracy of observations. As consultant at the 
Radio Corporation of America, Dr. Blitzstein also 
participated in radar experiments which received 
returns from Venus and from meteor trails. 

Dr. Protheroe and Chen wrote an analysis and dis- 
cussion of their scintillation studies. This was published 
as “The correlation of stellar shadow band patterns 
with upper air winds and turbulence.” 

Dr. Reuning continued his photoelectric observations 
in the infrared region, concentrating chiefly on Algol. 
A lead-sulfide cell was used together with a Wratten 
87c filter which excluded all radiation shorter than 
8700 A. A light curve is nearly completed; it shows a 
well-defined secondary of 0.14 mag. One lunar eclipse 
was also observed. The infrared work is being continued 
by Chen. 

Dr. F. B. Wood continued his work on close eclipsing 
systems. He and George McCluskey completed the dis- 
cussion of V Tucanae, based on observations obtained 
at the Mount Stromlo Observatory, and the paper is in 
press. Dr. Wood prepared a chapter discussing empirical 
data concerning eclisping systems to appear in volume 3 
of the Handbook of Astrophysics, edited by K. Aa. 
Strand. He discussed evolution of close double stars in 
an article in volume 4 of Vistas in Astronomy, edited 
by Arthur Beer. Survey articles on Photoelectric Pho- 
tometry in Astronomy and on Close Double Stars 
appeared in Science and in the Leaflets of the Astronomi- 
cal Society of the Pacific. With the aid of translations by 
Chen, he gave a paper on Astronomy in Communist 
China at a symposium on The Sciences in Communist 
China organized by the American Association for the 
Advancement of Science. 

Igor Jurkevich began an analysis of the observations 
of VW Cephei taken during the recent international 
cooperative program organized by Dr. K. K. Kwee of 
the Leiden Observatory, under the auspices of Commis- 
sion 42 of the I.A.U. Dr. Kwee also kindly supplied 
many earlier observations of his own. Since more than 
13 000 observations are involved, obviously the use of 
an electronic computer is needed. Preliminary tests, 
using an IBM 7090, are very encouraging. For example, 
for a set of observations consisting of 200 points, simul- 
taneous solution for both the period and the time of 
minimum requires somewhat less than 0.1 sec of 
machine time. In addition, automatic methods have 
been employed to produce the light curves from the 
listed observations. 

Fliegel while at Lowell Observatory made two-color 
photoelectric observations of AG Vir, NQ Her, and 
BD +35°4496, using the 42-inch reflector. 

Chou used the 15-inch telescope for photoelectric 
observation of eclipsing systems. Photoelectric light 
curves were completed including 8 Per (three colors) 
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and RZ Dra and BX Peg (each in two colors). Two- 
color observations were also made on BX Aur, W UMa, 
V 451 Oph, and VV Cep. Chou also performed experi- 
ments on the resolving time of the old and new ampli- 
fiers of the Pierce photometer, under the direction of 
Dr. Blitzstein. Other observers included Wanner and 
Flegel. 

At the National Radio Astronomy Observatory 
Sobieski, working with Dr. C. R. Lynds, made a search 
for radio emission from optically peculiar galaxies with 
the 85-ft Tatel radio telescope at 10 cm, and also pre- 
pared a radio contour map of the region of the Perseus 
cluster of galaxies. Sobieski also investigated the wave- 
length dependence of polarization for Mars using the 
8-inch Clark refractor for ultraviolet, blue, and yellow 
measures, and the 28-inch reflector with the lead sul- 
fide photometer for measures in the infrared (1.67 y). 
Preliminary results indicate that the wavelength de- 
pendence follows a 1/ law in the three shorter wave- 
length regions, but falls well above this in the infrared. 
The percent polarization at Ners=0.535 w was approxi- 
mately equal to that of Aerp=1.67 pw. 

James Gleim, under the supervision of Dr. Blitzstein, 
concluded tests of the Pierce photometer, comparing 
observations made simultaneously of the variable and 
comparison stars and those made in the conventional 
manner. Systematic differences in the two methods were 
too small to be detected and must be of the order of 
0.001 mag. or less. 

Mrs. Bookmyer used the 28-inch reflector to obtain 
two-color photoelectric light curves of SW Lacertae. 
She also made period studies of AK Her, W UMa, and 
AM Leo (Astron. J. 61, 24, 1961). 

Chen used the same telescope with the lead sulfide 
photometer. Objects observed included ¢ Aur and e Aur 
as well as Algol. Chen also worked on the Beam calcu- 
lation of the Little-Big Horn while at Green Bank. 

Wanner derived a contour map of IC 443 at 1400 Mc 
from observations with the 85-ft Tatel telescope at 
Green Bank. His work was published in Pubdls. Astron. 
Soc. Pacific 73, 143, 1961. 

Wilham Klepczynski began an analysis of the light 
curve of RS Lep and Ronald Weiner began.a similar 
treatment of that of ST Car. Both used the two-color 
observations obtained by Dr. Wood in 1957-58 at the 
Mount Stromlo Observatory of the Australian National 
University. 

Equpment. Only minor changes were made in the 
equipment. New amplifiers and discriminators with 
lower resolving times were installed in the Pierce 
photometer. The 28-inch mirror and Cassegrain second- 
ary were realuminized. 

Site Testing Program. A site survey of New Zealand 
was begun by Frank M. Bateson with the support of 
the National Science Foundation. Two 5-inch refracting 
telescopes complete with mountings and drives were 
loaned by the U. S. Naval Observatory. After prelim- 
inary study of the weather patterns and other availa- 
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ble material, Bateson personally inspected every likely) 
site. Four were selected’as the most promising. On oni 
of these a road, telescope shelter, and living accommoda| 
tions were constructed with the generous assistance 0} 
the local groups and individuals. Operation began oi} 
June 1 at the Black Birch Site Testing Station neai} 
Blenheim and is continuing. Preliminary results aré 
quite favorable. i 

Support of various phases of the work by the Nationa] 
Science Foundation and the Office of Naval Researe 
is gratefully acknowledged. 
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Operational Program. The Jet Propulsion Laboratory| 
conducted radar experiments almost daily from 10 
March 1961 to 10 May 1961 yielding more than 200 hr 
of valid recorded data. The principal result of the ex- 
periment was the determination of a new value for the 
astronomical unit which, after two months of data 
reduction and analysis, is 149 598 5004500 km: 
Spectral analyses of the signal indicated that Venus is 
either a highly specular reflector or rotates at an ex- 
tremely slow rate. Relative to a polished conducting 
sphere of equal size, Venus has a reflectivity of 10 to 
12% at 2388 Mc oeaened to 2% for the moon. | 

When the polarization of the transmitting antenna 
was reversed, the Venus-reflected signal was approxi- 
mately 12 db lower than the signal with normal polari- 
zation, as had also been found for the moon. Were 
Venus a polished conducting sphere, the mismatched 
polarization would have produced a signal which was 
about 20 db lower. This probably indicates that the 
surface roughness of Venus is quite comparable to that 
of the moon when the roughness is commensurate with 
the wavelength of the radio-frequency signal. 

The development of instrumentation for planetary 
surface measurement has been initiated. Among these 
are a gas chromatograph, an abbreviated microscopic 
system, and a resperometer, all intended to sample the 
Martian soil and atmosphere for organic and biological 
materials. 

An instrument is being developed for measuring the 
lunar atmosphere and an x-ray diffractometer to ana- 
lyze the surface of the moon and planets. 

Theoretical and Laboratory Studies. R. Marshall in 
collaboration with R. H. Bieri has completed an isotope 
analysis of potassium extracted from a Canon Diablo 
iron meteorite. Marshall has found that the isotopic 
composition in iron micrometeorites indicates a com- 
posite origin for the elements making up these meteor- 
ites. In the stone meteorites, and apparently in the 
earth, the original group of elements have been well 
mixed. 

L. Trafton is working on an improved model of the 
atmosphere of Jupiter. D. Jones has devised a theoreti- 


al model for the ionosphere of Venus that would explain 
he 600°K radio brightness measurements. This model 
quires a weak magnetic field and a very high electron 
lensity of the ionosphere. 

| Z. Kopal is developing a theory of the thermal and 
itress history of the moon, Mercury, and Mars with 
darticular regard to the dynamical interaction of the 
iolid mantles of these bodies and possible liquid cores. 
_ Visiting Professor G. de Vaucouleurs is preparing an 


mproved map of the planet Mars. 


| Nancy G. Roman, Chief, 

: j Astronomy & Astrophysics 

- Satellite & Sounding Rocket Programs 

National Bureau of Standards, Washington, D. C. 
and Boulder, Colorado 


Emphasis has continued on the development of a 
general interdivision and interlaboratory program on 
measurement and standards in plasma and astrophysics. 

Atomic Spectra. At the Washington Laboratories, 
work has centered on the observation, description, and 
analysis of atomic spectra, with special attention to 
selected spectra of the rare-earth elements in the 
lanthanide group. Observation of these spectra with 
Suitable sources is urgently needed to secure the data 
for volume IV of Atomic Energy Levels. 

The spectra of Cem and Cer have been observed 
from 4800 to 5900 A, with an ac arc, hollow cathode, 
and an electrodeless lamp as sources. Measurements 
have been completed in this range. These sources have 
provided the most complete cerium spectra ever ob- 
tained. [1 }. 

The spectra of Pr 1 and Prt have been observed and 
measured from 2600 to 9000 A. Preliminary observa- 
tions in the range 2200 to 2600 A have been made, and 
Zeeman patterns have been measured from 3500 to 
7000 A [2]. More than 1500 lines have been classified 
in Pr mu, in collaboration with Dieke and his staff at 
Johns Hopkins. The regularities include terms and 
levels from four configurations [3]. Theoretical work 
on Pr mt has been of great assistance in the interpreta- 
tion of known levels and in predictions of the positions 
of missing levels [4 ]. 

Approximately 100 classified lines are known in 
Dy u, but further observations are needed to extend 
this work [5]. 

The analysis of Yb 11 is nearly finished [6]. In Yb1r 
there are about 2000 observed lines, 70 new levels, and 
approximately 330 classified lines [7 ]. 

The analysis of Bri is essentially complete. Practi- 
cally all of the 1300 lines observed in the range from 
2000 to 13000 A [8], are classified. All leading con- 
figurations are known, and extended series have been 
observed [9]. In Bri improved values of previously 
known energy levels have been reported, together with 
observed magnetic dipole transitions in the +p* ground 
configuration [10]. 
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The analysis of Hf 1 is nearing completion. There are 
66 new energy levels, and a revised interpretation is in 
progress [7 ]. 

The analysis of Tam has been completed from ob- 
servations in the interval 2000 to 7813 A, including 
extensive Zeeman data. The leading configurations are 
known and 1890 lines are classified [11]. Here again 
theoretical investigations have been of great assistance 
in the interpretation of the spectrum [12 ]. 

More general theoretical work has also been carried 
out on the parameters a and @ in the spectra of the iron 
group [13]. 

Wavelength Standards. The wavelengths of the 2537 
and 3132.7 A lines emitted by a sealed-off Hg’ atomic 
beam, excited by electron bombardment, have been 
measured very precisely in terms of the standard line 
of Kr*®, 6057 A [14]. The hyperfine structure and iso- 
tope shifts in the 2537 A line of natural mercury have 
been measured with high precision by using inter- 
ferometric techniques on the absorption spectrum of 
an atomic beam [15 ]. Work is continuing on the meas- 
urement of the wavelength passed by a Hg'*’ Zeeman 
filter at 2537 A in terms of the standard line of Kr*°, 
6057 A. The wavelengths of Hg"*® lines emitted by an 
electrodeless lamp are being remeasured relative to the 
Kr* standard. 

Spectroscopic Tables. The NBS Tables of Spectral-Line 
Intensities are in press [16]. The temperature and 
ionization in the copper arc used as the light source have 
been determined. Work is in progress on the calculation 
of gf values from the intensities. 

Section 3 of NBS Circular 488, “‘An Ultraviolet 
Multiplet Table’ has been completed. This circular will 
be concluded with two Finding Lists, which are also in 
press. Section 4 is the Finding List for Sections 1 and 2 
of the Multiplet Table, Hydrogen through Niobium 
(Z=1 to 41). Section 5 is similarly arranged and is the 
Finding List for Section 3 of the Multiplet Table, 
Molybdenum through Lanthanum, (Z=42 to 57) and 
Hafnium through Actinium (Z=72 to 89) [17]. 

Press copy is being prepared for the current revision 
of the 1928 edition of the solar spectrum table. The 
measured solar equivalent widths furnished by Minnaert 
and his staff extend from 3061 to 48770 A, and have 
been completed [18 ]. 

Transition Probabilities and Cross Sections. A center 
has been established at the Bureau to collect all refer- 
ences in the literature on transition probabilities and 
collision processes. A critical evaluation of the pub- 
lished data on transition porbabilities for the first 10 
elements is nearing completion and will be published 
within a year. Bibliographies on selected elements are 
available on request. A similar program relating to 
collision processes is in progress. These references are 
recorded on IBM cards with notes indicating the process 
involved. Collaboration in keeping the reference cata- 
logues up to date is invited. 

The hydrogen plasma has been studied in a well- 
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stabilized dc arc to test the applicability of this tech- 
nique to the measurement of atomic transition prob- 
abilities. The measurements were found to be reliable 
in temperature to about 1% and in electron density to 
10%. The shape of the Balmer lines was found to be in 
very good agreement with the Stark broadening theory 
of Kolb, Griem, and Baranger. The transition proba- 
bility of the Or multiplet at 6157 A has been studied 
[19], and agrees well with Jiirgen’s measurement. 

Considerable progress has been made in the study of 
negative ion absorption spectra. The threshold for 
photodetachment of electrons from carbon negative 
ions has been measured [20] and is at 0.99 + 0.02 u 
The carbon negative ion absorption coefficient has been 
measured from threshold to about 4000 A. Absorption 
coefficients have been calculated [21 ] for negative ions 
of atomic oxygen, carbon, chlorine and fluorine from 
threshold to four rydbergs. Theoretical studies of the 
H- bound-free absorption coefficient are being con- 
tinued with the objective of obtaining very accurate 
values. Instruments are being developed for the study 
of elastic and inelastic electron scattering by atoms and 
molecules. 

Astrophysics. A large part of the astrophysical re- 
search has been carried on at the Boulder Laboratories. 
Here the program of research on the physics of stellar 
atmospheres continues, with primary emphasis on the 
stellar atmosphere as a laboratory for the study of 
gaseous physics under conditions not easily reproducible 
terrestrially. The two principal directions of current 
interest lie in the study of nonequilibrium thermo- 
dynamics in the presence of a radiation field, and of 
aerodynamic motions under the environment character- 
istic of stellar atmospheres [22] [23]. 

Tn collaboration with the Sacramento Peak Observa- 
tory, investigations have continued on the physical 
state of solar prominences and on the physical structure 
of solar flares [24 ]. 

Solar research has also been carried on in collabora- 
tion with the University of Colorado. A monograph 
on The Physics of the Solar Chromosphere has been 
published [25]. Studies of the ultraviolet rocket solar 
spectra have continued as a project on which this 
Bureau and the Universities of Colorado and Paris are 
collaborating. 

Close collaboration with the University of Paris has 
been maintained in theoretical investigations, with 
special stress on nonequilibrium thermodynamics in the 
presence of a radiation field. 

Research on the aurora, airglow, and related subjects 
has continued and calculations of the total integrated 
starlight have been carried out [27]. A series of theo- 
retical investigations of the ultraviolet coronal lines has 
been initiated [26 ]. 

An extensive bibliography through June 1961 of 
research at the Bureau that is of possible interest to 
astrophysicists, may be found in a current Technical 
Note [28 ]. 
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General. The Stanford 9.1-cm microwave spectro- 
heliograph project began in 1955 and was completed in 
1959. It has been extensively modified subsequently to 
enable observations of the moon and cosmic radio 
sources. The observing site (Heliopolis) is located at 
latitude 37°23'9 N, longitude 122°11'3 W, on the out- 
skirts of the Stanford lands. The Radio Astronomy 
Institute forms part of the Radioscience Laboratory 
within which several other groups have contributed to 
astronomical studies, especially meteor, lunar, and solar 
radar. Thus, in 1959, Professor V. R. Eshleman and his 
associates made the first radar contact with the sun 


and have recently completed new instruments for de- 
\tailed radar examination of the outer solar corona. 
Personnel. The microwave spectroheliograph was 
‘designed and constructed by Professor R. N. Bracewell, 
(C. H. Sphar, and C. C. Lee, mechanical engineers, and 
D. D. Cudaback, R. S. Colvin, G. Swarup, and K. S. 
Yang, research assistants. C. H. Sphar has since trans- 
ferred to another division of Stanford Univ ersity. K. S. 
‘Yang obtained the degree of Engineer in the spring of 
1961 and left to join the University of Illinois radio 
‘astronomy project. In March 1961, C. L. Seeger of 
the Leiden Observatory joined the ae In April 
1961, G. Swarup was granted the Ph.D. degree and 
appointed Assistant Pioiessor in the Department of 
Electrical Engineering. Z. Fazarinc, J. Picken and S. H. 
Zisk have joined the group as graduate students. 

A. G. Little of Australia spent two years at Stanford 
working part of the time with Professor Heffner’s group 
on the development of parametric amplifiers, and part 
of the time on observations of radio sources. He received 
the M.S. degree in April 1961 and returned to the 
University of Sydney. Prof. T. Kakinuma of Japan is 
visiting Assistant Professor for the period of October 
1960 to September 1961. 

Instruments. The spectroheliograph is described in 
references 1 and 16. A description of the wide-band 
‘parametric preamplifier is given in reference 12. Re- 
cently four 30-ft antennas have been placed in a north- 
south line with an over-all spacing of about 3800 wave- 
lengths. They will be used to extend techniques of path- 
length measurement and of phase and gain control to 
very long transmission lines, and for studying particular 
aspects of Cygnus A (especially its scintillations) and 
other discrete sources. 

Research. During the construction phase of the 32- 
element cross detailed investigations were made into 
the tolerance theory of large antennas,*“ theory of 
radiometers,® principles of interferometers,*:*? and 
related topics.?-*:7:*!:4 A new phase-measurement tech- 
nique was developed by Swarup and Yang which is well 
Suited for accurate adjustment of the very large an- 
tennas now being constructed in various parts of the 
world.!)18 

During the last two years Swarup has obtained about 
200 spectroheliograms at a wavelength of 9.1 cm. These 
are being published in the solar data bulletins of the 
National Bureau of Standards. This data has also been 
distributed to observatories as Stanford Radio As- 
tronomy Institute Publications.’ Special maps have 
been furnished in connection with eclipse and rocket 

observations. Active regions can be detected shortly 
before the accompanying spot group comes around the 
photospheric limb. The spectroheliograms have enabled 
an accurate determination of the shape of the quiet sun 
at 9 cm’* and its variation with the solar cycle, and are 
also of significance in the derivation of models of the 
chromosphere and inner corona. Such characteristics of 
the sources of the slowly varying component as size, 
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brightness temperature, and height are being studied 
in order to form a model of the active regions.'* 
Kakinuma and Swarup studied the polarization of radio 
emission from active regions using a 1.5 minute-of-arc 
fan beam. Their observations oan that, contrary to 
the theory of Piddington and Minnett, the radio emis- 
sions from the two portions of a bipolar group have 
opposite sense of polarization irrespective of which 
quadrant is occupied by the spot group. 

Kakinuma has made a comparison of the character- 
istics of 10 active solar regions at many radio wave- 
lengths and has concluded that the flux of the slowly 
varying component near 10 cm is higher than at shorter 
wavelengths. Detailed calculations support a hypothesis 
that the excess radio emission originates in the near- 
vicinity of sunspot groups and at harmonics of the 
gyrofrequency radiation. 

D. Cudaback has obtained a series of accurate, high- 
resolution meridian and prime vertical scans across the 
moon using the two multielement arrays of the Stanford 
cross and the parametric wide-band receiver. These 
observations are being studied for evidence of monthly 
variations and limb darkening and for determining a 
model of the surface properties of the moon. 

A. G. Little made observations of Vir A, Cen A, 
Cas A, Tau A, Sag A, Orion nebula and Omega nebula 
using the wide-band parametric receiver and a 2.3’ fan 
beam. This is the highest direct resolving power yet 
brought to bear on these objects and, in practically 
every case, the source was partially resolved. The 
central part of Cen A was resolved into two parts 
separated by 4.8’ east-west, and straddling the optical 
portion of NGC 5128.” 

R.N. 
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Yale Observatory, Yale University, New Haven, 
Connecticut. This report covers the two-year period, 
1 July 1959 to 30 June 1961. 


Personnel. The vacancy created by the departure of 
Dr. A. E. Lilley at the end of the academic year 1958-59 
was not filled until a year later when Dr. J. N. Douglas 
was appointed instructor. Douglas had just received his 
Ph.D. degree in the department. 

Dr. Gustav Land, a valued member of the Observa- 
tory staff since 1942, died on September 26, 1959. While 
at Yale he concentrated his activity primarily on in- 
vestigations in photographic astrometry. He continued 
his work well beyond normal retiring age, and was 
active until a few months before his death. ; 

During the year 1960-61, Assistant Professor Ludwig 
Oster was transferred from the Department of Physics 
to the Department of Astronomy. - 

Foreign Visitors. Dr. Gen-ichiro Hori, of the Depart- 
ment of Astronomy at the University of Tokyo, was 
research assistant in astronomy during the year 1959- 
60, research associate during the year 1960-61. Visitors 
for shorter periods were Dr. P. C. Choudhuri of the 
University of Lucknow, India, and Dr. Jean Meffroy, 
of the University of Montpellier, France. Both were 
at Yale during the spring term of the academic year 
1959-60. 

Zone Catalogues. During the two years covered by 
this report we have exerted our efforts toward accel- 
erating the measurement and reduction of our un- 
measured plate material on southern zones. Especially 
important was the renewed cooperation established 
with the Watson Scientific Computing Laboratory, 
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through its director, Dr. W. J. Eckert. The automatic } 
measuring machine of this laboratory, after thorough | 
overhauling, was employed for the measurement of | 
plates in declinations —40° to —S50° taken at} 
Johannesburg in 1942. In the meantime, the measure- 4 
ment of plates in the zone —30° to —40° with the 
measuring machine in New Haven has been very nearly | 
completed. This work, both in New Haven and New | 
York, is being carried forward with the support of a | 
contract with the Army Map Service. ] 
Dr. Dorrit Hoffleit continues to be in charge of the | 
program as a whole; her assistants in New Haven were j 
Mrs. Mary E. 1 Mullally, Miss Inge Schier, and Mrs. Iris | 
Tsai. At the Watson Computing Laboratory Mrs. W. J. | 
Eckert assumed the supervision of the work with 
Francisco Lopez and Mrs. Meredith Weddle as her | 
assistants. 
Parallax Program. Miss Louise Jenkins and D. S. | 
Kimball continued their activity on this program. Since | 
January 1960 W. G. Cleaver has participated in the | 
work. The number of plates measured during the period | 
was 758. Cleaver has concentrated his efforts mainly : 
on parallax regions for which three epochs were observed * 
with the object of searching for evidence of nonlinear : 
proper motions. Miss Jenkins prepared a list of over a — 
hundred measured Yale parallaxes for publication. 
Celestial Mechanics. Research in celestial mechanics — 
has continued, especially in directions stimulated by 
the current interest in artificial satellites. A general” 
theory of drag-free motion of artificial satellites was | 
published by D. Brouwer (Astron. J. 64, 378-397, 1959). 
This was followed by a joint paper by D. Bremen and — 
G. Hori on the theoretical evaluation of atmospheric — 
drag in the motion of these bodies (Astron. J. 66, 193—_ 
225, 1961). In both investigations the principles of von 
Zeipel’s method were used. The effectiveness of this 
method led to explorations by Brouwer and Hori, 
assisted. by Mrs. Lois Frampton, on the use of von 
Zeipel’s method for the purpose of extending and im- 
proving Delaunay’s lunar theory. This work is being 
continued. 4 
The increased demand for people trained in celestial 
mechanics caused the department to hold a four-week 
Summer Institute in Dynamical Astronomy at the Yale 
Observatory in the summer of 1959. This effort was 
supported jointly by the National Science Foundation 
and the National Aeronautics and Space Administra- 
tion. This Summer Institute aimed to attract college 
teachers as well as workers in government agencies and 
in industry. Those in the first category were primarily — 
college teachers who had little previous training in 
celestial mechanics, but desired to prepare themselves — 
for teaching of an introductory college course in the 
subject. The first Summer Institute was successful — 
enough to warrant a repetition in the summer of 1960, 
when a six-week Summer Institute was offered at Yale — 
University, with National Science Foundation support. — 
A textbook Methods of Celestial Mechanics, by © 


'\D. Brouwer and G. M. Clemence, was published by the 
“Academic Press in the spring of 1961. 
| Theoretical Astrophysics. Dr. Wildt has established a 
‘displacement theorem analogous to Wien’s law for 
‘blackbody radiation, which holds for every pencil of 
the nonisotropic nonequilibrium radiation in a gray 
-atmosphere in local thermodynamical equilibrium and 
describes rigorously the change in spectral intensity 
| distribution resulting from a finite variation of the net 
“flux traversing the atmosphere, or, in other words, of 
: its effective temperature. This displacement theorem 
‘Temains valid in a gray atmosphere, even in the absence 
: | % local thermodynamical equilibrium, provided that 
_the variation of the source function with optical depth 
‘satisfies Planck’s differential equation for the reversible 
adiabatic transformations of nonequilibrium radiation. 

The inhomogeneous integral equation with Milne’s 
kernel and an exponential inhomogeneous term ex- 
presses the energy balance in strict radiation equi- 

librium in a gray planetary atmosphere exposed to 
monodirectional external heating. An exact solution of 
this integral equation, due to Hopf, has been pro- 
grammed for the Yale IBM 650 computer, and several 
dozen numerical solutions have been obtained by 
Wildt. They illustrate the temperatures in strict radi- 
ative equilibrium throughout a gray planetary atmos- 

phere, as a function of the angle of incidence of solar 
radiation and of the optical depth below the surface of 
the (plane) atmosphere. These solutions, by a simple 
regraduation of the scales both of the independent and 
dependent variables, also can be made to represent a 
somewhat idealized greenhouse effect, such as would 
result if the ratio of the (gray) absorption coefficients 
for short-wave (solar) and long-wave (planetary) 
radiation were constant everywhere. 

Dr. Oster completed a study of cyclotron radiation 
from relativistic particles, leading to expressions for the 
spectrum which include all relevant broadening mecha- 
nisms, such as collisions, relativistic Doppler effects and 

| relativistic mass pariability, Also completed is an in- 
vestigation of the bremsstrahlung spectrum of non- 
relativistic electrons including quantum effects. An 
expansion of this program to nonequilibrium plasmas 
is underway in collaboration with several graduate 
students. An experimental search (in collaboration with 
_B. Beaken of the Physics Department) for the non- 
relativistic cyclotron line from a gaseous discharge in 
air was successful. A comparison of the observed line 
contour showed excellent agreement with theoretical 
predictions. These research programs were supported 
_by the Office of Naval Research and the National 
_ Aeronautics and Space Administration. 

As a first application to solar physics, the thermal 
radio emission from the transition layer chromosphere- 
corona was computed with the improved absorption 
coefficient for bremsstrahlung and compared with 

recent observations. Very satisfactory agreement was 
found for the layer to which the underlaying model of 
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the solar atmosphere is relevant (C. C. Brooks and 
L. Oster). 

K. W. Philip and Oster considered and rejected the 
possibility of a large electric charge on the sun as sug- 
gested by V. A. Bailey. The results were published in 
Nature. 

Radio Astronomy. J. N. Douglas and H. J. Smith 
continued and expanded their activities in planetary 
radio research in decametric wavelengths. Much of the 
effort during the two years was concerned with the im- 
provement of instrumentation. The principal antenna 
projects included construction and mounting of a large 
crossed-Yagi polarimeter, installation of drives for the 
standard monitoring Yagis, erection of a pair of 
110110 200-ft fixed corner-reflectors at half-mile 
separation to serve as a broad-band interferometer, and 
installation of large Yagis at sites remote from the 
Observatory Bethany Station, specifically at Wesleyan 
University in Middletown and at Pomfret School in 
Pomfret, Connecticut. Appropriate electronics were de- 
veloped for each system, including a complete polariza- 
tion analyzer capable of high time-resolution, several 
multichannel spectrum-analyzers, and remote Jupiter 
radiometers. The principal observing projects were 
nearly continuous multichannel monitoring by six 
phase-switched interferometers covering the 13 to 23 
Me region, detailed spectrum analysis monitoring of a 
one-megacycle band, high-speed photographic re- 
cording of Jupiter and solar storms to bring out fine- 
structure events having durations down to the order of 
milliseconds, extended baseline monitoring combining 
the above techniques with the signals relayed in from 
the outlying stations to investigate the degree to which 
the ionosphere introduces the observed fine-structure, 
and the determination of the amount and sense of orien- 
tation of polarization of the elemental structure of the 
storms. 

Results, many of which were developed in Douglas’ 
thesis, include a new precise determination of the radio 
rotation period (presumably also the solid-body period) 
9h 55™ 29537+0513 p.e. Frequency-drifting burst groups 
were detected. The conventional tendency for right- 
hand circular polarization was shown to be present also 
in each elemental burst with some anomalous left-hand 
events of uncertain origin. Strong correlation, over 
100-km baseline, of events having durations as small as 
several hundredths of a second proves the presence of 
complex structure in at least some of the Jupiter radia- 
tion prior to the terrestrial ionosphere. 

James P. Rodman and F. Arakel Bozyan provided a 
major share of the design and construction supervision 
for the polarimeter and corner reflectors; Michael M. 
Davis and Barry Lasker were instrumental in the elec- 
tronic developments for these projects. Support for the 
work came from the Research Corporation, NSF and 
NASA grants, including NSF Summer Undergraduate 
Research Participation Programs. 

Instrumental. A 20-inch reflecting telescope was con- 
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structed in the Observatory shop, with Rodman as 
designer and proiect director. The former mounting of 
the Loomis coelostat was adapted to serve as mounting 
for this instrument; optics were by Tinsley Labora- 
tories, Berkeley, California. The instrument is nearly 
completed. It will be equipped with an automatic 
guiding system and photoelectric photometer. The 
construction of a photoelectric spectrophotometer for 
the instrument, designed by Rodman and Smith, is also 
approaching completion. 

New plateholders were constructed for the Catalogue 
Camera. The Coleman digitizer, installed on the 
Gaertner measuring machine for 17X17 inch plates in 
1959, has given good service. Work on a photoelectric 
setting device for this measuring machine is _in-progress. 
These improvements were made possible by a grant 
from the National Science Foundation. 

For the Loomis telescope, A. A. Disco designed and 
constructed a semiautomatic plateholder with an elec- 
tric clock system that closes the plateholder at a pre- 
determined time, allowing the completion of the last 
full cycle. 

Southern Astrograph. In July 1960, Yale University 
received a grant of $750 000 from the Ford Foundation 
for the establishment of a 20-inch astrograph in the 
southern hemisphere. The instrument is primarily in- 
tended to extend to the south celestial pole the Lick 
Observatory’s project of referring stellar proper motions 
to a background of distant galaxies. 

The Rutherfurd Observatory of Columbia University 
will share with the Yale Observatory the responsibility 
for carrying out the observing program. 

The optics for the new instrument have been ordered 
from the Perkin-Elmer Corporation. For the mounting 
we have decided on a fork-type design by B. G. Hoog- 
houdt of Leiden, Netherlands. The mounting is being 
constructed by the firm of Rademakers, Rotterdam, 
Netherlands. 

For the site of the new instrument an area in-Western 
Argentina appears to be particularly attractive, but no 
definite decision on the choice of site has been reached. 

Miscellaneous Research. Using the Butler photo- 
electric photometer Smith showed the star V/7/03 
Scorpii to be a dwarf Cepheid, with beat periods. Ob- 
servations taken largely by J. McCullough and R. Wing 
in recent summers were particularly useful in this in- 
vestigation. These observations were the fruit of a 
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program of training students in photometry with the 
Butler photoelectric photometer, and also of the NSF } 
Summer Secondary School Teacher Research program, | 
An investigation of the unique radio object 3C-48 | 
with the aid of plate material of the Harvard Observa- § 
tory, was carried out by Smith and Miss Hoffleit, 
assisted by graduate students Brooks, Dirkswager, 
Gross, Marsden, and Rodman. The available informa- 
tion appears to be consistent with the hypothesis that 
the object is a type I supernova remnant, somewhat } 
weaker than the Crab Nebula, roughly one-hit the | 
age and at five times the distance of the Crab Nebula. | 
Under the direction of D. S. Kimball, a detailed | 
analysis was completed of the morphology, motions ant 
magnetic disturbances related to the auroral display 
of 13-14 February 1958 over Alaska as recorded on | 
five all-sky cameras. This study is to be published asa } 
scientific report of the Geophysical Institute, University | 
of Alaska, as a joint paper with Dr. T. Neil Davis. 
Two further studies are in progress. First, a detailed 
analysis is being made of changes in auroral forms in- 
cluding velocities from all-sky photographs taken with | 
U. S. cameras during the IGY in conjunction with the | 
Auroral Data Center, Cornell University. Secondly, 4 
synoptic maps are being constructed of auroral activity | 
over Antarctica during the IGY as recorded by five 
U. S. cameras. Data compiled from all Antarctic sta- 
tions will be incorporated in the Annals of the IGY by | 
F. Bond, Auroral Recorder, Melbourne, Australia. This 
U. S. part of the program is contraeeed through the | 
Geophysical Institute. . | 
University Computing Center. The Observatory has | 
continued to derive substantial benefits from the — 
services rendered by the University Computing Center, | 
with Dr. Morris S. Davis as Director. A project for con | 
siderable expansion of the Computing Center, to be 
housed in a separate building is far advanced. { 7 
The Astronomical Journal. Beginning in _—_ 
1960, the American Institute of Piysis assumed 
responsibility for publishing the Astronomical Journal 
for the American Astronomical Society. The Be 
Office remained at the Yale Observatory. The change 
has had the desired effect of relieving the editors” 
(Brouwer and Smith) and assistant editor (Mrs. Mary 
S. Albee) of much of the editorial and business routine. — 
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Herget. 66: 266—1961 

Coma formation and an artificial comet experiment. Ber 
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Reliability approach to astronomical satellites. Edwin D. 
Karmiol and John S. Youtcheff. 66: 47—1961(A) 

The bolometric solar constant related to radiation pressure 
effects on satellites. Raymond H. Wilson, Jr. 66: 58— 

~ 1961(A) 

Atmospheric drag on artificial satellites. Pedro E. Zadu- 
naisky. 66: 59—1961(A) 

Project West Ford—Introduction. Leo Goldberg. 66: 105 
—1961 

Project West Ford—Properties of orbiting dipole belts. 
W. E. Morrow, Jr., and D. C. MacLellan. 66: 107—1961 

Project West Ford—Report of the effects of Project West 
Ford on optical astronomy. William Liller. 66: 114— 
1961 .. 

Project West Ford—Radio properties of an orbiting scat- 
tering medium. A. E. Lilley. 66: 116—1961 

Application of periodic surface theory to the study of sat- 
ellite orbits. S. P. Diliberto, W. T. Kyner, and R. B. 
Freund. 66: 118—1961 : 

On satellite orbits with very small eccentricities. Imre G. 
Izsak. 66: 129—1961 
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On the Adams prize problem for 1856. Allan F. Cook and 

Fred A. Franklin. 66: 41—1961(A) 
Solar Constant 

The bolometric solar constant related to radiation pressure 
effects on satellites. Raymond H. Wilson, Jr. 66: 58— 
1961(A) 

Spectrophotometry 

Stellar flux measurements in the middle ultraviolet. Albert 
Boggess, III. 66: 279—1961(A) 

Stellar spectrophotometry below 3000 angstroms. Theo- 
dore P. Stecher and J. E. Milligan. 66: 296—1961(A) 
Observed and computed white-dwarf energy curves. Rob- 
ert G. Tull and William Liller. 66: 297—1961(A) 

Stars, Associations of 
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Michie. 66: 49—1961(A) 

The shape of a rotating star cluster. Ivan King. 66: 68— 
1961 ai 

Stellar kinematics and spiral arms. Andrew T. Young. 
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